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Comparison between d=p+n and core+Y

Phase shif
( なるか ?)


TS TD     VNN(central) VNN(tensor) VNN(LS)
 (MeV) (MeV) (MeV) (MeV)   (MeV)

AV8 8.57 11.31 −4.46 −16.64 −1.02
G3RS 10.84 5.64 −7.29 −11.46   0.00

TY-cΛ TY-cΣ+∆Hc VYN(のこり ) 2VΛN-ΣN(tensor)

Λ
5He 9.11 3.88+4.68 −0.86 −19.51

Λ
4H* 5.30 2.43+2.02   0.01 −10.67

Λ
4H 7.12 2.94+2.16 −5.05 −9.22
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T 
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 N (I=3/2) force  ( V
C
 + V

T 
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 Stochastic variational calculation of 4He with 

using a lattice potential
 Summary and outlook 



Study of hyperon-nucleon (YN) and hyperon-
hyperon (YY) interactions is one of the 
important subjects in the nuclear physics. 

Structure of the neutron-star core, 
Hyperon mixing, softning of EOS, inevitable strong 

repulsive force,  

H-dibaryon problem, 
To be, or not to be, 

The project at J-PARC:
Explore the multistrange world, 

However, the phenomenological description of YN 
and YY interactions has large uncertainties, 
which is in sharp contrast to the nice de-
scription of phenomenological NN potential. 

Introduction: 



The purposes of this work  
NY  forces from lattice QCD 

Spin dependence  
Potential (central + tensor) 

Numerical calculation:
Full lattice QCD by using N

F
=2+1 PACS-CS 

full QCD gauge configurations with the 
spatial lattice volume (2.86 fm)3  



 Formulation  
  Lattice QCD simulation
L=−

1
4
G 

a G a 
q 


i ∂−g t a A

a
q −m q q

〈O  q ,q ,U 〉=∫dU d q dq e−S q,q,U O  q ,q ,U 

=∫dU det D U e−SU U O D −1
U 

=lim
N ∞

1
N
∑
i=1

N

O D −1
U i 

〈 t  t 0 〉
p 

p  p 







 See, e.g., arXiv:1207.4277[hep­lat] for a recent progress. 



   
  

Light nuclei and hypernuclei from quantum chromodynamics 
in the limit of SU(3) flavor symmetry, PRD87, 034506 (2013) 



 Formulation  
 i) basic procedure: 
 asymptotic region 
 --> phase shift 
 ii) advanced (HAL's) pro-
cedure: interacting region 
 --> potential 



 Formulation  
 i) basic procedure: 
 asymptotic region 
 (or temporal correlation) 
 --> scattering energy 
 --> phase shift 

 Luscher, NPB354, 531 (1991). 
 Aoki, et al., PRD71, 094504 (2005). 
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 Formulation  
  Lattice QCD simulation

  Calculate the scattering state
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 HAL formulation  
 ii) advanced procedure: 
 make better use of the lattice 
 output ! (wave function) 
 interacting region 
 --> potential 

 NOTE: 
 > Potential is not a direct experimental observable. 
 > Potential is a useful tool to give (and to reproduce)

the physical quantities. (e.g., phase shift) 

 .... 

 Ishii, Aoki, Hatsuda, 
 PRL99, 022001 (2007); 
 ibid., arXiv:0805.2462[hep-ph]. 



 HAL formulation  
 ii) advanced procedure: 
 make better use of the lattice 
 output ! (wave function) 
 interacting region 
 --> potential 

 > Phase shift 
 > Nuclear many-body problems 

 Ishii, Aoki, Hatsuda, 
 PRL99, 022001 (2007); 
 ibid., arXiv:0805.2462[hep-ph]. 



 Ishii (HAL QCD, 2010). 

 > pn 



    . 

The equal time BS wave function with 
angular momentum (J,M) on the lattice, 

The  4-point NΛ correlator on the lattice, 

wall source at t = t
0

A recipe for NΛ potential: 


 
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    . 

The equal time BS wave function with 
angular momentum (J,M) on the lattice, 

The  4-point NΛ correlator on the lattice, 

wall source at t = t
0

A recipe for NΛ potential: 


 
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cf. Ishii (HAL QCD), PLB712 (2012) 437. 

Take account of the temporal correlation as 
well as the spatial correlation of the NBS 
amplitude in terms of the R-correlator:

Time-dependent effective Schroedinger eq.: 
 

An improved recipe for lattice potential: 

R t , r =
C YN t ,r 

C Y t C Nt 

R tt , r =e− t H R t ,r 

=1−t H R t ,r 

− ∂
∂ t

R t , r =H R t , r 



cf. Ishii (HAL QCD), PLB712 (2012) 437. 

Take account of not only the spatial correla-
tion but also the temporal correlation in 
terms of the R-correlator:

A general expression of the potential: 
 

An improved recipe for NY potential: 

−
1
2

∇
2R t,r ∫ d3r'U r,r'R t,r'=− ∂

∂ t
R t,r

V N Y=V 0rV

r  N⋅Y 

V T rS 12V LS r L⋅S  

V ALS r L⋅S− O ∇
2


U r,r'=V N Y r,∇r−r'


k 2

2 
R t , r 



A recipe for NΛ potential: 

− ℏ
2

2 
∇

2
V r R t , r =− ∂

∂t
R t ,r 
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cf. Ishii (HAL QCD), PLB712 (2012) 437. 
 Effective central potential is obtained from the 

effective Schroedinger equation. 

