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Asymptotic symmetries in D = 2+1

The asymptotic symmetries of 3D (higher-spin) gravity are 
remarkably rich


pure gravity → two copies of the Virasoro algebra


s = 2,3,…,N → two copies of the WN algebra


s = 2,3,…,∞ → one parameter family of W∞ algebras


This richness triggered several developments in the last 
few years


AdS3/CFT2: minimal model holography


Exact solutions: black holes with HS charges

Brown, Henneaux (1986)

Henneaux, Rey;  A.C., 
Pfenninger,  Fredenhagen, 
Theisen (2010)

Gaberdiel, Hartman (2011)

Gaberdiel, Gopakumar (2010)

Gutperle, Kraus (2011)



What’s special about D = 2+1?

Gauge sector described by a Chern-Simons action


from gravity to higher spins: sl(2) → sl(N) (or hs[λ])


asymptotic symmetries ↔ Hamiltonian (aka DS) reduction


Gain: full non-linear theory & action principle


Loss: ad hoc techniques, non directly applicable neither in 
higher space-time dimensions nor in 3D extensions


Matter couplings (crucial in minimal model holography!)


Topological mass
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Ê = 1

2(A + Ã)
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SEH = SCS[A] ≠ SCS[Ã]
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Asymptotic symmetries beyond Chern-Simons

One can describe higher spins (at least) in two ways


Frame-like setup:


Metric-like setup:


In D = 2+1: 
frame-like  → Chern-Simons action

metric-like → two-derivative action{
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Ê = 1

2

(A + Ã)
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2

Y
]

[
e = ¸

2

(A ≠ Ã)
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eµ
a1···as≠1

, Êµ
b, a1···as≠1

, �µ
b1···bk, a1···as≠1

Ïµ1···µs ≥ ē
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IEH = ICS[A] ≠ ICS[Ã]
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as≠1
eµs) a1···as≠1

”Ïµ1···µs = ˆ

(µ1›µ2···µs)

I = 1
16fiG

⁄
‘abc

3
e

a · R

bc + 1
3l

2

e

a · e

b · e

c
4

gµ‹ = ÷ab e

a
µe

b
‹ ∆ I = 1

16fiG

⁄
d

3

x

Ô≠g

3
R + 2

l

2

4

e = eµ
A

JA dx

µ =
1

eµ
a
Ja + eµ

ab
Tab + · · ·

2
dx

µ

Ê = Êµ
A

JA dx

µ =
1

Êµ
a
Ja + Êµ

ab
Tab + · · ·

2
dx

µ

e =
1

eµ
a
Ja + eµ

ab
Tab

2
dx

µ (1)

Ê =
1

Êµ
a
Ja + Êµ

ab
Tab

2
dx

µ (2)

x

± =

g = 1
2 tr ( eµe‹ ) dx

µ
dx

‹
, „ = 1

6 tr ( eµe‹efl ) dx

µ
dx

‹
dx

fl

÷ æ g ˆ æ Ò d

3

x æ Ô≠g d

3

x

1



Asymptotic symmetries beyond Chern-Simons

One can describe higher spins (at least) in two ways


Frame-like setup:


Metric-like setup:


In D = 2+1: 
frame-like  → Chern-Simons action

metric-like → two-derivative action{
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Goal of this talk: revisit asymptotic symmetries in D = 2+1 
in the metric formulation


For the moment only gauge fields of spin s ≥ 2 (like in CS)


Similar techniques can be used in higher space dimensions, or with 
matter couplings or topological masses



More on the strategy

One could ignore the CS approach and work directly with 
metric-like variables


One can (at least in principle) reconstruct the action perturbatively…


…and set up boundary conditions for the fields


We’ll see that higher order corrections in the action tend to be 
subleading at the boundary (one doesn’t need the full action!)


This procedure requires a certain amount of guessing 
work: better to check each step comparing with CS!
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Ê = 1

2

(A + Ã)
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(µ1
a1 · · · ēµs≠1
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Outline

3D gravity coupled to a spin-3 field
Comparison between Chern-Simons and metric-like

Asymptotic symmetries in the metric-like formulation

Including higher spins
Role of HS interactions: the spin-4 example

Conformal Killing tensors revisited

Intermezzo: charges from Fronsdal Hamiltonian



Chern-Simons
vs

metric-like*

*up to spin-3



Rewriting of the Chern-Simons action

Chern-Simons action (focus on sl(3,R)⊕sl(3,R))

particle in a symmetric tensor of rank s. The advantage with respect to Vasiliev’s strategy
is the simplification of the field content; the price to pay is, at present, the lack of an
organising principle for the non-linearities required by a consistent theory. To unravel
this puzzle one can begin by building perturbatively the first interaction vertices; this
has led, for instance, to a classification of cubic vertices for arbitrary massless particles
in both Minkowski and (A)dS backgrounds of dimension D ≥ 4 [6–10].1 On the other
hand, a complete metric-like reformulation of Vasiliev’s equations is not known, while the
existence of other models that are consistent beyond the cubic order is still controversial
(see e.g. [12–14, 11, 15]).

In spite of closely related goals, the frame- and metric-like formulations have evolved
rather independently. For few exceptions see e.g. [16–18] and refs. therein. With both ap-
proaches having their own advantages and drawbacks, an exchange of ideas is nonetheless
expected to shed light on both sides. The goal of this paper is to start to establish a firm
connection between them in three space-time dimensions, where higher-spin gauge the-
ories take a remarkably simple form compared to their higher-dimensional counterparts.
We focus on the gravitational coupling of a symmetric tensor of rank 3. In the frame-like
language this is described by a SL(3,R) × SL(3,R) Chern-Simons (CS) theory when a
negative cosmological constant is present (see e.g. [19] and the previous works [20, 21]).
In appendix C we will add a few comments on the generalisation to SL(N,R)×SL(N,R)
CS theories, which contain fields of spin 2, 3, . . . , N .

The frame-like theory is well understood, with and without cosmological constant: one
has to complement the gravity dreibein and spin connection with two one-forms which
play a similar role for the spin-3 field. The gauge connections can then be packed into
two sl(3,R)-valued forms (A = 1, . . . , 8 and a, b = 0, 1, 2)

e = eµ
A JA dxµ =

(
eµ

aJa + eµ
ab Tab

)
dxµ , (1.1a)

ω = ωµ
A JA dxµ =

(
ωµ

aJa + ωµ
ab Tab

)
dxµ , (1.1b)

where JA denotes the full set of sl(3,R) generators. The gravity dreibein eµa and
spin connection ωµ

a are associated with the generators Ja of the principally embedded
so(2, 1) ≃ sl(2,R) ↪→ sl(3,R). The remaining five generators Tab (with T[ab] = ηab Tab = 0)
are associated to the spin-3 “vielbein” and “spin connection”. One can then consider the
action2

I =
1

16πG

∫
tr

(
e ∧ R +

1

3ℓ2
e ∧ e ∧ e

)
, with R = dω + ω ∧ ω . (1.2)

The trace is in the fundamental of sl(3,R), G is Newton’s constant and ℓ the AdS radius.

1The classification of cubic interactions for arbitrary fields is discussed in a frame-like language in [11].
2For ℓ2 > 0 (corresponding to a negative cosmological constant) one can rewrite (1.2) as the difference

of two sl(3,R) CS actions. A cosmological constant is however not necessary in D = 3, and for ℓ2 ≤ 0
one can interpret (1.2) as a CS action as well (see e.g. [22] for more details).
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  sl(3,R) algebra:
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2

Y
]

[
e = ¸

2

(A ≠ Ã)
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Rewriting of the Chern-Simons action

Chern-Simons action (focus on sl(3,R)⊕sl(3,R))

Gauge transformations

Metric-like fields

particle in a symmetric tensor of rank s. The advantage with respect to Vasiliev’s strategy
is the simplification of the field content; the price to pay is, at present, the lack of an
organising principle for the non-linearities required by a consistent theory. To unravel
this puzzle one can begin by building perturbatively the first interaction vertices; this
has led, for instance, to a classification of cubic vertices for arbitrary massless particles
in both Minkowski and (A)dS backgrounds of dimension D ≥ 4 [6–10].1 On the other
hand, a complete metric-like reformulation of Vasiliev’s equations is not known, while the
existence of other models that are consistent beyond the cubic order is still controversial
(see e.g. [12–14, 11, 15]).

In spite of closely related goals, the frame- and metric-like formulations have evolved
rather independently. For few exceptions see e.g. [16–18] and refs. therein. With both ap-
proaches having their own advantages and drawbacks, an exchange of ideas is nonetheless
expected to shed light on both sides. The goal of this paper is to start to establish a firm
connection between them in three space-time dimensions, where higher-spin gauge the-
ories take a remarkably simple form compared to their higher-dimensional counterparts.
We focus on the gravitational coupling of a symmetric tensor of rank 3. In the frame-like
language this is described by a SL(3,R) × SL(3,R) Chern-Simons (CS) theory when a
negative cosmological constant is present (see e.g. [19] and the previous works [20, 21]).
In appendix C we will add a few comments on the generalisation to SL(N,R)×SL(N,R)
CS theories, which contain fields of spin 2, 3, . . . , N .

