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Background and Motivations.

• ： M. Ablikim et al. [BESIII], Phys. Rev. D 105, L051103 (2022).
0 0

s s sD K K + +→

𝑀𝑆 1710 = 1.723 ± 0.011stat ± 0.002𝑠𝑦𝑠𝑡 𝐺𝑒𝑉/𝑐
2

Γ𝑆 1710 = 0.140 ± 0.014stat ± 0.004𝑠𝑦𝑠𝑡 𝐺𝑒𝑉/𝑐
2
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• The processes of three-body decay: 

Formalism

Feynman 
diagrams

• quark level

hadronize • hadron level

S-wave • propagators, two-body scattering 
amplitudes(Bethe-Salpeter equation)

other 
resonances

• relativistic amplitude

differential width 
distribution

• fitting experimental data

branching 
fractions
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• The diagonal matrix G is two intermediate meson propagators: 

• The integral is logarithmically divergent, there are two methods to solve this problem: 

✓ the three-momentum cut off: 

( )2
2

i iq m = + ( )
2

1 2s p p= +

✓ the dimensional regularization method: 

Propagators.

• The value of the subtraction constant : 

✓ a relationship between two regularization 
method   :  

✓ a calculation which adopted by other references   :  

G. Montaña et al., Phys. Rev. D 107, 054014 (2023). J. A. Oller et al., Phys. Lett. B 500, 263-272 (2001). 9



Gloria Montaña, Angels Ramos, Laura Tolos, Juan M. Torres-Rincon, Arxiv: 2211.01896 (2022).

M. Y. Duan, J. Y. Wang, G. Y. Wang, E. Wang, and D. M. Li, Eur. Phys. J. C 80, 1041 (2020).

Wang, Zhong-Yu, Yi, Jing-Yu, Sun, Zhi-Feng and Xiao, C. W, Phys Rev D.105.016025 (2021).

Propagators.

• The value of the parameter for pseudoscalar-pseudoscalar interaction: 

0.6 GeV =

0 0 0 01.30,  1.29,  1.63,  1.63,  1.68
K K K K

a a a a a   + − + −= − = − = − = − = −

0 0 01.57,  1.57,   1.66
K K K

a a a
  + − = − = − = −

➢

0.6 GeV =

0 0 0 01.41,  1.41,  1.66,  1.66,  1.71
K K K K

a a a a a   + − + −= − = − = − = − = −

0 0 01.66,  1.66,   1.71
K K K

a a a
  + − = − = − = −

➢
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• T is the two-body scattering amplitudes，it can be evaluated by the coupled channel 
Bethe-Salpeter equation of ChUA: 

• The interaction potentials of each coupled channel for PP→PP processes: 

➢ I = 0： ， ， ,          ， + − 0 0  K K+ − 00K K  ➢ I = 1/2 ： ， ，K + − 0 0K  0K 

Two-body scattering amplitudes.

J. A. Oller and E. Oset, Nucl. Phys. A 620, 438-456 (1997).
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• The interaction potentials for VV→VV processes(Tree-level transition amplitudes of the 
four-vector-contact diagrams and of the t(u)-channel vector-exchange diagrams ): 

➢ I = 0： ， ， ,       ， * *K K  
➢ I = 1 ： ， ， ，* *K K  

Two-body scattering amplitudes.

L. S. Geng and E. Oset, Phys. Rev. D 79, 074009 (2009). 12



• The interaction potentials of each coupled channel for VV→PP processes(The t(u)-
channel pseudoscalar-exchange diagrams ): 

➢ The form factor for each VPP vertex 
of the exchanged pseudoscalar 
meson:

0 0

s s sD K K + +→

Z. L. Wang and B. S. Zou, Eur. Phys. J. C 82, 509 (2022).

M. Bando et al., Phys. Rept. 164, 217-314 (1988)
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The decay of sD K + + − +→

14



sD K + + − +→

• The external and internal W-emission mechanism: 
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sD K + + − +→

• The SU(3) matrix M in quark and 
hadron level: 

• The hadonizations at the hadron level: 

• The contributions for different mechanism:  • The relationship of the CKM 
matrix elements : 
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sD K + + − +→

• The total contributions for the decay                        : 

• Tree-level production and final state interactions via rescattering mechanism: 

sD K  + + + −→
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sD K + + − +→

• The amplitudes for the decay                       in the S-wave: 
sD K  + + + −→

• The contribution of other intermediate states: 
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sD K + + − +→

• The double differential width distribution of three-body decay: 

• The limits of integral variable for the invariant masses are higher than 1.2 GeV, we need 
to smoothly extrapolate 𝐺 𝑠 𝑇 𝑠 above the energy cut 𝑠 ≥ 𝑠𝑐𝑢𝑡 = 1.1 GeV : 

V. R. Debastiani, W. H. Liang, J. J. Xie, and E. Oset, Phys. Lett. B 766, 59 (2017).

• The parameters need to be fitted: 

S-wave:   𝐶1, 𝐶2, 𝛼

other resonances:
𝐷𝜌, 𝛼𝜌, 𝐷𝐾∗ 892 , 𝛼𝐾∗ 892 , 𝐷𝐾∗ 1430 , 𝛼𝐾∗ 1430 , 𝐷𝑓0 1370 , 

𝛼𝑓0 1370 , 𝐷𝜌 1450 , 𝛼𝜌 1450 , 

( )
( ) ( ) ( ) ( ) ( )* *

0

2 2

12 233 3 1370 1450892 1430
12 23

1 1
,

322
s

fK K
D

d
t s s M M M M M

ds ds m
 

 +

 
 
 


= + + + + +
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• 𝝅+𝝅− 𝝌𝟐/𝒅𝒐𝒇 = 𝟏𝟖𝟑. 𝟑𝟕/𝟏𝟐𝟖 = 𝟏. 𝟒𝟑
BESIII Experiment:

Our Results:

sD K + + − +→
Medina Ablikim et al. [BESIII Collaboration], JHEP 08, 196 (2022).

