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 Core guestion:

how to describe quantum phenomena like anomaly
In semi-classical way for charged massless

fermion (chiral) in gauge field?
 Quantum Kinetic Theory:
(1) Chiral magnetic and Vortical effect (CME/CVE)

(2) Berry phase and monopole structure

(3) Covariant Chiral Kinetic Equation (CCKE) in quanum
Kinetic theory
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z
<Q > —0 Reaction
plane
(‘¥r) =0
2

(Q7)#0 Fluctuating EDM of QGP
P- and CP-odd effect
Kharzeev ('06),

Kharzeev and Zhitnitsky ('07)
Kharzeev, Mclerran and Warringa ('08)

X (defines V)

eB ~ 10% — 10* MeV? ~ 10'® Gauss
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 Chiraltiy wL:%(l— 5)4h, wR_l( 14 ~%)1

 Helicity ,—-+.F2
P

* Inthe chiral limit (massless quark) withmy = 0

RH chirality LH chirality

Particle +1 -1

Anti-particle -1 +1

Qun Wang (USTC) --- Chiral Kinetic Theory and Berry phase 4



* All gauge field configurations are classified by the

topological winding numbers (F¢, = 30" F4,)

Qw

- f d*xF,gF*F
= N¢s(t = ) — Ngg(t = —o0)

e Axial anomaly

jj = Z (ﬂ}f Yuvs v'ff)A Average over gluon field configuration

. N¢g?
9.0 = — Fo fom
J5 1672 v
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e Chiral charge number at chiral limit:
Ns = Np — N, = (ng — fig) — (n, — )
= (ng + 1) — (ng, + 7g)

e e T R sy

momentum

spin
N.= # g g - # - # R,L denote helicity

* Assuming Np(t = 0) = N, (t = O), then we have
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 Magnetic field aligns spin depending on electric charge; The
momenta of quarks and antiquarks align along the magnetic field.

e Quarks with RH-helicity
move opposite to those
with LH-helicity

* Momentum-down:
dr + g (Qe = —)

u, +d; (Qe =+)

* Momentum-up:
ug + dg (Q. = +)
dp +u, (Qe =—)

=

S8 §F
Ul LU
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Let us consider a quantum system with two sets of parameters,
rapidly changing parameter 7 and slowly changing one R(b).
The Schroedinger equation is

() = HR() () W

The energy eigen-states satisfy at a moment when R(t)
changes slowly with time

HR() [ R()) = E,(R() |, R(1)
<n’? R(t)lnf? R(ﬂ) — 6n,:r1'
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« We assume the initial state is in an eigen-state

(t)) = an(t)e o WEE) 1y R(t)) (2)

« Substitute the above into Schroedinger Eq. (1),

0 = e b dt!En(t!}cm;_m [n, R(1))
; :
e (3)
fem il B0, 0 L1 ()
dt
* Then we have i;j-f (t)
T

Zon(t) = —au(®) (0. RO 0 R(0)
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« We can verify that 7y,(t) = (-n,R(t)|§|n,R(t)) IS Imaginary

(n, R(#)|n, R(t)) =

RO I R(0) + [ 0 RO o, R() =

(0. R(1)| < [0, R(5) + (0. R0 = [0 (D)’

« We can define a phase factor

an(t)

Ean(t) = —i,(t)a,(t) =—» 0

1
0

0

Berry phase
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expl—i (1)) (0)

t
/ dt' 3, (1)
0
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« The solution to the Schroedinger equation becomes

6(0) = Lan0)expl-ina(t) — i [ dELRE)]InR(0)

Berry phase
- If we consider aloop in parameter space R(t;) = R(to)

dR
(€)= =i [ @G o RO Vo, R
to
. ?5 dR - (n, R(1)| Vg |0, R(2))
C
« This induces a Berry connection in parameter space (R-space)

AR) = —i(n,R|Vgr|n,R) Berry connection

T (C) = ﬁdR'A(R) :/A do -|(V x A)| —— Berry curvature
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« Now we consider chiral fermion with Hamiltonian H = o - p,

Hup(e) = e|plup(e)

,\ cosf e sinf

g-p = .
¢?sinf  — cosf

 The positive and negative helicity states

e~ cos & _e 0 gin &
up(T) — . a ’ up(l) = 0 ’
S111 E COS E
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« The Berry connection can be evaluated as,

a(p) = —iul (1) Vpup(T)

(o 0 9) Lo, 1 9\ [ecost
= —i(e" cos —, sin ep—— + e
2 “Ipl o8 " "?|p|sinb do sin &
= —e, 1. cos? 0 = 1 cos(0/2)
|p|siné 2 Q\p\ sin(#/2)

 where in spherical coordinates,

U SN S
Polpl "~ Ipl 96 " " [psin6 0o

Vp
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 The Berry curvature for chiral fermion is

1 0, .0

p
2|p?

