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HS Theory and String Theory

HS gauge theory: infinite towers of massless HS fields in AdS

String theory: infinite towers of massive HS fields:

spontaneously broken HS gauge theory?
String Theory > HS theory
Known HS theories: first Regge trajectory of String Theory s =0,1/2,1..

Full String-like HS theory is still unknown.

Interesting conjectures 2012, Gaberdiel and Gopakumar 2013



Both theories have interesting holographic duals:
String theory: N4 4d SYM

HS theory: 3d vectorial sigma model

Though HS theory contains gravity, it is analogous to open string: HS

fields are valued in some associative algebra: A- structure

T he main theme of this talk is how to construct invariants in HS theory~

New method: invariants as central elements of the A, structure:

Interesting to compare with SFT

Application to AdS,/CFT3 HS holography and BH physics



Unfolded equations

Covariant first-order differential equations

o
dW(z) = G (W(x)), d=d2z"dp, G*W)= Y e, o,WA . AW?

n=1
GS2(W) : function of “supercoordinates” W*?
d > 1: Nontrivial compatibility conditions
OGX (W)
oW ®
Any solution to generalized Jacobi identities: FDA Sullivan (1968)

GP(W) A 0, Loo

Gauge transformation

OGS (W)
owe

where the gauge parameter £%(z) is a (po — 1)-form

SWS2 = det? + £

(No gauge parameters for zero-forms W?$?)



Properties

e General applicability

e Manifest (HS) gauge invariance

e Invariance under diffeomorphisms: exterior algebra formalism

e Lie algebra cohomology interpretation

e Independence of ambient space-time: Geometry is encoded by GQ(W):
unfolded equations make sense in any space-time

dW(z) = G (W(z)), z—X=(z,2), dsr—dy=ds+d., dzzdz“%
<

X-dependence is reconstructed in terms of W (Xgy) = W(xg, z9) at any X

Classes of holographically dual models: different G 2012



Cartan formulation of gravity

Diffeomorphisms without distinguished metric tensor: exterior algebra
Vierbein one-form e®® = dz"ed® a,=1,2, &,8=1,2
Lorentz connection w®8 = dz"w®® %8 = dz"o O‘B

0(3,2) ~ sp(4) connections wAB = wP4, A B=1,...4 and curvatures

RAP = dw?P + wAuPBECep, Cap = —Cpa, A= (a,q)

Torsion
5 = deaﬁ + wy” €5 —I—wﬁ ob
Lorentz curvature
Rop = dwyg + wa'wgy + A2 eofseﬁg : Rap = dwag + wa'wgy
AdSy: Ry3=0, Ry3=0, Raq=0

For nontrivial geometry some of components of the curvatures are

nonzero being represented by new zero-form fields: Weyl tensor



Vacuum Geometry

h: a Lie algebra. w = w%T,: a one-form valued in h

1
Glw) = —ww= —Ewo‘wﬁ[Ta,TB]

Unfolded equation with W = w is the flathess condition
dw—+ ww =20

Compatibility condition: Jacobi identity for h.

FDA gauge transformation: usual gauge transformation of w.

The zero-curvature equation describes background geometry in a
coordinate independent way.
If h is Poincare or anti-de Sitter algebra it describes Minkowski or AdS,

space-time



Free fields unfolded

Let W2 contain p-forms C* (e.g. 0-forms) and G* be linear in w and C

The compatibility condition implies that (Ta)ij form some representation
T of h V of C'. The unfolded equation is

D,C=0

D,, = d + w: covariant derivative in the h-module V of C*
Linear equations in a chosen background: covariant constancy equation

h: global symmetry



Lagrangians via contractible systems

Contractible system
dw = L, dL =0
IS dynamically empty: gauge transformations

dw(x) = e(x), 0L(x) = de(x)

Gauge fixingw =0 — L =0

For the system
dw+ L(W) =L, d. =0

where L(W) is some closed function of other fields V.

In the canonical gauge w = 0

L=L(W), dL(W) =0.

The singlet (invariant) field L becomes a Lagrangian giving rise to an

invariant action



HS AdS/CFT correspondence

General idea of HS duality Sundborg (2001), Witten (2001)

AdS, HS theory is dual to 3d vectorial conformal models
Klebanov, Polyakov (2002), Petkou, Leigh (2005), Sezgin, Sundell (2005); Giombi and Yin (2009)
Maldacena, Zhiboedov (2011,2012); MV (2012); Koch, Jevicki, Jin, Rodrigues (2011-2014);

Giombi, Klebanov; Tseytlin (2013,2014) ...
AdS3/CFT, correspondence Gaberdiel and Gopakumar (2010)
Analysis of HS holography helps to uncover the origin of AdS/CFT 7!