The frame-like theory is well understood, with and without cosmological constant: one
has to complement the gravity dreibein and spin connection with two one-forms which
play a similar role for the spin-3 field. The gauge connections can then be packed into
two sl(3,R)-valued forms (A = 1, . . . , 8 and a, b = 0, 1, 2)

e = eµ
A JA dxµ =

(
eµ

aJa + eµ
ab Tab

)
dxµ , (1.1a)

ω = ωµ
A JA dxµ =

(
ωµ

aJa + ωµ
ab Tab

)
dxµ , (1.1b)

where JA denotes the full set of sl(3,R) generators. The gravity dreibein eµa and
spin connection ωµ

a are associated with the generators Ja of the principally embedded
so(2, 1) ≃ sl(2,R) ↪→ sl(3,R). The remaining five generators Tab (with T[ab] = ηab Tab = 0)
are associated to the spin-3 “vielbein” and “spin connection”. One can then consider the
action2

I =
1

16πG

∫
tr

(
e ∧ R +

1

3ℓ2
e ∧ e ∧ e

)
, with R = dω + ω ∧ ω . (1.2)

The trace is in the fundamental of sl(3,R), G is Newton’s constant and ℓ the AdS radius.

1The classification of cubic interactions for arbitrary fields is discussed in a frame-like language in [11].
2For ℓ2 > 0 (corresponding to a negative cosmological constant) one can rewrite (1.2) as the difference

of two sl(3,R) CS actions. A cosmological constant is however not necessary in D = 3, and for ℓ2 ≤ 0
one can interpret (1.2) as a CS action as well (see e.g. [22] for more details).
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2
Ê = 1

2
1
A + Ã
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A first step towards the identification of the metric-like counterpart of (1.2) was taken

in [19], where the metric and the spin-3 field were expressed in terms of the connection
one-forms (1.1) as

g =
1

2
tr ( eµeν ) dx

µdxν , ϕ =
1

6
tr ( eµeνeρ ) dx

µdxνdxρ . (1.3)

The justification for (1.3) is that the action (1.2) is invariant under the transformations

δe = dξ + [ω , ξ ] + [ e , Λ ] , (1.4a)

δω = dΛ + [ω , Λ ] +
1

ℓ2
[ e , ξ ] , (1.4b)

generated by sl(3,R)-valued parameters ξ and Λ. Those generated by Λ include and
generalise local Lorentz transformations: therefore metric-like fields should be invariant
under them, and this is guaranteed by (1.3) (see also [23] for a discussion of the sl(N,R)
case). The transformations with parameters ξ should then give rise to the transformations
of g and ϕ under diffeomorphisms and a suitable deformation of the linearised Fronsdal
gauge symmetry [24].

In the present paper we verify these statements up to the quadratic order in the spin-3
field, while keeping all non-linearities in the metric. In particular, we show that the action
(1.2) can be rewritten in terms of the metric-like fields (1.3) as

I =

∫
d3x

√
−g

16πG

{(
R +

2

ℓ2

)
+ ϕµνρ

(
Fµνρ −

3

2
g(µν Fρ)

)
−

3

2
Rϕµνρ ϕ

µνρ

+
9

4
Rρσ

(
2ϕ ρ

µν ϕ
σµν − ϕ ρ ϕ σ

)
−

1

ℓ2

(
6ϕµνρ ϕ

µνρ − 9ϕµ ϕ
µ
)}

+ O
(
ϕ4
)
,

(1.5)

where Rµν is the Ricci tensor, ∇ is the Levi-Civita connection for the metric defined in
(1.3) and Fµνρ denotes the covariantised Fronsdal tensor

Fµνρ = ✷ϕµνρ −
3

2

(
∇λ∇(µϕνρ)λ +∇(µ∇λϕνρ)λ

)
+ 3∇(µ∇ν ϕρ) . (1.6)

We also have defined ϕµ ≡ ϕµλ
λ and, likewise, Fµ is the trace of the Fronsdal tensor.

Indices between parentheses are meant to be symmetrised, and dividing by the number
of terms that are needed for the symmetrisation is understood.3 We also show that the
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Metric-like action and gauge transformations

Action (spin-3 field coupled to gravity)

3.1 Action & gauge transformations
sec:action3

At lowest order in an expansion in the spin-3 field the interacting action just contains the
minimal coupling of Einstein gravity to the free Fronsdal action [11]:
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and r is the Levi-Civita connection.4 We have also defined �µ ⌘ �µ�
� and, likewise,

Fµ denotes the trace of the Fronsdal tensor. Besides minimal coupling, (3.1) contains all
“non-minimal” terms involving the Ricci tensor:
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. (3.4) masses3

Di↵erent ki do not label inequivalent couplings, but account for the freedom of performing
field redefinitions of the metric that are quadratic in the spin-3 field [12]. As we shall see, it
is however instructive to exploit this freedom: the presentation of asymptotic symmetries
is generically influenced by field redefinitions, and one can simplify it with a proper tuning
of the free parameters in the action. [A: verify if the comment is still relevant]

The action (3.1) is not only invariant under spacetime di↵eomorphisms, but also, at
lowest order, under covariantised Fronsdal gauge transformations,

��µ⌫⇢ = 3r(µ ⇠ ⌫⇢) , (3.5) deltaphi

provided that the trace of the gauge parameter vanishes,

⇠�
� = 0 , (3.6) trace_x

the mi satisfy (3.4) and the metric simultaneously transforms as �gµ⌫ ⇠ O(�), with
a structure that depends on the ki. The precise form of the gauge transformation of

4The presence of the minimally coupled Fronsdal action in the full interacting action and the possibility
to truncate the spectrum to a sole spin-3 field are peculiarities of the three-dimensional setup, that are
allowed by the vanishing of the Weyl tensor (see e.g. [21]).
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Di↵erent ki do not label inequivalent couplings, but account for the freedom of performing
field redefinitions of the metric that are quadratic in the spin-3 field [12]. As we shall see, it
is however instructive to exploit this freedom: the presentation of asymptotic symmetries
is generically influenced by field redefinitions, and one can simplify it with a proper tuning
of the free parameters in the action. [A: verify if the comment is still relevant]

The action (3.1) is not only invariant under spacetime di↵eomorphisms, but also, at
lowest order, under covariantised Fronsdal gauge transformations,
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4The presence of the minimally coupled Fronsdal action in the full interacting action and the possibility
to truncate the spectrum to a sole spin-3 field are peculiarities of the three-dimensional setup, that are
allowed by the vanishing of the Weyl tensor (see e.g. [21]).
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Metric-like action and gauge transformations

Action (spin-3 field coupled to gravity)

Drawback of the metric formulation: higher orders in φ 
not under control


Not a problem for asymptotic symmetries: they are 
subleading in r

3.1 Action & gauge transformations
sec:action3

At lowest order in an expansion in the spin-3 field the interacting action just contains the
minimal coupling of Einstein gravity to the free Fronsdal action [11]:

I{3} =

Z

d3x
p�g

16⇡G

⇢✓

R +
2

`2

◆

+ �µ⌫⇢

✓

Fµ⌫⇢ �
3

2
g(µ⌫ F⇢)

◆

+ LNM

�

+ O
�

�4
�

, (3.1) action3

where Fµ⌫⇢ is the covariantised Fronsdal tensor,

Fµ⌫⇢ = ⇤�µ⌫⇢ �
3

2

�

r�r(µ�⌫⇢)� +r(µr��⌫⇢)�

�

+ 3r(µr⌫ �⇢) , (3.2) fronsdal3

and r is the Levi-Civita connection.4 We have also defined �µ ⌘ �µ�
� and, likewise,

Fµ denotes the trace of the Fronsdal tensor. Besides minimal coupling, (3.1) contains all
“non-minimal” terms involving the Ricci tensor:

LNM = 3R⇢�

⇣

k1 �
⇢
µ⌫ �

� µ⌫ + k2 �
⇢�

µ �
µ + k3 �

⇢ ��
⌘

+ 3R
⇣

k4 �µ⌫⇢ �
µ⌫⇢ + k5 �µ �

µ
⌘

+
1

`2

⇣

m1 �µ⌫⇢ �
µ⌫⇢ +m2 �µ �

µ
⌘

.
(3.3) LF

One can choose the ki arbitrarily, while

m1 = 6 (k1 + 3k4 � 1) , m2 = 6

✓

k2 + k3 + 3k5 +
9

4

◆

. (3.4) masses3

Di↵erent ki do not label inequivalent couplings, but account for the freedom of performing
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is however instructive to exploit this freedom: the presentation of asymptotic symmetries
is generically influenced by field redefinitions, and one can simplify it with a proper tuning
of the free parameters in the action. [A: verify if the comment is still relevant]

The action (3.1) is not only invariant under spacetime di↵eomorphisms, but also, at
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a structure that depends on the ki. The precise form of the gauge transformation of
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Asymptotic symmetries: general strategy

Impose boundary conditions on the fields


Look for gauge variations that preserve them


Compute charges 

Chern-Simons Metric-like

fix Aμ(r,xi) and look for λ s.t. 

