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Outline & Summary

1 Conformal higher-spin gravity

Free theory [Fradkin, Tseytlin, 1985]

Kinetic operator with 2s+ d− 4 derivatives (local for even d)
Higher-spin (s>2) generalization of (d = 4)
Maxwell photon (s=1) and Weyl graviton (s=2)
Non-unitary irreducible representation of conformal algebra (for s > 1
or d > 4)

Interacting theory [Tseytlin, 2002; Segal, 2003; XB, Joung, Mourad,
2011; Giombi, Klebanov, Pufu, Safdi, Tarnopolsky, 2013]

classical theory as induced gravity: logarithmically divergent piece of
the 1-loop e�ective action of a conformal scalar �eld minimally
coupled to a background of higher-spin shadow �elds
quantum theory : vanishing Weyl anomaly?
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1 Conformal higher-spin gravity

2 Characters & Partition function

Representation theory of algebra so(d, 2):

Classi�cation of irreducible (generalized) Verma so(d, 2)-modules
[Shaynkman, Tipunin, Vasiliev, 2004]
Character formulae of Verma so(d, 2)-modules [F. Dolan, 2005]
Canonical partition function on S1 × Sd−1 as an so(d, 2)-character
evaluated at trivial so(d) weight [Gibbons, Perry, Pope, 2006]

=⇒ Characters & partition functions of spin-s conformal �elds:

Current (irreducible module)
Shadow (ir/reducible for odd/even d)
Fradkin-Tseytlin (irreducible but only de�ned for even d)

Fradkin-Tseytlin = Shadow /Current

classical (tree) relation [XB, Grigoriev, 2012]
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1 Conformal higher-spin gravity

2 Characters & Partition function
Representation theory of algebra so(d, 2):

Classi�cation of irreducible (generalized) Verma so(d, 2)-modules
[Shaynkman, Tipunin, Vasiliev, 2004]
Character formulae of Verma so(d, 2)-modules [F. Dolan, 2005]
Canonical partition function on S1 × Sd−1 as an so(d, 2)-character
evaluated at trivial so(d) weight [Gibbons, Perry, Pope, 2006]

=⇒ Characters & partition functions of spin-s conformal �elds

dual to AdS massless �elds:

Current dual to Dirichlet behavior
Shadow dual to Neumann behavior

Fradkin-Tseytlin = Shadow /Current = Neumann /Dirichlet

classical (tree) relation [XB, Grigoriev, 2012]
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1 Conformal higher-spin gravity

2 Characters & Partition function
Representation theory of algebra so(d, 2):

Classi�cation of irreducible (generalized) Verma so(d, 2)-modules
[Shaynkman, Tipunin, Vasiliev, 2004]
Character formulae of Verma so(d, 2)-modules [F. Dolan, 2005]
Canonical partition function on S1 × Sd−1 as an so(d, 2)-character
evaluated at trivial so(d) weight [Gibbons, Perry, Pope, 2006]

=⇒ Characters & partition functions of spin-s conformal �elds

dual to AdS massless �elds:

Current dual to Dirichlet behavior
Shadow dual to Neumann behavior

Fradkin-Tseytlin = Neumann /Dirichlet

1-loop relation [Giombi, Klebanov, Pufu, Safdi, Tarnopolsky, 2013]
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1 Conformal higher-spin gravity

2 Characters & Partition function

3 Regularization & Cancellation

Sum over the in�nite tower of all integer spins

Regularization à la Zeta [Giombi, Klebanov, Safdi, 2014]

Cancellations for unbroken Vasiliev higher-spin gravity (Dirichlet
boundary condition) at 1-loop of

Vacuum bubble diagrams (for boundary Sd)
[Giombi, Klebanov, 2013; Giombi, Klebanov, Safdi, 2014]
Casimir energy
[Giombi, Klebanov, Tseytlin, 2014]

are checks (at 1-loop) that unbroken Vasiliev higher-spin gravity
might be quantum exact.
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1 Conformal higher-spin gravity
2 Characters & Partition function
3 Regularization & Cancellation

Sum over the in�nite tower of all integer spins
Regularization à la Zeta [Giombi, Klebanov, Safdi, 2014]

Cancellations for conformal higher-spin gravity at 1-loop of
type-A Weyl anomaly (Euler density a-coe�cient)
[Giombi, Klebanov, Pufu, Safdi, Tarnopolsky, 2013; Tseytlin, 2013]
Casimir energy
[Beccaria, XB, Tseytlin, 2014]

suggest that (bosonic) conformal higher-spin gravity might remain
consistent at quantum level (like N = 4 conformal supergravity).