Despite significant progress in the construction of actions during last
thirty years: A.Bengtsson, I.Bengtsson, Brink (1983); Berends, Burgers, van Dam (1984);
Fradkin, MV (1987), ... Boulanger, Sundell (2012) ...

construction of the generating functional for correlators and entropies

was lacking



3d conformal equations

Rank-one conformal massless equations Shaynkman, MV (2001)
o . & N |
((%Uaﬁizayaayﬁ)cj (ylz) =0, a,=1,2, j=1,...N

Bosons (fermions) are even (odd) functions of y¢: C;(—y|z) = (—1)PiC;(y|z,
Primaries are usual scalar and spinor
0
C(z) =C(0lz),  Calz) = -C(ylw)
Yy y=0
Higher components in

o0
1
Cly|z) =1 E gyal Y Cay.an ()
n=0 """

are descendants expressed via 2z derivatives of the primaries



Conserved currents

Rank-two equations

%, 02
{w — 8y(0‘8u5)} J(u, ylx) =0 Gelfond, MV (2003)
J(u, y|xr): generalized stress tensor. Rank-two equation is obeyed by
Y +
J(u, ylz) = > C; (u+ylz) C;" (y — ulx)
i=1

Primaries: 3d currents of all integer and half-integer spins

©.@) ©.@)
J(u,0lz) = > u®.. uJa an(x), J(O,ylz) = Y y*...y“2Ja;. an,(x)
2s=0 2s5s=0

J@I (u, ylz) = uay™ I (@)

Aday...ans(2) = Aday..an,(x) =5+ 1 AJ@IT(z) = 2

Conservation equation:

5, 02
8xa58ua8u5

J(u,0lr) =0



Free massless fields In AdS,

Infinite set of spins s =0,1/2,1,3/2,2...

Fermions require field doubling: w%(y,y|z), C17(y,7]|x), i=0,1
5"y, 7 | z) = w"(g,y | ), C' 'y, g z) = C (g, y | 2)
_ S 1 _ — B1...5
A(y,y | x) =1 Z n!m!yal ... ya”y51 ... meAal...C\{n, 1--- m(x)
n,m=0
T he unfolded system for free massless fields is (1989)
*  Ri(y,g|z)=nHY - "0,y | x) + 7 HY o C'17(y,0 | z)
TR Oy dyP
*  DoC'' U (y, g | x) =0
Ri(y,7 | 2) = DYw(y,i|z)  H:=c%eP  HY = ¢deof
%, 3, - - 02
ad,  ._ L af3 v v .— L af3 —
Dy"w := D~ — Xe (yaayﬁ -+ 5) Do := D~ + )Xe <yay5 -+ 8ya(9§5>

D i=dy - (wa%i -+ @d%ﬂ)

Zero-forms C(Y|x) form a Weyl module ~ boundary current module



Holography at complex infinity

For manifest conformal invariance introduce

1 — _ 1 _ . _
Yo = E(ya — 1Ya) Yo = E(ya — 1Ya) e vl = o8

AdS, foliation: z" = (x%,z) : x® are coordinates of leaves (a =0,1,2,)

Poincaré coordinate z is a foliation parameter. AdS infinity is at z =0

e = ialal:o‘é‘, WP = ——anﬁy G =

VVacuum connection can be extended to the complex plane of z with al

components containing dz being zero.

Generating functional for the boundary correlators

s=_—f £

271
An on-shell closed (d + 1)-form L(¢) for a d-dimensional boundary

di(¢) =0, L+ dM



Field equations at the boundary

Rescaling
C' Ny, g%, 2) = 2exp(yad )T (w, dlx,2)  wh =22y Wt =g %y0
Wjj(yi|x,z) = ij(v_,w+|x, Z) vt = z_1/2yjE wt = zl/zyi

In the limit z — O free HS equations take the form of current conservation
equations

82
Owtadw—>

[dx — idx®P T (wt,w]x,0) =0

and
(dx + 2idx*Pv 7 0 )ij(v_ wT|x,0) = dx*Vdx?? o 779 (wt,0] %, 0)
*owth ’ ’ OwTeHwTH "~ ’ ’
D (0wt |x, 0)+ Dy (v wtx, 0) = — Ldx*Bdz 62 T4 (wt,0]x%,0
X2tz ) ’ Z-cX ’ ) 2 8w+0‘8w+5 _|_ y ) M,