Charges are manifestly finite, they 
don’t depend on r thanks to a 
smart (but standard) gauge fixing

fix gμν(r,xi), φμνρ(r,xi) and look for vμ, ξμν  

Harder to compute charges, but one 
can get them by comparison with CS 
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Asymptotic symmetries: general strategy

Impose boundary conditions on the fields


Look for gauge variations that preserve them


Compute charges 

Chern-Simons Metric-like

fix Aμ(r,xi) and look for λ s.t. 

Charges are manifestly finite, they 
don’t depend on r thanks to a 
smart (but standard) gauge fixing

fix gμν(r,xi), φμνρ(r,xi) and look for vμ, ξμν  

Harder to compute charges, but one 
can get them by comparison with CS 
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vanish when the constraints Fij = 0 are imposed. The transformations generated by a

G(Λ) with Λ such that Q(Λ) is non-zero, are not true gauge transformations, but rather

global symmetries which transform physically inequivalent configurations into each other.

This is also the origin of the infinitely many boundary degrees of freedom.

After gauge fixing and solving the constraints, the Q(Λ) define the global charges of the

CS theory. They generate global symmetries by acting on a generic phase-space functional

F as

δΛF = {Q(Λ), F} , (3.8)

and they satisfy the same algebra as the G(Λ), i.e.

{Q(Λ), Q(Γ)} = Q([Λ,Γ]) +
k

2π

∫

∂Σ
dxi tr(Λ ∂iΓ) , (3.9)

but now the brackets are Dirac brackets on the reduced phase space.

We now present a set of boundary conditions which ensure the differentiability of the CS

action and a gauge-fixing procedure that will play a crucial role in the following. To select

the boundary conditions it is convenient to introduce light cone coordinates x± = t
l ± θ,

where t parameterises the time direction while θ parameterises the circle at the boundary.

Eq. (3.1) becomes

δSCS

∣∣
boundary

= − k

4π

∫

R×S1

dx+dx− tr
(
A+δA− − A−δA+

)
. (3.10)

This vanishes if we impose

A− = 0 at the boundary. (3.11)

We shall later see that this choice can also be motivated from the gravity description: for

instance, all black hole solutions and whatever is generated from them by the action of

asymptotic Killing vectors/tensors satisfy this condition.

Let us now assume that the constant time slices Σ have the topology of a disc, which

we parameterise by a radial coordinate ρ and the previous angle variable θ. To fix the

gauge, we choose a function b(ρ) with values in the group G and we set

Aρ = b−1(ρ) ∂ρ b(ρ) . (3.12)

This choice is always possible. Assume we start with a gauge field A′, and we want to

perform a gauge transformation U to bring it to the form (3.12),

U−1A′
ρ U + U−1∂ρU = b−1∂ρb . (3.13)

We write U = U ′b, and from (3.13) we obtain

∂ρU
′ = −A′

ρ U ′ , (3.14)

which can be solved by a path-ordered exponential,

U = Pe−
R ρ

A′

ρdρ′U0b . (3.15)
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eµ
a1···as≠1

, Êµ
b, a1···as≠1

Ïµ1···µs

”Ïµ1···µs = ˆ(µ1›µ2···µs)

I = 1
16fiG

⁄
‘abc

3
e

a · R

bc + 1
3l

2 e

a · e

b · e

c
4

gµ‹ = ÷ab e

a
µe

b
‹ ∆ I = 1

16fiG

⁄
d

3
x

Ô≠g

3
R + 2

l

2

4

e = eµ
A

JA dx

µ =
1

eµ
a
Ja + eµ

ab
Tab + · · ·

2
dx

µ

Ê = Êµ
A

JA dx

µ =
1

Êµ
a
Ja + Êµ

ab
Tab + · · ·

2
dx

µ

e =
1

eµ
a
Ja + eµ

ab
Tab

2
dx

µ (1)

Ê =
1

Êµ
a
Ja + Êµ

ab
Tab

2
dx

µ (2)

x

± =

g = 1
2 tr ( eµe‹ ) dx

µ
dx

‹
, „ = 1

6 tr ( eµe‹efl ) dx

µ
dx

‹
dx

fl

÷ æ g ˆ æ Ò d

3
x æ Ô≠g d

3
x

1

A.C., Pfenninger, Fredenhagen, Theisen (2010)



Boundary conditions II

Can we derive/guess these boundary conditions directly 
in the metric formulation?

[Li, Lj] = (i ≠ j)Li+j

[Li, Wm] = (2i ≠ m)Wi+m

[Wm, Wn] = n ≠ m

3 (2m

2 + 2n

2 ≠ mn ≠ 8)Lm+n

e =
1

eµ
a
Ja + eµ

ab
Tab

2
dx

µ (1)

Ê =
1

Êµ
a
Ja + Êµ

ab
Tab

2
dx

µ (2)

x

± =

g = 1
2 tr ( eµe‹ ) dx

µ
dx

‹
, „ = 1

6 tr ( eµe‹efl ) dx

µ
dx

‹
dx

fl

÷ æ g ˆ æ Ò d

3

x æ Ô≠g d

3

x

C

2 ≠ s

2 + (d ≠ 6)s ≠ 2(d ≠ 3)
¸

2

D

„µ1···µs = 0

Ò · „µ1···µs≠1 = 0
„µ1···µs≠2–

– = 0

”› Ïµ‹fl = 3
3

g⁄(µ g‹|‡ ≠ 1
3 g⁄‡ g

(µ‹|

4
Ò|fl)

›

⁄‡ + O
1
Ï

2

2

”› gµ‹ = 12 ›

fl‡

I

Òfl Ïµ‹‡ ≠ 2 Ò
(µ Ï‹) fl‡ ≠ gfl‡ g

⁄·
Ë

Ò⁄ Ïµ‹· ≠ 2 Ò
(µ Ï‹) ⁄·

È

+ 2 gfl(µ| g

⁄·
Ë

Ò⁄ Ï|‹) ‡· ≠ Ò‡ Ï|‹)⁄· ≠ Ò|‹)

Ï‡⁄·

È
≠ gµ‹ g

⁄· [ Ò⁄ Ïfl‡· ≠ 2 Òfl Ï‡⁄· ]

+ 1
2 ( gµflg‹‡ ≠ gµ‹gfl‡ ) g

⁄“
g

–— Ò⁄ Ï–—“

J

+ O
1
Ï

3

2

A = b

≠1

a

+

b dx

+ + b

≠1

db

2

{Consider the free eom:

They admit two solutions



Boundary conditions II

Can we derive/guess these boundary conditions directly 
in the metric formulation?

[Li, Lj] = (i ≠ j)Li+j

[Li, Wm] = (2i ≠ m)Wi+m

[Wm, Wn] = n ≠ m

3 (2m

2 + 2n

2 ≠ mn ≠ 8)Lm+n

e =
1

eµ
a
Ja + eµ

ab
Tab

2
dx

µ (1)

Ê =
1

Êµ
a
Ja + Êµ

ab
Tab

2
dx

µ (2)

x

± =

g = 1
2 tr ( eµe‹ ) dx

µ
dx

‹
, „ = 1

6 tr ( eµe‹efl ) dx

µ
dx

‹
dx

fl

÷ æ g ˆ æ Ò d

3

x æ Ô≠g d

3

x

C

2 ≠ s

2 + (d ≠ 6)s ≠ 2(d ≠ 3)
¸

2

D

„µ1···µs = 0

Ò · „µ1···µs≠1 = 0
„µ1···µs≠2–

– = 0

”› Ïµ‹fl = 3
3

g⁄(µ g‹|‡ ≠ 1
3 g⁄‡ g

(µ‹|

4
Ò|fl)

›

⁄‡ + O
1
Ï

2

2

”› gµ‹ = 12 ›

fl‡

I

Òfl Ïµ‹‡ ≠ 2 Ò
(µ Ï‹) fl‡ ≠ gfl‡ g

⁄·
Ë

Ò⁄ Ïµ‹· ≠ 2 Ò
(µ Ï‹) ⁄·

È

+ 2 gfl(µ| g

⁄·
Ë

Ò⁄ Ï|‹) ‡· ≠ Ò‡ Ï|‹)⁄· ≠ Ò|‹)

Ï‡⁄·

È
≠ gµ‹ g

⁄· [ Ò⁄ Ïfl‡· ≠ 2 Òfl Ï‡⁄· ]

+ 1
2 ( gµflg‹‡ ≠ gµ‹gfl‡ ) g

⁄“
g

–— Ò⁄ Ï–—“

J

+ O
1
Ï

3

2

A = b

≠1

a

+

b dx

+ + b

≠1

db

2

{Consider the free eom:

Conserved current Source/shadow

   with     with

[Li, Lj] = (i ≠ j)Li+j

[Li, Wm] = (2i ≠ m)Wi+m

[Wm, Wn] = n ≠ m

3 (2m

2 + 2n

2 ≠ mn ≠ 8)Lm+n

e =
1

eµ
a
Ja + eµ

ab
Tab

2
dx

µ (1)

Ê =
1

Êµ
a
Ja + Êµ

ab
Tab

2
dx

µ (2)

x

± =

g = 1
2 tr ( eµe‹ ) dx

µ
dx

‹
, „ = 1

6 tr ( eµe‹efl ) dx

µ
dx

‹
dx

fl

÷ æ g ˆ æ Ò d

3

x æ Ô≠g d

3

x

C

2 ≠ s

2 + (d ≠ 6)s ≠ 2(d ≠ 3)
¸

2

D

„µ1···µs = 0

Ò · „µ1···µs≠1 = 0
„µ1···µs≠2–

– = 0

Ïi1···is = Wi1···is(xn) + O(r≠2) Ïi1···is = r

2(s≠1)Si1···is(xn) + O(r≠2)

Ïr···r i1···is≠k
= O(r≠3k) Ïr···r i1···is≠k

= O(r2(s≠1)≠3k)

ˆ · Wij··· = ÷

klWklij··· = 0 ”Si1···is = s{ˆ

(i1‘i2···is)

≠ ÷

(i1i2ˆ · ‘i3···is)

}

Ïi1···is = Wi1···is(xn) + O(r≠2) (3)

Ïr···r i1···is≠k
= O(r≠3k) (4)

(5)

2



Boundary conditions II

Can we derive/guess these boundary conditions directly 
in the metric formulation?

[Li, Lj] = (i ≠ j)Li+j

[Li, Wm] = (2i ≠ m)Wi+m

[Wm, Wn] = n ≠ m

3 (2m

2 + 2n

2 ≠ mn ≠ 8)Lm+n

e =
1

eµ
a
Ja + eµ

ab
Tab

2
dx

µ (1)

Ê =
1

Êµ
a
Ja + Êµ

ab
Tab

2
dx

µ (2)

x

± =

g = 1
2 tr ( eµe‹ ) dx

µ
dx

‹
, „ = 1

6 tr ( eµe‹efl ) dx

µ
dx

‹
dx

fl

÷ æ g ˆ æ Ò d

3

x æ Ô≠g d

3

x

C

2 ≠ s

2 + (d ≠ 6)s ≠ 2(d ≠ 3)
¸

2

D

„µ1···µs = 0

Ò · „µ1···µs≠1 = 0
„µ1···µs≠2–

– = 0

”› Ïµ‹fl = 3
3

g⁄(µ g‹|‡ ≠ 1
3 g⁄‡ g

(µ‹|

4
Ò|fl)

›

⁄‡ + O
1
Ï

2

2

”› gµ‹ = 12 ›

fl‡

I

Òfl Ïµ‹‡ ≠ 2 Ò
(µ Ï‹) fl‡ ≠ gfl‡ g

⁄·
Ë

Ò⁄ Ïµ‹· ≠ 2 Ò
(µ Ï‹) ⁄·

È

+ 2 gfl(µ| g

⁄·
Ë

Ò⁄ Ï|‹) ‡· ≠ Ò‡ Ï|‹)⁄· ≠ Ò|‹)

Ï‡⁄·

È
≠ gµ‹ g

⁄· [ Ò⁄ Ïfl‡· ≠ 2 Òfl Ï‡⁄· ]

+ 1
2 ( gµflg‹‡ ≠ gµ‹gfl‡ ) g

⁄“
g

–— Ò⁄ Ï–—“

J

+ O
1
Ï

3

2

A = b

≠1

a

+

b dx

+ + b

≠1

db

2

{Consider the free eom:

Conserved current Source/shadow

   with     with

[Li, Lj] = (i ≠ j)Li+j

[Li, Wm] = (2i ≠ m)Wi+m

[Wm, Wn] = n ≠ m

3 (2m

2 + 2n

2 ≠ mn ≠ 8)Lm+n

e =
1

eµ
a
Ja + eµ

ab
Tab

2
dx

µ (1)

Ê =
1

Êµ
a
Ja + Êµ

ab
Tab

2
dx

µ (2)

x

± =

g = 1
2 tr ( eµe‹ ) dx

µ
dx

‹
, „ = 1

6 tr ( eµe‹efl ) dx

µ
dx

‹
dx

fl

÷ æ g ˆ æ Ò d

3

x æ Ô≠g d

3

x

C

2 ≠ s

2 + (d ≠ 6)s ≠ 2(d ≠ 3)
¸

2

D

„µ1···µs = 0

Ò · „µ1···µs≠1 = 0
„µ1···µs≠2–

– = 0

Ïi1···is = Wi1···is(xn) + O(r≠2) Ïi1···is = r

2(s≠1)Si1···is(xn) + O(r≠2)

Ïr···r i1···is≠k
= O(r≠3k) Ïr···r i1···is≠k

= O(r2(s≠1)≠3k)

ˆ · Wij··· = ÷

klWklij··· = 0 ”Si1···is = s{ˆ

(i1‘i2···is)

≠ ÷

(i1i2ˆ · ‘i3···is)

}

Ïi1···is = Wi1···is(xn) + O(r≠2) (3)

Ïr···r i1···is≠k
= O(r≠3k) (4)

(5)

2



Asymptotic symmetries*

*up to spin-3



Boundary conditions III

Boundary conditions in contravariant form
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Gauge transformations

Gauge transformations:
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   Schouten bracket: 


7. Consistency: contains all solutions of [12]. But Euclidean black holes missing.
Would need to let the chemical potentials in, non standard values of multipliers.
Announce work.

Analysis interesting (stress!) but quite intrincate. CS much direct and powerful. Is
there a lesson? Perhaps the lesson is that one must de-emphasize the metric also in higher
dimensions (check literature). Recall non-invariance of standard metric causality concepts
in black holes.
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A Conventions
app:conventions

We define the Schouten bracket for the symmetric contravariant tensors v (of rank p) and
w (of rank q) as the following symmetric contravariant tensor of rank p+ q � 1:

[v, w]µ1···µp+q�1 =
(p+ q � 1)!

p! q!

�

p v↵(µ1···@↵w
···µp+q�1) � q w↵(µ1···@↵v

···µp+q�1)
�

. (A.1) schouten

One can define the Schouten bracket also by associating to the symmetric tensor vµ1···µp(x)
the phase polynomial v(x, p) = 1

p! v
µ1···µp(x) pµ1 · · · pµp . The bracket (A.1) is induced by

the standard Poisson bracket

{v, w} =
@v

x↵

@w

p↵
� @w

x↵

@v

p↵
(A.2)

as

{v(x, p), w(x, p)} = � 1

(p+ q � 1)!
[v, w]µ1···µp+q�1(x) pµ1 · · · pµp+q�1 . (A.3)

[A: this section may also recall the conventions for the symmetrisations, the

curvature, etc.]
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Gauge transformations

Gauge transformations:
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We assume that asymptotic Killing tensors (i.e. the gauge 
parameters that preserve the boundary conditions) behave 
at r→∞ as the exact Killing tensors of AdS3
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Warming up with pure gravity
Variations of the components of the metric:

Resulting conditions:

Action on the space of solutions:

Lie bracket, namely, the Schouten bracket [20], is naturally defined for contravariant ten-
sors, and this is the geometrical di↵erential operation that appears when investigating
invariance conditions3.

In contravariant form, the boundary conditions read

g rr = r2 +O(r�2) , g ri = O(r�3) , g ij =
2

r2
⌘ij � 8⇡

k r4
Lij +O(r�6) . (2.29) bnd2

Asymptotic symmetries correspond to di↵eomorphisms which leave the form of (2.29)
invariant. It is easy to check that the vectors vµ that generate them, called asymptotic
Killing vectors, have the same leading dependence on the radial coordinate as the Killing
vectors of AdS3, i.e.,

vr = r ⇣(xk) +
⇣1(xk)

r
+O(r�3) , (2.30a) v

vi = ✏i(xk) +
✏1

i(xk)

r2
+O(r�4) , (2.30b)

From the transformation rule �gµ⌫ = [g, v]µ⌫ where [g, v]µ⌫ is the Schouten bracket,
[g, v]µ⌫ = g⇢⌫@⇢v

µ + gµ⇢@⇢v
⌫ � v⇢@⇢g

µ⌫ = �Lvg
µ⌫ [A: introduce here the notation

with the parentheses and say a couple of words on the conventions? Anyway

the first parentheses appear in (2.32)], one then gets the variation of the inverse
metric asdg_grav

�g rr = � 4 ⇣1 +O(r�2) , (2.31a)

�g ri =
2

r

�

� ✏1
i + @ i⇣

 

+O(r�3) , (2.31b)

and [A: rewritten using the Schouten bracket]