Caveat: The type-B Weyl anomaly (Weyl-squared c-coe�cient) does
not seem to share this remarkable cancellation property but some
assumptions in the computation remain questionable [Tseytlin, 2013]
e.g. the factorization of the kinetic operator in any Einstein
background [Metsaev, 2014; Nutma, Taronna, 2014]
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Conformal gravity
Conformal higher-spin gravity

Conformal gravity

Conformal gravity as Weyl gravity [Weyl, 1918]

≡ gravity theory invariant under both di�eomorphisms and Weyl
transformations:

g′µν(x) = Ω2(x) gµν(x)

fourth-order action

SW [gµν ] =

∫
d4x

√
|g| Cµν ρσCµν ρσ

built out of the Weyl tensor transforming as

C ′µν ρσ(x) = Ω2(x)Cµν ρσ(x)

fourth-order equation of motion [Bach, 1921]

(∇µ∇σ +
1

2
Rµσ)Cµν ρσ = 0
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Conformal gravity

Conformal gravity as induced gravity [Sakharov, 1967]

≡ logarithmically divergent piece of the 1-loop e�ective action for
matter, e.g.

scalar �eld transforming under Weyl transformations as

ϕ′(x) = Ω
2−d
2 (x)ϕ(x)

conformally coupled to a metric background

SM [ϕ ; gµν ] =
1

2

∫
ddx

√
|g|
(
∇µφ∇µφ−

d− 2

4(d− 1)
Rφ2

)
leads to the regularized e�ective action for the UV cuto� Λ.
In d = 4:

WΛ[g] = −1

2
TrΛ log(∇2 +R/6)

∼ Λ2 SCC [g] + ΛSEH [g] + log(Λ/m2)SW [g] + UV �nite
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Conformal gravity

Einstein gravity from conformal gravity [Maldacena, 2011]

Classical solutions [Bach, 1921]

(conformally) Einstein ⇒ Bach

Classical solutions with cosmological constant and Neumann

boundary condition [Maldacena, 2011]

Bach ⇒ (conformally) Einstein

For asymptotically hyperbolic Einstein spaces, the renormalized
on-shell actions of d = 4 Einstein gravity and conformal gravity are
equal [Anderson, 2000]

Remark: In the above sense, conformal gravity with Neumann boundary
condition is classically equivalent to Einstein gravity with cosmological
constant (ghosts are eliminated by the boundary condition).
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Conformal gravity

Conformal gravity as quantum gravity

For a conformal gravity, absence of gauge anomaly ⇒ UV-�niteness

�Proof�
Quantum consistency (no gauge anomaly) of a conformal gravity
⇒ no conformal anomaly
⇒ no scale
⇒ UV �nite
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Conformal gravity

Conformal gravity as quantum gravity

Power-counting renormalizable [Stelle, 1977]
but Weyl anomalous [Fradkin-Tseytlin, 1984]

∃ examples of conformal N = 4 supergravity coupled to N = 4
super-Yang-Mills which are anomaly-free [Fradkin-Tseytlin, 1985]
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Conformal gravity
Conformal higher-spin gravity

Free theory: o�-shell

The free conformal spin-s theory is described o�-shell by the

Shadow �eld, i.e. conformal primary �eld φs that is a symmetric
tensor �eld of scale dimension ∆(φs) = 2− s and rank s, quotiented
by the gauge transformation:

δφµ1µ2...µs = ∂(µ1
εµ2...µs) − η(µ1µ2

αµ3...µs)

Higher-spin Weyl tensor, i.e. conformal primary �eld Cs that is
the gauge-invariant irreducible tensor �eld of scale dimension
∆(Cs) = 2 labelled by a rectangular Young diagram with rows of
length s and built out of s derivatives of the shadow �eld:

Cµ1...µs , ν1...νs = ∂ν1 · · · ∂νsφµ1...µs + · · ·

Fradkin-Tseytlin-Segal action [d = 4: Fradkin & Tseytlin, 1985;
d > 4: Segal, 2002]

S[φs] =

∫
φs�

2s+d−4
2 φs + · · · = (−1)s

∫
Cs�

d−4
2 Cs + · · ·
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Conformal gravity
Conformal higher-spin gravity

Free theory: on-shell

The free conformal spin-s theory is described on-shell by the

Higher-spin Bach tensor, i.e. conformal primary �eld Bs that is
the gauge-invariant symmetric tensor �eld of scale dimension
∆(Bs) = s+ d− 2 built out of s+ d− 4 derivatives of the Weyl-like
tensor:

Bµ1...µs = ∂ν1 · · · ∂νs�
d−4
2 Cµ1...µs , ν1...νs + · · ·

Fradkin-Tseytlin �eld, i.e. shadow �eld φs subject to the
higher-spin Bach equation Bs = 0.
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Interacting theory

Conformal higher-spin gravity as induced higher-spin gravity

[Tseytlin, 2002; Segal, 2003; XB, Joung, Mourad, 2011;
Giombi, Klebanov, Pufu, Safdi, Tarnopolsky, 2013]
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Interacting theory

