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1. Introduction

& WZW-type Superstring field theory
& A formulation with no explicit picture changing operator and working

well for NS sector:
o Open [Berkovits (1995)]
o Hetetrotic [Berkovits, Okawa and Zwiebach (2004)]

o Type Il [Matsunaga (2014)]

{> Difficult to construct an action for R sector
o EOM [Berkovits (2001)] [HK (2014)]

o A pseudo-action [Michishita (2005)] [HK (2014)]
We can construct the (self-dual) Feynman rules

reproducing the on-shell four point amplitudes.

However, these rules do not reproduce the five-point amplitudes
Michishita (2007)], or have an ambiguity [HK (2013)].

Q: Can we construct Feynman rules for R sector reproducing correct on-shell
physical amplitudes?
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2. New Feynman rules in the WZW-type Open Super SFT

2.1 EFOM and the pseudo-action

Large Hilbertspace : (n = no)
Higrge 2 A = a+&oa, with «a,a € Hemau (i.e. na = na = 0).

String fields :
NS @ e HYY) ) (G, P) = (0,0), |®| =0,

large’
R:v eH™  (G,P)=(0,1/2), |¥|=0,

large’

EOM including the R sector :
n(g7'Qg) + (n¥)* =0, Q¥ =0, (1)
where g = ¢ and Q'A = QA + A(g7'Qg) — (-1)!(g7'Qg) A.
Gauge symmetry :
g 69 = QAo+ nhy — ()AL — Ar(n®), (2a)

oV = Q,A% + 77/\% + W(nA1) — (nA) . (2b)



NS action :

Sns = ((97'Q9) (g ng) - / dt(57'0:){(57'Q9), (3 'nd)}).

where § = g(t) = e'®.
Auxiliary field :

= € HY

large’

(G, P) = (0,-1/2), |=|=0.

The pseudo-action :

Sk = (QE)g(nT)g™ ). (3)

1
2
The variation of S = Syg + Sk yields
— 1 ! —/ / ! —/
n(g~'Qg) + SInv,QE}Y=0, Qn¥=0 nQE =0 (4)

1

where =/ = ¢ 'Z¢q. If we eliminate = by imposing a constraint
g g M P g

EOMs (4) become EOMs (1).



2.2 Gauge fixing and the self-dual Feynman rules

Since the pseudo-action (3) is not the true action we cannot derive the
Feynman rules, but we can construct them.

Quadratic part of the action
S = SUQD)(®)) — {(QE) (1)), 5)
has gauge symmetries
62 = QAo+nhi, SV = QA +ndy, 2= QA
Fix them by (the simplest) gauge conditions
bo = @ = 0, b= £&U =0, bE= &= 0.

Then (5) can be inverted as

b o0
(I';{I) = _50 0 = / dT(gobo)e_TLO, \I/'_|E =
Lo 0

[I]]
782"
=
S
]



The self-dual Feynman rules :

An essential prescription

Taking into account the constraint by replacing ¥ and Q= in vertices by
their (linearized) “self-dual” part w = (nV + Q=)/2.

(~ A part vanishing under the constraint should be decoupled.)

Propagator :
g = Sobo oo Lo (Gt £ob |
NS : ®P = T R :ww= 5 (Q ( o ) n ( o ) Q) (diagonal)
Vertices :
_1 @anb 1 <I>HQ<I> 1 o 77<1>_l D ¢ Q2 2 d tnd
! 3! ] = i :
PN T AN T e T




On-shell external fermions : w = nv

by imposing the linearized constraint Q= = 0.
(It automatically implies the on-shell condition Qn¥ = 0.)

The self-dual Feynman rules give the well-known (on-shell) 4-point
amplitudes but do not reproduce the 5-point amplitudes.




2.3 Gauge symmetries and the new Feynman rules

Gauge symmetries :

The (pseudo-) action S = Syg + Sg is invariant under
g 69 = Q'Ay+ A,
oV = nA% + [V, nA4], 0= = QA_% + [Q, Ao].
These are compatible with the self-dual/anti-self-dual decomposition.
S(QE £n¥) = [(QE £nT), A4,

and so respected by the self-dual rules. However, these symmetries are not
enough to gauge away all the un-physical states. They do not contain all the
symmetries of the quadratic action (6).