�g ij =
4

r2
�

@(i✏ j) + ⌘ij⇣
 

+
4

r4

⇢

@(i✏1
j) + ⌘ij⇣1 �

2⇡

k
[L, ✏ ]ij � 8⇡

k
Lij⇣

�

+O(r�6) . (2.32) 232

The variation preserves the form of gij only if the terms O(r�2) vanishes and this implies

2 @(i✏j) � ⌘ij@ · ✏ = 0 , ⇣ = � 1

2
@ · ✏ . (2.33)

The first condition is the conformal Killing equation for a two-dimensional vector, which
is solved by

✏+ = ✏(x+) , ✏� = ✏̃(x�) . (2.34)

3One way to define the Schouten bracket for symmetric tensors uses phase space notations. A symmet-
ric tensor S

↵1↵2···↵p(x) is associated with a phase polynomial S = S

↵1↵2···↵p(x)p↵1p↵2 · · · pap where p↵

are variables canonically conjugate to the coordinates, [x↵
, p� ] = ��

↵
� , where we have taken the unusual

sign in the Poisson bracket to reproduce the standard definition of the Schouten bracket [M: do we want

to include the factor

1
p!?][A: I think it is nicer although it is not the standard definition (see

appendix A)]. The Schouten bracket of two symmetric tensors S, T of respective ranks p and q is the
(p+ q � 1) symmetric tensor associated with the Poisson bracket [S, T ].
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the first parentheses appear in (2.32)], one then gets the variation of the inverse
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The variation preserves the form of gij only if the terms O(r�2) vanishes and this implies
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The first condition is the conformal Killing equation for a two-dimensional vector, which
is solved by

✏+ = ✏(x+) , ✏� = ✏̃(x�) . (2.34)

3One way to define the Schouten bracket for symmetric tensors uses phase space notations. A symmet-
ric tensor S

↵1↵2···↵p(x) is associated with a phase polynomial S = S

↵1↵2···↵p(x)p↵1p↵2 · · · pap where p↵

are variables canonically conjugate to the coordinates, [x↵
, p� ] = ��

↵
� , where we have taken the unusual

sign in the Poisson bracket to reproduce the standard definition of the Schouten bracket [M: do we want

to include the factor

1
p!?][A: I think it is nicer although it is not the standard definition (see

appendix A)]. The Schouten bracket of two symmetric tensors S, T of respective ranks p and q is the
(p+ q � 1) symmetric tensor associated with the Poisson bracket [S, T ].
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i.e. ϵi is a conformal Killing vector 
for the flat boundary metric

while the second condition completely determines ⇣ in terms of this conformal Killing
vector.

Imposing now that the terms displayed explicitly in (2.31) vanish leads to

✏1
i = � 1

2
@ i@ · ✏ , ⇣1 = 0 . (2.35)

With this information, one can compute how asymptotic symmetries act on the space of
solutions, i.e. �Lij. One gets from (2.32)

�Lij = [L, ✏ ]ij � 2Lij@ · ✏+ k

4⇡
@ i@ j@ · ✏ , (2.36) QVariation1

[M:Write in terms of Schouten brackets (for densities?)] or equivalently,

�L = � (✏L0 + 2 ✏0L) + k

4⇡
✏000 , �L̃ = �

⇣

✏̃ L̃0 + 2 ✏̃ 0L̃
⌘

+
k

4⇡
✏̃ 000 , (2.37) QVariation2

where the prime denotes a derivative with respect to the argument. This transformation
rule for Lij is compatible with the tracelessness and transverseness conditions. It is
interesting to observe that conversely, imposing that theO(r�4) piece in (2.32) be traceless
and transverse determines ✏1i and ⇣1.

One thus finds again that the asymptotic symmetries are described by two arbitrary
functions (✏+ and ✏�) of one argument (x+ or x�). The commutator of two asymptotic
symmetries is equal to the Lie bracket of the corresponding vector fields and is given, up
to irrelevant pure gauge subleading terms, by the algebra of the conformal Killing vectors
in two dimensions, i.e., the conformal algebra in two dimensions.

2.4 Comments

A couple of comments are in order:

FirstPoint 1. The form of the boundary conditions (2.29) can be characterized as follows:

• The angular components of the deviation from the background (i.e., gij� 2
r2
⌘ij)

are such that if one lowers the indices with the background metric, one gets
terms of order one, gij� r2

2 ⌘ij = O(1)); these O(1)-terms are the charges, which
obey conservation laws and tracelessness conditions (ensuring that there are
only two independent charges).

• As one replaces one angular index i by one radial index r, one increases the
order of the background deviation by r, i.e., gri = rO

�

gij � 2
r2
⌘ij

�

and grr �
r2 = rO (gri).
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δΦ under spin-3 transformations

What remains similar


.


     is a conformal Killing tensor

The unwritten O(�2)-terms are not necessary because they become irrelevant at infin-
ity, i.e., subdominant with respect to the relevant terms. In the contravariant form
more convenient to our purposes, the spin-3 gauge transformations read, to leading
order, ��µ⌫⇢ = 3r(µ⇠⌫⇢) = [ g, ⇠ ]µ⌫⇢ where [ , ] is again the Schouten bracket (A.1).
[A: normalisation fixed]

In AdS3 with zero spin-3 field, the variation of �µ⌫⇢ reduces to the first term 3r(µ ⇠ ⌫⇢).
Invariance up to lower order terms of the AdS background with zero spin-3 field forces
therefore the spin-3 gauge transformations to be generated by gauge parameters which
have the same leading dependence on the radial coordinate as the Killing tensors6 of
AdS3. One can then derive the additional conditions that they have to satisfy following
the same approach as in the pure metric case. We thus consider gauge parameters of the
formxmn

⇠rr = r2 �+ �1 + r�2�2 +O(r�4) , (3.19a)

⇠ri = r wi + r�1 w1
i + r�3 w2

i +O(r�5) , (3.19b)

⇠ij = �ij + r�2 �1
ij + r�4 �2

ij +O(r�6) . (3.19c)

where all addenda are arbitrary functions of the coordinates xi which are transverse to
the radial one, modulo the trace constraint (3.6) which imposes some restrictions on the
components. The trace constraint (3.6) reads

0 = g↵�⇠
↵� =

r2

2
⌘ij�

ij +O(1) (3.20) trace3_1

and thus implies that �ij is a traceless tensor.

We begin the analysis with the variation of the purely angular components (3.7d),
which contains the physics. One finds at leading order

��ijk =
6

r2
�

@(i�jk) + 2 ⌘(ijwk)
 

+O(r�4) . (3.21) dphi^ijk_1

The O(r�2)-term in the variation (3.21) has to vanish in order to be compatible with the
boundary conditions (3.7) and combining this information with (3.20) one realises that
�ij must satisfy

@(i�jk) � 1

2
⌘(ij@ · �k) , (3.22) killing3

while wi is not independent from �ij:

wi = � 1

4
@ · �i . (3.23) w^i

6Conversely, acting with the exact Killing tensors of AdS3 on the known solutions of [12] generates
terms which have the asymptotic behaviour given in the text. [A: not sure, to be checked]
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The unwritten O(�2)-terms are not necessary because they become irrelevant at infin-
ity, i.e., subdominant with respect to the relevant terms. In the contravariant form
more convenient to our purposes, the spin-3 gauge transformations read, to leading
order, ��µ⌫⇢ = 3r(µ⇠⌫⇢) = [ g, ⇠ ]µ⌫⇢ where [ , ] is again the Schouten bracket (A.1).
[A: normalisation fixed]

In AdS3 with zero spin-3 field, the variation of �µ⌫⇢ reduces to the first term 3r(µ ⇠ ⌫⇢).
Invariance up to lower order terms of the AdS background with zero spin-3 field forces
therefore the spin-3 gauge transformations to be generated by gauge parameters which
have the same leading dependence on the radial coordinate as the Killing tensors6 of
AdS3. One can then derive the additional conditions that they have to satisfy following
the same approach as in the pure metric case. We thus consider gauge parameters of the
formxmn

⇠rr = r2 �+ �1 + r�2�2 +O(r�4) , (3.19a)
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where all addenda are arbitrary functions of the coordinates xi which are transverse to
the radial one, modulo the trace constraint (3.6) which imposes some restrictions on the
components. The trace constraint (3.6) reads

0 = g↵�⇠
↵� =
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2
⌘ij�

ij +O(1) (3.20) trace3_1

and thus implies that �ij is a traceless tensor.

We begin the analysis with the variation of the purely angular components (3.7d),
which contains the physics. One finds at leading order
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@(i�jk) + 2 ⌘(ijwk)
 

+O(r�4) . (3.21) dphi^ijk_1

The O(r�2)-term in the variation (3.21) has to vanish in order to be compatible with the
boundary conditions (3.7) and combining this information with (3.20) one realises that
�ij must satisfy

@(i�jk) � 1

2
⌘(ij@ · �k) = 0 , (3.22) killing3

while wi is not independent from �ij:

wi = � 1

4
@ · �i . (3.23) w^i

6Conversely, acting with the exact Killing tensors of AdS3 on the known solutions of [12] generates
terms which have the asymptotic behaviour given in the text. [A: not sure, to be checked]
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What changes


J
H
E
P
0
3
(
2
0
1
5
)
1
4
3

3.2.2 Boundary conditions on the metric

The computation of the asymptotic spin-3 symmetries turns out to “dig deeper” into

the asymptotic structure of the metric, because the asymptotic variation of the relevant

O
(

r−6
)

-term in φijk involves the O
(

r−2
)

-term, O
(

r−3
)

-term and O
(

r−6
)

-term in, respec-

tively, grr, gri and gij . Thus, we need to specify these terms. This is a novelty of the

higher-spin case with respect to pure gravity, which will get amplified as we add further

higher spin fields in the sense that even higher order terms in the metric will then have to

be specified.