20



• 𝑲+𝝅+ 𝝌𝟐/𝒅𝒐𝒇 = 𝟏𝟖𝟑. 𝟑𝟕/𝟏𝟐𝟖 = 𝟏. 𝟒𝟑
BESIII Experiment:Our Results:

sD K + + − +→
Medina Ablikim et al. [BESIII Collaboration], JHEP 08, 196 (2022).
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• 𝑲+𝝅− 𝝌𝟐/𝒅𝒐𝒇 = 𝟏𝟖𝟑. 𝟑𝟕/𝟏𝟐𝟖 = 𝟏. 𝟒𝟑

Our Results: BESIII Experiment:

sD K + + − +→
Medina Ablikim et al. [BESIII Collaboration], JHEP 08, 196 (2022).
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Branching fractions 

• The ratios of the branching fractions between different resonances : 

• The branching ratios for intermediate : 

𝐵 𝐷𝑠
+ → 𝐾∗ 892 𝜋+, 𝐾∗ 892 → 𝐾+𝜋−

= 1.85 ± 0.13 ± 0.11 × 10−3
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0 0

s s sD K K + +→

• The external and internal W-emission mechanism: 

• The total contributions for the decay                     : 0 0

s s sD K K + +→

• The SU(3) matrix M in hadron level: 
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• Tree-level production and final state interactions via rescattering mechanism: 

0 0

s s sD K K + +→

• The amplitudes for the decay                      in the S-wave: 0 0

s s sD K K + +→

L. R. Dai et al. Eur. Phys. J. C 82, 225 (2022).

26



• The diagonal matrix G is two intermediate meson propagators(dimensional 
regularization method): 

• The value of the subtraction constant : 

0 0

s s sD K K + +→

✓ the pseudoscalar-pseudoscalar interaction: ✓ the vector-vector meson interaction: 

0.6 GeV = 1.0 GeV =

✓ In our formalism: the pseudoscalar-vector interactions

a free parameter: J. A. Oller and E. Oset, Nucl. Phys. A 620, 438-456 (1997) .

L. S. Geng and E. Oset, Phys. Rev. D 79, 074009 (2009).

J. A. Oller and U.-G. Meißner, Phys. Lett. B 500, 263-272 (2001)
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• The contribution of the vector resonance generated in the P-wave: 

0 0

s s sD K K + +→

• The double differential width distribution of three-body decay: 

• The parameters need to be fitted: 

S-wave:    𝜇, 𝐶1, 𝐶2, 𝐶3, 𝐶4, 𝐶5, 𝐶6, 𝐶7, 𝐶8

P-wave: 𝐷𝐾∗ 892 , 𝛼𝐾∗ 892 ,
28



0 0
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• Fitting results: (Combined fit)
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0 0

s s sD K K + +→

• Fitting results: (Fit only for 𝐾𝑆
0𝐾𝑆

0 spectrum)

• The ratios of the branching fractions between different resonances : 

• The branching ratios for intermediate : 𝐵 𝐷𝑠
+ → 𝐾∗ 892 𝐾𝑆

0 → 𝐾𝑆
0𝐾𝑆

0𝜋+

= 3.0 ± 0. 3 ± 0.1 × 10−3;

𝐵 𝐷𝑠
+ → 𝑆 1710 𝜋+ → 𝐾𝑆

0𝐾𝑆
0𝜋+

= 3.1 ± 0. 3 ± 0.1 × 10−3.
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Conclusions

➢ Based on the measurements for the decay 𝐷𝑠
+ → 𝜋+𝜋−𝐾+ and 𝐷𝑠

+ → 𝐾𝑠
0𝐾𝑠

0𝜋+ , we adopt the 
chiral unitary approach to investigate these processes theoretically via considering the 
contributions of the W-external and –internal emission mechanisms. Besides, the contributions 
of the other intermediate resonances are also take into account.

➢ 𝐷𝑠
+ → 𝜋+𝜋−𝐾+: we take a combined fit to reproduce the 𝜋+𝜋−, 𝐾+𝜋− and 𝐾+𝜋+ invariant 

mass distributions by considering the coherent effects between the S and P waves, and then 
calculate the branching fractions of the dominant decay channels, the results are almost in 
good agreement with the experimental measurements and PDG within the uncertainties .

➢ 𝐷𝑠
+ → 𝐾𝑠

0𝐾𝑠
0𝜋+: the fitted results show that the enhancement around 1.7 GeV in 𝐾𝑠

0𝐾𝑠
0 mass 

spectrum is overlapped with two visible peaks, indicating the mixing signal originated from the 
resonances 𝑎0(1710) and 𝑓0(1710) due to their different poles (masses). 
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Thank you!
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