2=V, xa(p) =

cos® =)p =

_|p|2sin939( 2

« This is amonopole, for p # 0, the divergence is vanishing
because
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« Butitis non-vanishing when calculating the total flux on a

sphere

3 P B P
/WP‘(@) Sgd"w“

« Therefore we obtain the monopole form of the Berry curvature
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« Berry curvature * Magnetic field
Q(R) B(r)
« Berry connection * Vector potential
a(R) A(r)
« Geometric phase « Ahanonrov-Bohm phase
SﬁdR a(R ffda QR ¢Cdr-A(r) _ //ds.B(r)
e Chern-Simons number « Dirac monopole
# do - Q(R) = integer #dS-B(r) = integerxg
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« A charged fermion in EM field, treat (x,p) in equal footing,

S(a,p) = / it(p + A(x)) - & — d(x) — e(p)

« EOM can be derived from Euler-Lagrange equation

ddL OL

L _ 0L 2P)
dt dp  Jp dp d B  9A,(x)
100 9L s @) = A + &=
dt 0@  dx

—p=FE+xxB
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« Re-defining variables & = x;, &3 = p; with (i = 1,2, 3)

S(¢) = [ dtra( )€ — H(©) ik
« where H(E) = Cf?(ﬂ?) + E(P) and 7&(5) — (p+ A(m)? O)/

« EOMis from Euler-Lagrange Equation

doL —IL 5%(5)&'5 _ a’}‘b(@éb_ OH ()
dt oge — Oge " ocb S Oga oga

. (0 -B, B, 100)
’7‘&&&5 = —aH(g) EOM B, 0 —-B 010

il
a£ —-By B 0 001

_a'?’a(g)_a?‘b(g)/’m]: 1 0 0 000
Jab = &b 0L 0 -1 0 000

\0 0 -1 000)

Qun Wang (USTC) --- Chiral Kinetic Theory and Berry phase 18



e« EOM can be cast to a normal Poisson Bracket in Hamiltonian
dynamics
OH (€)
oca

OH (&)
D
£ = —{&", H} & from Hamiltonian

= éb = _h_l]ba

%béb = — < from Lagrangian

« Now we add the Berry connection term —a(p) 1_9’ to Lagrangian

S(a,p) = / it](p + A(x)) - & — alp) - p — &) — (p)

$(6) = [ dthale)é" - H(e)

TN () = (p + A2), —a(p))
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« EOM can be rewritten into a form which can be compared to

Hamiltonian representation

: OH : OH
YapE” = — 6§(f) = =" 6§(f)
[ 0 -B, B 0 0 )

By 0 —-B
det(v) = (14+ B -Q)*

Vap] =

|

P

&

[a—

=

= O O e

=

[

Oy —0, 2=V, xa(p)
o -1 0 -3 0 € Berry curvature

\00—192—910)
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« Theinverse matrix [y~1] and EOM

[ 0 Q. 0, -1-BQ, -BQ  —BQ
—( 0 () —B0Yy  —1— By =By,
1 1 2 - 0 — B3¢ — B39 —1 — B5€)5
1+ B - 1+ Bty Bo()Yy Bsty 0 — By Bs
By 14+ B0y  Bsfl, B, 0 B,
K B, By 14 By, —Bs B 0
. OH (&
= —[7‘_1}&5% -—2> from Euler-Lagrange equation
21
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Comparing Lagranian and Hamiltonian, we arrive at