In the covariant description of phase space followed here, the strengthening of the

boundary conditions amounts to imposing the equations of motion at the next order. This

gives explicitly:

grr = r2 + r−2 hrr +O
(

r−4
)

, (3.12a)

gri = r−3 hri +O
(

r−5
)

, (3.12b)

gij =
2

r2
ηij −

8π

k r4
Lij + r−6 hij +O

(

r−8
)

, (3.12c)

where hrr, hri and hij are now no longer arbitrary functions of t and φ but satisfy instead

hij = − ∂(ihj)r −
1

2
ηijhrr +

24π2

k2
Li

kLjk . (3.13)

At the order where the hµν-coefficients appear, the equations of motion for the metric

Gµν = 8πGTµν do not receive spin-3 field back-reaction terms and so reduce to the vacuum

field equationsGµν = 0. Hence the absence in (3.13) of the functions appearing in the spin-3

asymptotic expansion.

One could perform a proper gauge transformation to set

hrr = 0 , hri = 0 ⇒ hij =
24π2

k2
Li

kLjk . (3.14)

This would be the generalization of the radial gauge condition imposed above in the Hamil-

tonian description. However, we shall refrain from achieving this additional step here as it

does not lead to significant simplifications.

The asymptotic form of the fields, i.e. (3.9) and (3.12), is compatible with the asymp-

totic form of the known solutions given in [6, 13] (see appendix C).

As we stressed already many times, the ultimate justification of the boundary condi-

tions is that they form a set fulfilling all the consistency requirements, as we now show.

3.3 A first consistency check: asymptotic conformal invariance

Besides containing the solutions of [6, 13], the boundary conditions can be verified to

be compatible with the asymptotic conformal symmetry. The computations are almost

identical to those of the pure metric case and go as follows. The asymptotic Killing vectors

take the form

vr = r ζ +
ζ1
r

+
ζ2
r3

+O
(

r−5
)

, (3.15a)

vi = ϵi +
ϵ1i

r2
+

ϵ2i

r4
+O

(

r−6
)

. (3.15b)

– 15 –

J
H
E
P
0
3
(
2
0
1
5
)
1
4
3

3.2.2 Boundary conditions on the metric

The computation of the asymptotic spin-3 symmetries turns out to “dig deeper” into

the asymptotic structure of the metric, because the asymptotic variation of the relevant

O
(

r−6
)

-term in φijk involves the O
(

r−2
)

-term, O
(

r−3
)

-term and O
(

r−6
)

-term in, respec-

tively, grr, gri and gij . Thus, we need to specify these terms. This is a novelty of the

higher-spin case with respect to pure gravity, which will get amplified as we add further

higher spin fields in the sense that even higher order terms in the metric will then have to

be specified.

In the covariant description of phase space followed here, the strengthening of the

boundary conditions amounts to imposing the equations of motion at the next order. This

gives explicitly:

grr = r2 + r−2 hrr +O
(

r−4
)

, (3.12a)

gri = r−3 hri +O
(

r−5
)

, (3.12b)

gij =
2

r2
ηij −

8π

k r4
Lij + r−6 hij +O

(

r−8
)

, (3.12c)

where hrr, hri and hij are now no longer arbitrary functions of t and φ but satisfy instead

hij = − ∂(ihj)r −
1

2
ηijhrr +

24π2

k2
Li

kLjk . (3.13)

At the order where the hµν-coefficients appear, the equations of motion for the metric

Gµν = 8πGTµν do not receive spin-3 field back-reaction terms and so reduce to the vacuum

field equationsGµν = 0. Hence the absence in (3.13) of the functions appearing in the spin-3

asymptotic expansion.

One could perform a proper gauge transformation to set

hrr = 0 , hri = 0 ⇒ hij =
24π2

k2
Li

kLjk . (3.14)

This would be the generalization of the radial gauge condition imposed above in the Hamil-

tonian description. However, we shall refrain from achieving this additional step here as it

does not lead to significant simplifications.

The asymptotic form of the fields, i.e. (3.9) and (3.12), is compatible with the asymp-

totic form of the known solutions given in [6, 13] (see appendix C).

As we stressed already many times, the ultimate justification of the boundary condi-

tions is that they form a set fulfilling all the consistency requirements, as we now show.

3.3 A first consistency check: asymptotic conformal invariance

Besides containing the solutions of [6, 13], the boundary conditions can be verified to

be compatible with the asymptotic conformal symmetry. The computations are almost

identical to those of the pure metric case and go as follows. The asymptotic Killing vectors

take the form

vr = r ζ +
ζ1
r

+
ζ2
r3

+O
(

r−5
)

, (3.15a)

vi = ϵi +
ϵ1i

r2
+

ϵ2i

r4
+O

(

r−6
)

. (3.15b)

– 15 –



δΦ under spin-3 transformations

What remains similar


.


     is a conformal Killing tensor

What changes


one has to “dig deeper into the variation” → non-linearities


the subleading components of the metric enter the variation → the 
tracelessness of         is preserved only on shell

The unwritten O(�2)-terms are not necessary because they become irrelevant at infin-
ity, i.e., subdominant with respect to the relevant terms. In the contravariant form
more convenient to our purposes, the spin-3 gauge transformations read, to leading
order, ��µ⌫⇢ = 3r(µ⇠⌫⇢) = [ g, ⇠ ]µ⌫⇢ where [ , ] is again the Schouten bracket (A.1).
[A: normalisation fixed]

In AdS3 with zero spin-3 field, the variation of �µ⌫⇢ reduces to the first term 3r(µ ⇠ ⌫⇢).
Invariance up to lower order terms of the AdS background with zero spin-3 field forces
therefore the spin-3 gauge transformations to be generated by gauge parameters which
have the same leading dependence on the radial coordinate as the Killing tensors6 of
AdS3. One can then derive the additional conditions that they have to satisfy following
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›
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‘

+ = ‘(x+) , ‘

≠ = ‘̃(x≠)

‰

ij

3

The unwritten O(�2)-terms are not necessary because they become irrelevant at infin-
ity, i.e., subdominant with respect to the relevant terms. In the contravariant form
more convenient to our purposes, the spin-3 gauge transformations read, to leading
order, ��µ⌫⇢ = 3r(µ⇠⌫⇢) = [ g, ⇠ ]µ⌫⇢ where [ , ] is again the Schouten bracket (A.1).
[A: normalisation fixed]

In AdS3 with zero spin-3 field, the variation of �µ⌫⇢ reduces to the first term 3r(µ ⇠ ⌫⇢).
Invariance up to lower order terms of the AdS background with zero spin-3 field forces
therefore the spin-3 gauge transformations to be generated by gauge parameters which
have the same leading dependence on the radial coordinate as the Killing tensors6 of
AdS3. One can then derive the additional conditions that they have to satisfy following
the same approach as in the pure metric case. We thus consider gauge parameters of the
formxmn

⇠rr = r2 �+ �1 + r�2�2 +O(r�4) , (3.19a)

⇠ri = r wi + r�1 w1
i + r�3 w2

i +O(r�5) , (3.19b)

⇠ij = �ij + r�2 �1
ij + r�4 �2

ij +O(r�6) . (3.19c)

where all addenda are arbitrary functions of the coordinates xi which are transverse to
the radial one, modulo the trace constraint (3.6) which imposes some restrictions on the
components. The trace constraint (3.6) reads

0 = g↵�⇠
↵� =

r2

2
⌘ij�

ij +O(1) (3.20) trace3_1

and thus implies that �ij is a traceless tensor.