Conformal higher-spin gravity as induced higher-spin gravity

The interacting conformal higher-spin theory is described o�-shell by the

Free scalar singleton, i.e. free conformal scalar �eld ϕ of scale
dimension ∆(ϕ) = d/2 − 1 minimally coupled via

SM [ϕ ;φ] =

∫
ddx

(
1

2
∂µϕ∂

µϕ+
∑
s

φsjs

)
=

∫
ddxϕ

(
∂2 + φ̂

)
ϕ

to a background of higher-spin shadow �elds φs through the
Conformal currents, i.e. conformal primary �elds js that are
traceless conserved symmetric currents of scale dimension
∆(js) = s+ d− 2 and rank s, bilinear in the conformal scalar �eld

jµ1...µs
= ϕ∂µ1

· · · ∂µs
ϕ + · · ·

Induced action: logarithmically divergent piece of the e�ective
action (in even d)

WΛ[φ] = −1

2
TrΛ log(∂2+φ̂) = log(Λ/m2)SW [g]+Laurent series in Λ
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Interacting theory

By dimensional analysis, one can see that the vertex involving a product
of m �elds with spins si (i = 1, . . . ,m) contains a total number

p = d+

m∑
i=1

(si − 2)

of partial derivatives [XB, Joung, Mourad, 2011].

=⇒ Minimal coupling of conformal higher-spin �elds with the conformal
spin-2 �eld.
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Classi�cation of irreducible representations
Computation of partition functions

Classi�cation

Exhaustive classi�cation of irreducible (generalized) Verma
so(d, 2)-modules [Shaynkman, Tipunin, Vasiliev, 2004]

Odd d: no subsingular module.

Even d: ∃ subsingular module (due to chirality).

=⇒ Recursive computation of all relevant so(d, 2)-modules
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Classi�cation of irreducible representations
Computation of partition functions

Odd dimension d

d = 3 realizations of irreducible so(3, 2)-modules

CFT Irreducible module Verma module description

Conservation law D(s+ 2, s− 1) V(s+ 2, s− 1)
Conformal current D(s+ 1, s) V(s+ 1, s)/D(s+ 2, s− 1)

Conservation law ≡ ∂µ1
jµ1µ2...µs = 0
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Classi�cation of irreducible representations
Computation of partition functions

Odd dimension d

d = 3 realizations of irreducible so(3, 2)-modules

CFT Irreducible module Verma module description

Conservation law D(s+ 2, s− 1) V(s+ 2, s− 1)
Conformal current D(s+ 1, s) V(s+ 1, s)/D(s+ 2, s− 1)
Pure gauge shadow D(2− s, s) V(2− s, s)/D(s+ 1, s)

Higher-spin Cotton tensor ∂2s−1φs = 0⇔ φs = ∂εs−1 + η2αs−2

X. Bekaert Partition function of free conformal higher spin theory



Conformal higher-spin gravity
Characters & Partition function
Regularization & Cancellation

Classi�cation of irreducible representations
Computation of partition functions

Odd dimension d

d = 3 realizations of irreducible so(3, 2)-modules

CFT Irreducible module Verma module description

Conservation law D(s+ 2, s− 1) V(s+ 2, s− 1)
Conformal current D(s+ 1, s) V(s+ 1, s)/D(s+ 2, s− 1)
Pure gauge shadow D(2− s, s) V(2− s, s)/D(s+ 1, s)
Conformal Killing D(1− s, s− 1) V(1− s, s− 1)/D(2− s, s)

Conformal Killing tensor ≡ ∂(µ1
εµ2...µs) = η(µ1µ2

αµ3...µs)
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Odd dimension d

d = 3 realizations of irreducible so(3, 2)-modules

CFT Irreducible module Verma module description

Conservation law D(s+ 2, s− 1) V(s+ 2, s− 1)
Conformal current D(s+ 1, s) V(s+ 1, s)/D(s+ 2, s− 1)
Pure gauge shadow D(2− s, s) V(2− s, s)/D(s+ 1, s)
Conformal Killing D(1− s, s− 1) V(1− s, s− 1)/D(2− s, s)

CFT Reducible module Contragredient module
Shadow �eld S(2− s, s) ∼ V(2− s, s)/D(2− s, s)
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Classi�cation of irreducible representations
Computation of partition functions

Even dimension d

d = 4 realizations of irreducible so(4, 2)-modules

CFT Irreducible module Verma module description

Conservation law D(s+ 3, s− 1) V(s+ 3, s− 1)
Conformal current D(s+ 2, s) V(s+ 2, s)/D(s+ 3, s− 1)
Chiral FT �eld D(2; s,±s) V(2; s,±s)/D(s+ 2, s)