Ez‘jkﬂk
L
a ¢b L —11ab ‘ . m. — _EijkBk
{gg} — [’7 ] {p“pﬁ'} - 1+B-Q
where
OH OH o gy o29H o OH
= —{jjz-,:rj}a—:rj—-{fﬂi?pj}a _ bi = _{pizmj}amj {pi:pj}apj
1 ]_
= T aExQ+e+B-Q), = T glFtE-BRrvx B
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« The above can be re-written as (/det(y) = 1+ B -Q )

vdet(v)d = v+ E x Q4+ B(v- Q) symmetry T <& p

> — F
Jdet()p = E+vx B+ (E-B)Q ”BHQ

* Then we can evaluate

dy/det(7) 31 / det(qf 3.’1‘11 /det(7) Spﬂ /det(7)

dt O Ipi
= Q.B+(VI><E)'Q+(E'B)(VP'Q)

R AN

« where we have used Maxwell equations

anomaly

V.- B =0
V.xE+B =0
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Then we can prove the conservation of invariant phase space
volume is violated by anomaly (with V,, - @ = 2m6°(p))

d ;?33?1Xdet(¢) =) i ""(;“;3 Jdet(~) = 2 / o )3(E B)

If f(x,p) is conserved in normal phase space

.Qi:+_ af . df
ah@x 8pi

=0

ot

Then we have chiral kinetic equation in 3D anomaly

af\/ﬁ Ofdi/det(y)  Ofpiy/det(y) _ 2m0%(p)(E ~B/Jf'<t *P)

or; Ip;
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Question:

Can we find a covariant form of chiral kinetic equation from
guantum kinetic theory in terms of Wigner function?

J.W. Chen, S.Pu, Q.Wang, X.N. Wang, PRL 110, 262301(2013)
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Gauge invariant Wigner operator/function
W (z,p) =<: W(z,p) :>

d4y
e
(2m)4

Wag(z.p) = “2ufig (24 Sy) PU (Az+ Sy~ Sy ) (2 - u)

2 2

Gauge link »PU (A T+ 1y xr — 1y) = PEXxp —iey‘“]l dsA (m — 1y + sy)
27T 2 o " 2

Dirac equation in electromagnetic field

[iv"Du(z) = m]y(z) = 0,  &(z) |[iv"Df(x) +m| =0

Quantum Kinetic Equation for Wigner function for massless fermion

In homogeneous electromagnetic field
phase space derivative

1
Vu (p” T §NM> Wie.p) =0 gu=gn_qrpmwor
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Decomposition of Wigner function (16 generators of Clifford algebra):

1 1
W= |F+iy° P + "+ + oS

scalar p-scalar vector axial-vector tensor
Coupled equations for vector and axial-vector

PV, = 0, pla, =0,

Vasak, Gyulassy and Elze,

7 - W _ Annals Phys. 173, 462 (1987);
V "f/}u R 07 V Mﬂ T O’ Elze, Gyulassy and Vasak,
o Nucl. Phys. B 276, 706(1986).
Capo VAT = =2(p Y, — V), ’ e
a

16 equations for 8 components of ¥, and </, =) these equations must be

highly consistent with each other. At this point, #,, and .z, can be any functions of x and p
that satisfy the above equations.
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Charge and axial-charge currents and stress tensor can be obtained
from ’1/“ and =7, by integrating over momenta:

gt = /d4p“//“:nu“+§w”—|—§BB”, mmss) CME/CVE

1
Wy = 5€p0t” 0Pu’
JE = /d%;zf’“ = nsut + Ewh + EpsBY, ? o
T = %/d‘*p(p““//“rp”“f/“)

= (e+ P)uf'u” — Pg"" + ns(u"w” + u”w")
1
—|—§Q§'(u“‘B” + u” B*)

All coefficients &, B, &5, $sB are functions of T, p, us.
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Consider 3-flavor quark matter (u,d,s), the vector current can be
electromagnetic or baryonic

i
<

- iT\f'rc: ' T\-'TC
PV = L pupus, [T = 6 lz“ﬁZQf ’
f

2 T

S
EM __ c 2
B on2 H5 Qf'

f

s

N
M = s Y Qy,
7

Since ), Q; =0 for the three-flavor quark matter, we have

charyvon  _ ~BEM 0 Baryonic cu_rren.t is blind to B
SB - S - EM-current is blind to w

D.Kharzeev and D.T.Son, PRL 106, 062301(2011);
J.H.Gao, Z.T.Liang, S.Pu, Q.Wang, X.N. Wang, PRL109, 232301(2012)
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Consider 3-flavor quark matter (u,d,s), the axial baryonic current