➔



 . 

 For J = 1,  comprises S-wave and D-wave,   
    =  

S
  +  

D
  

where, 
  

S
  = P    = ( 1/24 ) R  O R   

  
D
  = Q    = ( 1 − P )    

 Therefore, we have 2-component Schrödinger eq. 
S-wave: 

 P (T + V
C
 + V

T
 S

12
 )  = -∂/∂t P   

D-wave: 
 Q (T + V

C
 + V

T
 S

12
 )  = -∂/∂t Q   

 Obtain the V
C
( r ) and the V

T
( r ) simultaneously. 

A recipe for NY potential: (contd.)  



Numerical results



 S. Aoki, et al., (PACS-CS Collaboration), 
PRD79, 034503 (2009), arXiv:0807.1661 [hep-lat]. 

 Iwasaki gauge action at β=1.90 on 323 ×  64 lattice 
 O(a) improved Wilson quark action 
 1/a = 2.17 GeV (a = 0.0907 fm)  

Full QCD calculations by using 
N
F
=2+1 PACS-CS gauge configurations: 



ΛN potential



1S0, t-t0=8, 3pt

V
C
(ΛN; 1S0)

V r=
− ∂
∂t

R t,r

R t,r


ℏ
2

2
∇

2R t,r
R t,r

・ {27}+{8s}
・ Similar to NN (1S0)
・ Sizable contribution from time-derivative part



V r  ∇2∂
∂t

V
C
(ΛN; 3S1-3D1)

・ {10*}+{8a}
・ Sizable attractive contribution from time-derivative part



V
T
(ΛN; 3S1-3D1)

V r  ∇2∂
∂t

・ Weaker tensor force than NN
・ Small contribution from time-derivative part



ΣN(I=3/2) potential



V
C
(ΣN(I=3/2); 1S0)

V r =
− ∂
∂t

R t , r 

R t ,r 


ℏ
2

2 

∇
2 R t , r 

R t , r 

1S0, t-t0=8, 3pt

・ {27}
・ Similar to NN (1S0) (as well as Lambda-N (1S0))
・ Sizable contribution from time-derivative part



V
C
(ΣN(I=3/2); 3S1-3D1)

V r  ∇
2∂

∂t

・ {10}
・ Repulsive potential (consistent with quark model)
・ sizable repulsive contribution from time-derivative part



V
T
(ΣN(I=3/2); 3S1-3D1)

V r  ∇2∂
∂t

・ Weak tensor force
・ Small contribution from time-derivative part



Scattering phase shifts

 Phase shift 
 Parametrized 
 potential 

Proton-Lambda scattering (preliminary) 



 The lattice QCD study for Lambda-Nucleon and 
Sigma-nucleon(I=3/2) interactions. 

 pΛ:

Central, tensor. For full QCD
Time-derivative terms enhance the attractive force.
Qualitatively similar to well-known nuclear forces. 

 Repulsive at short distance. 
 Attractive well at medium to long distance. 

 N(I=3/2):
Central, tensor. For full QCD
The 1S0 potential is similar to Lambda-N potential
The 3S1 potential is repulsive

Summary: 



 Quark mass dependence. 
 Scattering lengths. 

spin-dependence.  
Comparison with the hypernuclear data.

 Coupled-channel potential.

 Application to nuclear physics (few-body systems)

Outlook: 



Stochastic variational calculation of 4He 
with using a lattice potential

For NN potential, we use Inoue-san’s SU(3) 
potential at the lightest quark mass(m_ps = 
469 MeV), which has been reported to have a 
4N bound state (about 5.1MeV) within a 
tensor-included effective central potential; 
NPA881, 28-43 (2011). 



For NN potential, we use Inoue-san’s SU(3) 
potential at the lightest quark mass(m_ps = 
469 MeV), which has been reported to have a 
4N bound state (about 5.1MeV) within a 
tensor-included effective central potential; 
NPA881, 28-43 (2011). 

Stochastic variational calculation of 4He 
with using a lattice potential

 See also, PRL111, 112503 (2013) for a recent work. 



Stochastic variational calculation of 4He 
with using a lattice potential

For NN potential, we use Inoue-san’s SU(3) 
potential at the lightest quark mass(m_ps = 
469 MeV), which has been reported to have a 
4N bound state (about 5.1MeV) within a 
tensor-included effective central potential; 
NPA881, 28-43 (2011). 



Stochastic variational calculation of 4He 
with using a lattice potential

For NN potential, we use Inoue-san’s SU(3) 
potential at the lightest quark mass(m_ps = 
469 MeV), which has been reported to have a 
4N bound state (about 5.1MeV) within a 
tensor-included effective central potential; 
NPA881, 28-43 (2011). 











  A=3 A=4 A=5 Tensor Σ
 Dalitz, et al.      NPB47, 109 (1972). 
 Shinmura, et al.,      PTP71, 546 (1984). 
 Gibson, et al.,      PRC37, 679 (1988). 
 Carlson,      AIP Conf. Proc. No. 224 (1991). 

 Miyagawa, et al,      PRC51, 2905 (1995). 
 Hiyama, et al.,      PRC65,  011301 (2002). 
 Sinha, et al,      PRC66, 024006 (2002). 
 Nogga, et al.,      PRL88, 172501 (2002). 
 HN, et al.,      PRL89, 142504 (2002). 


  : ΛNN 3BF 

Few-body calculations of 
s-shell Λ hypernuclei 
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