FT �eld D(2, s, s) U(2, s, s)/V∗(s+ 2, s)
⊕D(2, s,−s)

Pure gauge �xed D(2− s, s) V(2− s, s)/U(2, s, s) ∼=
shadow U(2− s, s)/V∗(s+ 3, s− 1)

Conformal Killing D(1− s, s− 1) V(1− s, s− 1)/U(2− s, s)
CFT Reducible module Contragredient module

Shadow �eld S(2− s, s) ∼ V(2− s, s)/U(2− s, s)
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Partition function

Canonical partition function

Generating function

Z(q) ≡
∑
n

dnq
∆+n = Tr(exp(−βĤ))

of the auxilliary variable q = exp(−β) de�ned in terms of the
inverse temperature β, i.e. the inverse of the perimeter of the circle
S1 in radial quantization. It encodes the number dn of descendants
of level n associated with a primary �eld of scale dimension ∆.

Character χ(q, x1, · · · , x[d/2]) of so(d, 2) evaluated at trivial
so(d)-weight:

Z(q) = χ(q, 0, · · · , 0)
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d = 4 canonical partition functions

Verma module

V[∆;(`1,`2)](q) =
d(`1,`2)q

∆

(1− q)4
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Partition function

d = 4 canonical partition functions

Conformal current ⇔ Massless �elds (Dirichlet)

Z(s+2,s)(q) =
(s+ 1)2 qs+2 − s2 qs+3

(1− q)4

Shadow �eld ⇔ Massless �elds (Neumann)

Z(2−s,s)(q) =
2(2 s+ 1) q2 − (s+ 1)2 qs+2 + s2 qs+3

(1− q)4

Fradkin-Tseytlin �eld

Z(2,s,s)(q) =
2(2 s+ 1) q2 − 2(s+ 1)2 qs+2 + 2s2 qs+3

(1− q)4
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Sum over all integer spins

Sum of partition functions over the in�nite tower of
Conformal currents ⇔ Massless �elds (Dirichlet)

= Partition function of d = 4 free higher-spin gravity

is �nite in agreement with the Flato-Fronsdal theorem∑
s=0

Z(s+2,s)(q) =
q2(1 + q)2

(1− q)6
=
(
Z(1,0)(q)

)2

where Z(1,0)(q) is the partition function of the d = 4 scalar
singleton.
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Sum over all integer spins

Sum of partition functions over the in�nite tower of
Fradkin-Tseytlin �elds

= Partition function of d = 4 free conformal higher-spin gravity

is in�nite since

Z(2,s,s)(q) =
4(s+ 1/2) q2

(1− q)4
− 2Z(s+2,s)(q)

and the series
∑
s=0(s+ 1/2) is obviously divergent

and must be
regularized, e.g. by the Hurwitz zeta-function

ζH(z, α) ≡
∑
n=0

(n+ α)−z
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Sum over all integer spins

Sum of partition functions over the in�nite tower of
Fradkin-Tseytlin �elds

= Partition function of d = 4 free conformal higher-spin gravity

is in�nite since

Z(2,s,s)(q) =
4(s+ 1/2) q2

(1− q)4
− 2Z(s+2,s)(q)

and the series
∑
s=0(s+ 1/2) is obviously divergent and must be

regularized, e.g. by the Hurwitz zeta-function in which case∑
s=0

(s+ 1/2) = ζH(−1, 1/2) = 1/24

⇒
∑
s=0

Z(s+2,s)(q) = −q
2(11 + 26q + 11q2)

6(1− q)6
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Casimir Energy

Vacuum energy

EC ≡
1

2

∑
n

dn (∆ + n) =
1

2
Tr(Ĥ)

in radial quantization

can be computed from the canonical partition function via the
Hamiltonian zeta function

EC =
1

2
ζE(−1) , ζE(z) =

1

Γ(z)

∫ ∞
0

dβ βz−1Z(e−β)

vanishes when Z(q) = Z(1/q).

⇒ The total Casimir energy of free bosonic higher-spin gravity vanishes
both for Vasiliev theory [Giombi, Klebanov, Tseytlin, 2014] and Segal
theory [Beccaria, XB, Tseytlin, 2014].
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Conclusion

1 Translation of the classi�cation results of [Shaynkman, Tipunin,
Vasiliev, 2004] into an algorithm for computing characters of any
so(d, 2)-module.

2 Computation for any d of

Individual partition functions on S1 × Sd for

massless (boundary) higher-spin �elds, with Neumann (shadow) or
Dirichlet (current) boundary conditions.
conformal higher-spin �elds, either o�-shell (shadow) or on-shell
(Fradkin-Tseytlin).

Total (regularized) partition functions and Casimir energy for

conformal higher-spin gravity

3 Indication that no scale is generated at 1-loop for conformal
higher-spin gravity.
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