Je = nsu’ +&w? + EpBY Quadratic in
1 1 temperature,
B O e o e 2 ‘ chemical potential,
& o= Ne lﬁT + 92 (1™ + ’uﬁ)] : chiral chemical potential
N, N
¢ - <4 — 0. No cancellation!
Leading to Local Polarization Effects! A
(either for high or low energy HIC)
w

The LPE can be measured in
heavy ion collisions by the hadron
(e.g. hyperon) polarization along
t_he VQFtICIty direction once it is J.H.Gao, Z.T.Liang, S.Pu, Q.Wang, X.N. Wang,
fixed in the event. PRL109, 232301(2012)
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« Re-arrange the equations for vector and axial vector components of
Wigner functions, we obtain the Chiral Kinetic Equation with
manifest Lorentz covariance in 4D J.W. Chen, S.Pu,

Q.Wang, X.N. Wang,

1
EV”(’V” + ) = PRL 110, 262301(2013)

dz? _, dp
— 5(p?) [E{?’ o ap] friL =0

« where dr°

mo— = p7+Q [(u-b)B7 — (b- B)u® + €7 u,bsE,]
1
+ lawg +w (p-u)(b-u) —2u’(p-w)(b-u)
dp°® 5
= —Qp,F"’ E - B)b?
mo T Qpp FQ ( ) he = _pa'/pQ

+Q5 ( E)u” FQ(p - w)by F77
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Taking space-time and momentum divergence, we obtain

dx® dp?
o [ ;r ‘5(102)] fr/p + 0% [% (pg)] fr/L

= FQ*(E - B)ALb75(p*)] fryL-

With Covariant Chiral Kinetic Equation, we obtain the continuity or
Liouville equation with anomalous source

space-time current  momentum current

dx® dp” phase
Oy [ - 5(p2)fR/L] + O [E‘S(pg)fR/L] fslg\?vce
= FQ*(E-B)Eb75(p*)| fr)L
singular
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« The chiral kinetic equation in 3-dimensions by integration over p0 for
the Lorenz covariant chiral kinetic equation as

5 | dx? d
/dp05(p2) {d é) 8pr/L:| =0

« which amounts to calculating the following integrals (n=0,1,2)

I = [ dmsp*) P Fap)

« Using the following formula to evaluate I,, by enclosing the pole
po = |p| — ie in the lower half plane

1 1 1
()P — = ——1I
() T 27 m(m+ie)2
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 Then we can derive the chiral kinetic equation in 3-dimension

dt dx dp

2y N v i v —0
. tfr/L + e xJRr/L + e pJR/L
* where Q = p/(2|p|®) Berry curvature in 3D
|
dt v D.T. Son,
g 1 :I:QQ-B‘:I:4|p|(Q W), N. Yamamoto,
dx 1 Setting PRL 109 (2012)
o = 1’\):|:Q(1’5o-Q)B:I:Q(E><Q):I:ﬁc.u7 w=0 |181602
-
dp s — M.A. Stephanov,
Dt - 2 . Y. Yin,
dr QE+pxB)£Q7(E-B)Q PRL 109 (2012)
34
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Understand the chiral anomaly from the perspective of a
4-dimensional Berry monopole §(p?)b° = —6(p?)p? /p?

ol = TQ*(E - B) /d4P6£ {bg(S(PQ)}fR/L mo(x) = —Im[l/(z+ié€)]

1 o0 o 1 E—
— :|:Q2(E - B)—Im d.pgd?’p@p D —| fr/L o — 0
- 7| p2 p2? 1 e /
o — 00 ' PE o 4
i ioo - | O (p/pr)
= TQ*E - B)—Im/ dpod®pOP {pg — ] Tr/L = 2726 (p)
T Jlice p* p* + e
1 oo ‘ a 100
=4+Q*(E - B)— / dpad®poPLe [p_f] fR/L A
w J —00 pE
:ﬂ:QQ(E-B)Qﬂ'fR/L(pE:O) Do :x—\PH—ie 0
>
Q2 — 00 x
:im(E'B) po = |p| — ie
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Simulation of such
guantum phenomena
In a semi-classical
transport approach
possible and reliable
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Thank yout
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