The missing “symmetries’ generated by A% and A% can be extended to

} + 1{77‘1’, A%}a (73)

)g . (7b)



The variation of the action under these transformations becomes

55 = 2(A) (QEY, (QF — n0)]y + 1(Ay )2, (@' — n)]),

e
N~

which vanishes under the constraint.

These “symmetries” (7) are not respected by the self-dual rules because they
are not compatible with the self-dual/anti-self-dual decomposition.

Ansatz
[ The correct Feynman rules should respect these “symmetries” too. ]
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The new Feynman rules :

An essential prescription
[ Do not impose any restriction on the off-shell (propagating) states. }
Propagator :
b b
NS : D = @, R :UE=20= —2 Sobo = IIp, (off-diagonal)
Ly Ly
Vertices :
1 q>H?7<I> _1 @HQ@ 1 % 77<I>_l d ¢ QP 2 O R/
3] 3 41 41 41
20N ///nqj\\\ & I 0o o f nd Q2 @
n¥ P HQE L 2 el
_1 +% — ~ 4+
* 4 & o= o e 2 g @@H 12 (17(1) -
2 2 -
AN I e ake e
i ~1 o
o=l @ ol @ % AN
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Notes :
o Fermion number, F(¥) =1, F(E) = —1, Is conserved.

o Then R-propagator is directed.

On-shell external fermions : n¥

by imposing the linearized constraint Q= = n¥, after adding (averaging)
two possibilities of the external fermions, nW¥ and QZ=.

We can show that the new Feynman rules correctly reproduce all the on-shell
physical 4- and 5-point amplitudes.
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3. Amplitudes with the external fermions

Four-point amplitudes are correctly reproduced as in the self-dual rules.

Difference between two rules comes from the diagram with either

(i) at least two fermion propagators. The amplitude is schematically

A~ (- (QIIpn + nllrQ) - - - (QIIrn + n1IRQ) - - - )w,

In the self-dual rules and
A~ (- QUpn- QUrn - Vw + (- nIIrQ - - nIrQ - - w,

in the new rules, where we can assign a direction to fermion lines,

H +F{ +>+L4 + >J¥<
nv QRE QE nw

13



or,
(ii) two-fermion-even-boson interactions,
co Sy =~ ((2QBMW) — (B 0)(Q2))))
+ 1 (12@D20w)) — (2w 2(Q=)),

with at least one off-shell fermion, which gives non-trivial contribution to
the amplitude.

These differences improve the discrepancy in the five-point amplitudes!
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3.2 Five-point amplitudes

Example : (ABCDE) = (FFBBB)

Five two-propagator (2P) diagrams

N E 5 A B
BJV IDC‘V IEDJV /a
C D
(a) (b)

C
E
(c)

D C E D
Evg Avc
A B
(d) (e)

€
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B P QEH”‘I’ 1 nﬂ@
2 //q?\\ 2 //(I)\\
C
(a)
.A(2A (a)

FFBBB —

/ dTq / dTo

X (((QEA??‘I’B + NP AQER) (Ecybey Q)P (Méeyber ) (QPpNPp + NP pQPE)) W

+ ((QEAnY B + n\IjAQEB)(fcl bcln)q)()’(QgCQbCQ)(Qq)an)E + nq)DQ(I)E»W) .

3
=

A
¥
®) F T2 1 ﬂ‘

Witten diagram
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Using
o0 00 )
/ dT{Q7 bO}e_TLO = - / d’T—G_TLO)
0 0

ot

we can align three external bosons as (Q®¢, Q®p, nPEr):

‘Ag?])B(B)B = 5/0 d’r ((Q:A n¥Yp+ nWa Q:B> (€cibey) QP bey QPp NPr)w
1 [ _ _
—I——/ dt (((Q:A nPp 4+ NPy Q:B)
8 Jo

X (&:be) P (QCPD n®r + nPp Q‘I>E)>W
— 2<(Q5A nVp +n¥a QEB) (&cbe) QPc n(Pp PE))w
— ((Q‘I’D n®e +nPp Q@E)