We begin the analysis with the variation of the purely angular components (3.7d),
which contains the physics. One finds at leading order

��ijk =
6

r2
�

@(i�jk) + 2 ⌘(ijwk)
 

+O(r�4) . (3.21) dphi^ijk_1

The O(r�2)-term in the variation (3.21) has to vanish in order to be compatible with the
boundary conditions (3.7) and combining this information with (3.20) one realises that
�ij must satisfy

@(i�jk) � 1

2
⌘(ij@ · �k) = 0 , (3.22) killing3

while wi is not independent from �ij:

wi = � 1

4
@ · �i . (3.23) w^i

6Conversely, acting with the exact Killing tensors of AdS3 on the known solutions of [12] generates
terms which have the asymptotic behaviour given in the text. [A: not sure, to be checked]
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The condition (3.22) implies that �ij is a conformal Killing tensor with respect to the
boundary metric (see e.g. [29]). In two-dimensions this implies that �ij admits two inde-
pendent chiral components:

�++ = �(x+) , ��� = �̃(x�) , �+� = 0 . (3.24) solkilling3

Up to this point the discussion proceeded in close analogy with the one in sect. 2.
The main di↵erence is that the next order of ��ijk must vanish as well in order to be
compatible with (3.7d). A direct computation yields:

��ijk =
6

r4

n

@(i�1
jk) + 2 ⌘(ijw1

k) � 4⇡

3k
[L,� ]ijk � 16⇡

k
L(ijwk)

o

+O(r�6) . (3.25) dphi^ijk_2

The terms displayed explicitly in (3.25) vanish together with the leading orders indphi_1

��rri = 4
n

� w1
i +

1

2
@ i�

o

+O(r�2) , (3.26a)

��rij =
2

r

n

� �1
ij + 2 @(iwj) + 2 ⌘ij�

o

+O(r�3) , (3.26b)

provided thatsubs3_1

� =
1

12
@ · @ · �� 2⇡

3k
Lij�

ij , (3.27a)

w1
i =

1

24
@ i
n

@ · @ · �� 8⇡

k
Lkl�

kl
o

, (3.27b)

�1
ij = � 1

2
@(i@ · �j) +

1

6
⌘ij @ · @ · �� 4⇡

3k
⌘ijLkl�

kl , (3.27c)

These conditions also preserve the trace constraint (3.6) which, taking into account that
the trace of �ij vanishes, reads

g↵�⇠
↵� = �+

1

2
⌘ij�1

ij +
2⇡

k
Lij�

ij +O(r�2) . (3.28) trace3_2

In (3.27) a peculiarity of higher-spin gauge fields already emerges neatly: the components
of the gauge parameters that preserve the boundary conditions depend on the boundary
currents. This introduces powers of Lij in the variation of Wijk and eventually brings the
non-linearities in the asymptotic symmetries algebras first observed in [4, 5].

At the next order the variation of the component �ijk reads

��ijk =
6

r6

n

@(i�2
jk) + 2 ⌘(ijw2

k) � 4⇡

3k
[L,�1 ]

ijk � 16⇡

k
L(ijw1

k)

+
1

6
[ T ,� ]ijk + 3 T (ijwk)

o

+O(r�8) ,
(3.29) dphi^ijk_3
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δg under spin-3 transformations

Unfortunately not everything has a nice geometric 
interpretation (at least at present…)metric that compensates the variation of the Fronsdal Lagrangian under the transforma-

tion (3.18) of the spin-3 field is

�gµ⌫ = � 3

⇢

2k2 �⇢
µ⌫r · ⇠⇢ + ↵�⇢�

(µr⌫)⇠⇢� + 2(2k1 � 3)�⇢�(µr⇢ ⇠
⌫)

�

+ (4k3 + 3)�(µr · ⇠⌫) + � �⇢r(µ⇠⌫)⇢ + k2 �⇢ r⇢⇠µ⌫

+ 4 ⇠⇢� r⇢ �
µ⌫

� � (2k1 + 5� ↵) ⇠⇢�r(µ�⌫)
⇢� + 8 ⇠⇢(µr · �⌫)

⇢

� 8 ⇠⇢ (µr⇢ �
⌫) � 2(k2 + 4� �) ⇠⇢(µr⌫)�⇢ + 2 ⇠µ⌫r · �

� gµ⌫
h

3(2k1 + 4k4 � 1)�⇢��r⇢⇠�� + 4 ⇠⇢� r· �⇢�

+ (4k2 + 4k3 + 8k5 + 3)�⇢ r· ⇠⇢ � 8 ⇠⇢� r⇢ ��

i

�

+O(�2) .

(3.33) dg

The coe�cients ki correspond to the parameters that enter (3.3), and the variation also
contains two free parameters, ↵ and �, which parameterise field dependent di↵eomor-
phisms generated by

vµ = ↵ ⇠⇢��µ
⇢� + � ⇠µ⇢�⇢ . (3.34) field_dep_diffeo

Imposing the boundary conditions (3.7) and (3.10), near the boundary the metric trans-
forms asd3g_lead

�grr = � 3

2
(2k1 + 9� ↵)hrij�ij +

324⇡C1

kN3
(2k1 + 4k4 � 1)Wij

k@k�
ij +O(r�2) , (3.35a)

�gri = � 108⇡C1

kN3 r
(2k1 + 9� ↵)W i

jk�
jk +O(r�3) , (3.35b)

�gij =
3

2 r4
�

2(2k1 + 9� ↵)hrk(i�j)
k � (2k1 � 15� ↵)hr

k
k�ij

 

� 216⇡C1

kN3 r4
�

2k2 W ij
k@ · �k + 4�kl@kWl

ij + ↵Wkl
(i@j)�kl

� (2k1 + 5� ↵)�kl@(iWj)
kl + 2(2k1 � 3)Wk

l(i@l�
j)k

� 3(2k1 + 4k4 � 1) ⌘ijWklm@
k�lm + 4(2k1 + 2k2 � 3)W ij

kw
k
 

+O(r�6) , (3.35c) d3g^ij_lead

where we denoted by hrij the unfixed O(r�5) component in (3.7c), i.e.

�rij = r�5 hrij(xk) +O(r�7) . (3.36)

The easiest way to analyse these variations is to recall that, as shown in [12], the
explicit solution which satisfies our boundary conditions [A: to be better specified]

solves the equations of motion derived from (3.1) only if

k1 =
3

2
, k2 = 0 , k3 = � 3

4
, k4 = � 1

2
, k5 = 0 . (3.37) numbers
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δg under spin-3 transformations

Unfortunately not everything has a nice geometric 
interpretation (at least at present…)

Tuning the free parameters in the action one obtains 
however a simple variation at the boundary
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Charges

We saw how symmetries act on the space of solutions


How to compute charges? What is their algebra?


In CS:


Once one knows the variations      ,       one can compute 
the algebra of charges thanks to


The “covariant” variations       ,          reproduce those of 
the independent chiral functions as computed in CS
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Intermezzo

 Charges from Hamiltonian 
formulation



Charges à la Regge-Teitelboim

Example: linearised gravity action in Hamiltonian form


Canonical variables:          & conj. momenta          (                           )


Lagrange multipliers:

Charges as boundary terms which make the functional 
derivative of the generators of gauge transformations 
(aka smeared constraints) well defined
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Charges à la Regge-Teitelboim

Example: linearised gravity action in Hamiltonian form


Canonical variables:          & conj. momenta          (                           )


Lagrange multipliers:

Charges as boundary terms which make the functional 
derivative of the generators of gauge transformations 
(aka smeared constraints) well defined
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Fronsdal Hamiltonian (spin-3)

Almost same structure as in the spin-2 example


Canonical variables:                                            & momenta


Lagrange multipliers:


Action in Hamiltonian form

Well defined setup to compute charges!

Note that ↵ is the combination of '0ij and '000 whose gauge transformation does not
contain time derivatives:
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�'000 = 3 ⇠̇00 = 3 ⇠̇
) �↵ = � 2 @ · ⇠0 , (1.8)

where we used the trace constraints (2.5) to eliminate ⇠00. The gauge transformations of
Nij and Ni depend instead on ⇠̇ij and ⇠̇0i consistently with their identification as Lagrange
multipliers.

With the definitions (1.7) one can rewrite the Lagrangian (1.1) as
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while the two constraints read
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where F i denotes the trace of the “spatial” Fronsdal tensor. The constraints generalise
those that appear in the massless Fierz-Pauli Lagrangian. The main di↵erence is that the
dynamical variables are no longer all collected in the rank-3 tensor 'ijk and one has to
consider also the additional scalar ↵ (in analogy with what happens in the spin-32 case

[1]). Another novelty is the term ⇧̃ @ · ↵ that couples coordinates and momenta.

The momenta are expressed in terms of field as
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and
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In defining the momenta we have chosen to remove the term ↵̇ @ · ' from the Lagrangian
integrating by parts the time derivative. As a result ⇧̃ does not depend on 'ijkl and the
portion of the Hamiltonian (1.10) depending on 'ijkl corresponds to the spin-3 Fronsdal
Lagrangian in d� 1 dimensions.
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Including higher spins



Adding spin 4: peculiarities

Algebra of charges
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(spin 3)

It is nonlinear, but the rhs only contains 
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Adding spin 4: peculiarities

Algebra of charges

Adding a spin-4 field a new contribution appears
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It is nonlinear, but the rhs only contains 


this is why            corrections in              do not play any role
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Adding spin 4: overview

Control over cubic vertices is needed


Action:


Gauge transf.:

Gauge invariance requires higher-order corrections, but 
these are subleading at r→∞


Good news: for a given spin the number of terms to be included in 
the action is always finite


Bad news: the order of the vertices to be considered grows with the 
spin (like the order of nonlinearities in W-algebras)

This information, however, does not su�ce to identify the asymptotic symmetries of
the model. With insight this is because the additional contributions that appear in
�Wijk within the sl(4) Chern-Simons theory call for a modification of the spin-3 gauge
transformation. Within the current setup we shall simply see that some of the omitted
contributions in (4.1) have the same behaviour at r ! 1 as the terms displayed explicitly.