X (&cbe) (QEA n¥Yp+ Ny QEB) Do)w

— 2(n(®p Pr) (&:be) (QEA nYp+n¥a QEB) Q(I)C>W> :
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Similarly, the contribution of the diagram (b) is given by

- ’ _ 1 GE “77‘1’ 1Y H Q=
b I

D
(b)

1 O O
Ag%ggz—gfo dTl/O dTs

X <<QEB Do (Ufclbq@) Dp (77602[)02@) D n\IjA>W

+ <77\IJB (I)C (chlbcln) (I)D (Qgczb@ﬁ) CI)E QEA>W>
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1/, _
= 5 / d T < B Q@C (gclbcl) Q(PD b02 T](PE T’\IIA>W

+ (NP QPc (§eybey) QPp bey, NPE QEA>W)

— %/dT <<QEB Do (€cbe) n®Pp QPE MY A)w
— (QEp Q®c (&cbe) N(Pp PE) NV A)w
—(QPr n¥4 (&cbe) QER N(Pc Pp))w
+ (NP QEA (§cbe) Nn¥E QPc Pp)w
+ (nPr N¥a (§cbe) QER QP Pp)w

— <(I)E U‘I’A (gcbc) QEB Q(I)C n(I)D>W)7
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5 1 [ _ _
Afrsss = /0 &7 QD QDp (Eebey) NP1 bey (QEa N5 + 0¥ a Q5 ) b

+ %/0 dr <2(<I>c Q®Pp (&cbe) NPk (QEA nV¥p + nV¥a QEB)>W

+((Q®c n®p — n¥c Q@)

X (£be) @i (QEa nWp + n¥a Q5 ) hw
— 2(QPc n®p (&) P (QEan¥s +n¥a QSs))w
— 2(Q®c ®p (Ebe) nPp (QFa 1V + NP4 Q5 ) hw
— 2( (QEA n¥p +nWa QEB) (§cbe) P QPp nPE)w
— (@24 s + ¥4 QFp)

X (gcbc) (Q(I)C n®p — nPc QCI)D) (I)E>W

+ 2 (QEA n¥p + NPy QEB) (&cbe) QPc n(®Pp <I>E)>w) :
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1 [ _ _
A?ﬁggB 25/0 d*t (Q®p nPp (Ecybey) (Q:«A bey NV B + N4 b, Q:B> QPc)w

1 O
-+ Z/O dr <<(QCI>D n®Pr + nPp QCI)E) (&cbe) NP4 QEB Po)w

+ (n(®p Pr) (&) (QEan¥s + n¥a QF5) QP)w

+ (QEp ¢ (&cbe) (Q‘PD n®r +nPp QCPE) NV A)w

- <QEB QCI)C (€cbc) n(q)D cI)E) n\IjA>W

— (N5 QB (E:be) n(Pp D) @Ew)a
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P)(e 1 > —_
AgFggB 25/0 d’r (<77CDE Z4 (§eybey) N¥ B be, QP QPp)w
+ <T](PE n\IJA (gclbcl) QE‘B b02 QCI)C Q(PD>W>

1 o0
— Z/O dr <<(I)E n\PA (gcbc) QEB (QCI)C T](I)D + nCIDC« QCI)D>>W

— (1®p Q4 (&) Vs (QPc ®p — Bc QPp))w
— (n®Pep ¥4 (Ebe) QEB (Q(I)C’ op — ¢ QCI)D)>W
— <<Q‘DC n®p + nPc Q‘IDD) (&ebe) P YA QER)w

— <(Q(I)C ®p — P¢ Q(I)D>

X (Ecbe) NnPE (QEA nYB + NP a QEB)>W> :
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Five one-propagator diagrams

A E A c B
B C D b E
(a) (b) (c)
. C B D
8 B 2 xoo|c
E A A B
(d) (e)
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From the straightforward calculation, we obtain:

a L [ _ _
A%Eg;B oY . dr <<(Q:A NYp +nPYy Q:B>

X (&cbe) o (QCI)D nPe — nPp Q(I)E>>W
— 2<(QEA nYp+ ¥y QEB)
X (&cbe) (Q(I)C &p n®Prg — nPc Pp Qq)E))W