We thus consider the action

I{3,4} =

Z

d3x
p�g

16⇡G
(LEH + L3 + L4 + L3�3�4 + L4�4�4) + · · · , (4.3) I4

where LEH is the Einstein-Hilbert Lagrangian, while L3 and L4 are the covariantised
Fronsdal actions for a spin-3,
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and a spin-4 field,
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In both cases F denotes the covariantised Fronsdal tensor.11 The mi are fixed as in (3.4),
while

n1 = 2 (6l1 + 18l4 � 7) , n2 = 12
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l2 + 2l3 + 3l5 +
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4

◆

. (4.6) masses4

L3�3�4 and L4�4�4 denote instead the cubic vertices with at most two derivatives that
one can build with �µ⌫⇢ and 'µ⌫⇢�. The action (4.3) displays the same number of gauge
symmetries as in (4.1) only if the cubic vertices are fixed up to an overall coupling constant
and up to field redefinitions. Their detailed structure is shown in appendices D and E.
The corresponding gauge transformations have the formgauge4

�g = rv + �r⇠ + 'r+ �'r⇠ + �2r+ '2r+ · · · , (4.7a) dg4

�� = r⇠ + 'r⇠ + �r+ �rv + · · · , (4.7b) dphi4

�' = r+ 'r+ �r⇠ + 'rv + · · · , (4.7c) dvf4

and leave the action invariant up to quadratic order in the higher-spin fields. In (4.7)
fields and gauge parameters are meant to carry the same indices as in (4.1) and one has to
distribute the derivative over all tensors and consider all possible contractions of indices
(see appendices D and E for details). As in sect. 3.1 we omitted higher-order corrections,
that are necessary to fully preserve the gauge symmetry, in both the action and the gauge
transformations.

11Normalisations have been chosen as to agree with Appendix C of [12].

25

This information, however, does not su�ce to identify the asymptotic symmetries of
the model. With insight this is because the additional contributions that appear in
�Wijk within the sl(4) Chern-Simons theory call for a modification of the spin-3 gauge
transformation. Within the current setup we shall simply see that some of the omitted
contributions in (4.1) have the same behaviour at r ! 1 as the terms displayed explicitly.

We thus consider the action

I{3,4} =

Z

d3x
p�g

16⇡G
(LEH + L3 + L4 + L3�3�4 + L4�4�4) + · · · , (4.3) I4

where LEH is the Einstein-Hilbert Lagrangian, while L3 and L4 are the covariantised
Fronsdal actions for a spin-3,

L3 = �µ⌫⇢

✓

Fµ⌫⇢ �
3

2
g(µ⌫F⇢)

◆

+ 3R↵�

⇣

k1 �
↵
µ⌫ �

�µ⌫ + k2 �
↵�

µ�
µ + k3 �

↵��
⌘

+ 3R
⇣

k4 �µ⌫⇢�
µ⌫⇢ + k5 �µ�

µ
⌘

+
1

`2

⇣

m1 �µ⌫⇢�
µ⌫⇢ +m2 �µ�

µ
⌘

,

(4.4)

and a spin-4 field,

L4 = 'µ⌫⇢�
�

Fµ⌫⇢�� 3 g(µ⌫F⇢�)

�

+ 6R↵�

⇣

l1 '
↵
µ⌫⇢'

� µ⌫⇢+ l2 '
↵�

µ⌫ '
µ⌫+ l3 '

↵
µ'

�µ
⌘

+ 6R
⇣

l4 'µ⌫⇢�'
µ⌫⇢� + l5 'µ⌫'

µ⌫
⌘

+
1

`2

⇣

n1 'µ⌫⇢�'
µ⌫⇢� + n2 'µ⌫'

µ⌫
⌘

.
(4.5)

In both cases F denotes the covariantised Fronsdal tensor.11 The mi are fixed as in (3.4),
while

n1 = 2 (6l1 + 18l4 � 7) , n2 = 12

✓

l2 + 2l3 + 3l5 +
19

4

◆

. (4.6) masses4

L3�3�4 and L4�4�4 denote instead the cubic vertices with at most two derivatives that
one can build with �µ⌫⇢ and 'µ⌫⇢�. The action (4.3) displays the same number of gauge
symmetries as in (4.1) only if the cubic vertices are fixed up to an overall coupling constant
and up to field redefinitions. Their detailed structure is shown in appendices D and E.
The corresponding gauge transformations have the formgauge4

�g = rv + �r⇠ + 'r+ �'r⇠ + �2r+ '2r+ · · · , (4.7a) dg4

�� = r⇠ + 'r⇠ + �r+ �rv + · · · , (4.7b) dphi4

�' = r+ 'r+ �r⇠ + 'rv + · · · , (4.7c) dvf4

and leave the action invariant up to quadratic order in the higher-spin fields. In (4.7)
fields and gauge parameters are meant to carry the same indices as in (4.1) and one has to
distribute the derivative over all tensors and consider all possible contractions of indices
(see appendices D and E for details). As in sect. 3.1 we omitted higher-order corrections,
that are necessary to fully preserve the gauge symmetry, in both the action and the gauge
transformations.

11Normalisations have been chosen as to agree with Appendix C of [12].

25



Arbitrary spin

The order of non-linearities grows with the spin


What is the metric-like analogue of the quadratic basis for             
W-algebras?


Is there any regularity?


Strong indications that asymptotic symmetries are 
generated by conformal Killing tensors on the boundary


.


Not a complete surprise: this is true in arbitrary space-time 
dimension for the free theory. But one should check that 
interactions do not spoil this result! 

�'r···r i1···is�n = n r { r@r � (n� 1) } ⇠r···r i1···is�n

+
2

r2

⇢

@(i1⇠i2···is�n)r···r +
2

r
⌘(i1i2⇠i1···is�n)r···r

�

+ · · · .
(5.4) varphi_gen

With the choice
⇠ r···r i1···is�n = rn �n

i1···is�n(xk) +O(rn�2) , (5.5) kill-tensors

the contribution in the first line of (5.4) vanishes, while the remaining terms are sub-
leading. We thus impose that asymptotic Killing tensors satisfy (5.5). Moreover, the
constraint on the gauge parameter implies that all �n are traceless with respect to ⌘ij:

g↵� ⇠
↵� r··· r i1··· is�n�3 =

rn+2

2
⌘jk �n

jk i1··· is�n�3 +O(rn) . (5.6) traceij

The exact Killing tensors of AdS3 satisfy the same properties (see e.g. [?]).

When all indices take values along the directions transverse to r the first line of (5.4)
is not present and the variation reads

�'i1··· is =
2

r2
�

@(i1�0
i2···is) + 2 ⌘(i1i2�1

i3···is)
 

+ O(r�4) . (5.7) conf-kill-tens

The tensors �0 and �1 are traceless; the cancellation of the leading order thus impliesfin_gen

@(i1�0
i2··· is) � 1

s� 1
⌘(i1i2@ · �0

i3··· is) = 0 , (5.8a) conf-kill

�1
i1··· is�2 = � 1

2(s� 1)
@ · �0

i1··· is�2 , (5.8b)

i.e. that �0 is a conformal Killing tensor of the flat boundary metric.13 In two dimen- A: to

checksions traceless tensors have only two independent components and the conformal Killing
equation (5.8a) constraints them to be chiral:

�0
+ ···+ = �(x+) , �0

� ···� = �̃(x�) , �0
+� ··· = 0 . (5.9)

We also discovered that �1 must be proportional to the divergence of �0 as in (??). When
dealing only with the metric this information su�ces to prove that asymptotic Killing
vectors are in one to one correspondence with the conformal Killing vectors of the metric
induced on the boundary. Increasing the rank of the tensors under consideration we
instead loose control on the remaining components of the gauge parameters of asymptotic
symmetries. This is a first signal of the need to push the analysis beyond the leading
order. Actually we shall see that the restrictions on the fall-o↵ conditions increase with
the rank of the field. In order to explain this phenomenon we will exploit in the next
sections a couple of examples involving tensors of ranks 3 and 4, while limiting ourselves
to comment on the general case in sect. 7.

13The solutions of the conformal Killing equation (5.8a) have been studied for generic space-time
dimensions d � 3 e.g. in [29] and related to the exact Killing tensors of AdSd+1 in [?].
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Conclusions & outlook

Asymptotic symmetries in the metric-like formulation


What do we gain?     “Flexibility” and “conformal geometry”


What do we lose?     Computational power (from spin 4)


What is missing?      “Fair” identification of charges (in progress) 


Interesting possible developments


In D=2+1 and within the gauge sector: recover the quadratic basis 
(by using field redefinitions in a smart way?), go to flat space, …


More broadly in D=2+1: add matter, include topological masses, …


Higher space-time dimensions



Thank you

谢谢