+ <(Q5A nVe+n¥a QEB)

X (€cbc) (Q(I)C UCI)D - T]CI)C Q(I)D) CI)E>W>7
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1 (© @]
AN =3 [ ar (<n\IfB nPc (£:be) Q(Pp ©r) QEahw
_ <QEB 77@0 (gcbc) Q((I)D (I)E) 77\11A>W

— (N¥Yp o (&cbe) (chD n®eg —nPp QCPE) EA)W)

1
— Z(QEA n¥p &c Pp Pp)w,
AUP)(e) :1 oodT <(Qq> bp+ nbe QP )
FFBBB ~ g . Cc N¥D n¥c D
X (fcbc) g5 (QEA nYp —n¥,u QEB)>W7
1 O
ARG =5 [ dr ((Q®0 n®r +ndp Qo)

X (gcbc) (QEA nYp —nYy QEB) (I)C>Wa
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o 1™ -
AN = [ ar <<<I>E NV (€cbe) Q (QPe n®p — nPc QPp ) )w

+ <77(I)E (QEA (gcbc) 77‘1’5’ - 77\1114 (gcbc) QEB> Q((I)C’ (I)D)>W)

1
— Z(U‘I’A QEp Pc Pp Pr)w.

One no-propagator diagram,

gives

1
A%Np?;BB = E((QEA nUp+n¥a QEB) Sc &p Pr)w.
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The boundary contributions are cancelled in the total amplitude:
(2P) (%) (1P)(4) AWNP)
ArrBBB = Z ArreBe T Z Arrebe T Arreps

— / d T ( QE‘A U‘I’B + U‘I’A QEB> (gclbcl) QCI)C' b02 QCI)D 77(I)E>W
+ (N¥B QPc (§e1be;) QPD bey NPE QEA)W
+ (QEB QPc (&¢,bc;) QPp be, nPE n‘IfA>W>

+ <Q(I)C Q®Pp (§c1 61) nPp b c9 (Q—‘A NYp+ nNWa QHB>>W

+ (QPp nPr (& b:) (QEA bey NV + NP4 b, QEB> QPc)w

+ (n®Pr QEA (§c1bcy) NV B bey QPc QPp)w

+ MPe nPa (e be) QEBR b, QPe Q(I)D>W>
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After eliminating = from the external states by imposing Q= = nV,

ArrBBB = / d*r ((E(n\IfA nVYp by QPc bey QPp NPE))w

+ (MY QPc by QPp bey, NPE NV A))w
+ (£(QPc QPp by NPE be, VA N¥YBR))w
+ (£(QPp nPE by NV A b, NV QPc))w

+ (EMPE n¥Y 4 bey n¥Yp b, QPc Q(I)D)>W)-

Since this final expression has the same form (up to &) as the bosonic
SFT (with n¥,Q®,n® <« A), we can conclude that this is nothing but the

well-known amplitude.

Similarly, we can calculate the amplitudes with FFFFB and FBFBB, and
show that the results agree with the well-known amplitues.
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4. Summary and discussion

& We have found that the missing gauge-symmetries are realized as
those under which the variation of the pseudo-action is proportional
to the constraint.

& We have proposed the new Feynman rules for the open super SFT
respecting all the gauge- “symmetries”.

& We have shown that the correct on-shell 4- and 5-point amplitudes
are reproduced by the new rules.

& We can apply the similar argument to the heterotic SFT, and obtain
the new Feynman rules which reproduce the correct 4- and 5-point
on-shell physical amplitudes.
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* We have to clarify whether the new Feynman rules reproduce
all the on-shell physical amplitudes at the tree level.

e general theory of the pseudo-action and its “symmetries”

* We have to extend the Feynman rules to those applicable
beyond the tree level.

e gauge fixing by means of the BV method

e extra factor 1/2 for each fermion loop?

¥ It is interesting to calculate the off-shell amplitudes and
to study their properties.
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