Structure of the functional

The residue at z = 0 gives the boundary functional of the following

structure analogous to ¢n,..nJ" 1"

1l aj...an,_ . _
Sup@) = [ £, L= w50 (aCay .00, () +C44 . ap, (W)

Cay...an,(w) has conformal properties of currents. Using that

aCay...ans(W) +aC4, 4, (W) = a-T-a;..a0s(W) + ayThay. s, (W)

7_ describes local boundary terms

T4 describes nontrivial correlators via the variation of S),, over the HS

gauge fields wy ' 261

<J(X1)J(X2) . > — o e;j([x_lfgf((;:)C(w))] w=0

Computation of a_y: work in progress



Nonlinear HS equations

W(Z,Y kklz) =(d+W)+S,  W=da"Wp, S§=dz*Sa+dz*5;
W« W = i(dZAdZ 4 + ndz%dzaB * k *  + 71dz%dz ;B x k * i)

WxB=DBxW, B=B(Z,Y;k,k|x)

HS star-product

_ 1
(*)(ZY) = 53

Manifest gauge invariance

/d4U d*V exp (UAVA f(Z+ U Y +U)g(Z - V;Y + V)

W = [e, W], B=exB — Bxe¢e, e=¢e(Z;Y; K|z)
Vacuum solution with B=0
Wo = W52 + Wy, WP =dz4z,, Wol = Wo(Yle) :  AdSy

Resolution for Z reconstructs Ay structure of the HS nonlinear system



Klein operators and Supertrace

Klein operator

Kk = expizay”, kxk =1

kx f(z,y) = f(=2,—y) * K

Supertrace

str(f(z,y)) = /dzu d2v exp [—iuavP] f(u, v)

(2 )2
str(fxg) = str(g* f)

Klein operators are well-defined with respect to the star product but

have divergent supertrace
str(k) ~ §%(0)

In our construction invariant functionals have divergent supertrace.

HS equations have a form of de Rham cohomology in the twistor space
arXiv:1502.02271



Extended system

HS equations leave no room for an invariant action as a space-time p-
form built from W and B since str(Wx f(B) * W xg(B)) = 0.
Zero-forms str(f(B)) suffer from divergencies of the supertrace

(suggested to be regularized by Colombo, Iazeolla, Sezgin and Sundell).

— X — = _I_
The new proposal is to consider Lagrangians that are not of the form

str(L) via the following extension of the HS unfolded equations

WxW = F(c,B) + L; ", WxB=BxW, dl. =0

W =d+ W and B are differential forms of odd and even degrees, respec-
tively (both in dx and d2).

¢ are z- and dz-independent central elements like dZ,dZ4, §2(d2)k x k. ..

Lagrangians £ are xz-dependent space-time differential forms of even

degrees valued in the center of the algebra. In this talk: ¢, =71:=1

Eici =L1



Symmetries

The system is consistent because 5 commutes with itself and with all

c and L. The gauge transformations are

W = [W,elx, OB = [B,¢c]«, e =¢e(dx,x,dZ,...)
OF (c,B)
_ _ A ’ _
58_{W7£}7 5W—£ 8BA ’ g_g(dx7xadza)
SL(dx,x) = dx(dz,x), oW = xI, x(dx, x)

x- transformation implies equivalence of £ up to exact forms
allowing to choose canonical gauge Wy . =7 =20

7w 1S the projection to /

m(f(Y, Z|z))) = f(0,0]z), w(f*xg) #=m(g*f)
Gauge transformation preserving canonical gauge

A8F(C, B))
oBA

5£:dX7 X:—W([W,éf]* +£

L 1S on-shell closed and gauge invariant modulo exact forms



Actions versus supertrace

Gauge invariant action

s:/c
>

Since L is closed, it should be integrated over non-contractible cycles
For AdS/CFT the singularity is at infinity

BH invariants (entropies) are associated with (d — 2)-forms

If the HS algebra possesses a supertrace

L =str(dW+WxW)
dZ=0

This suggests that the second term vanishes and hence L is exact.
Not applicable if str(W x W) is ill-defined:
L with well-defined str(WW % W) are exact.

L with ill-defined str(WW x W) have a chance to be nontrivial.



Invariants of the AdS, HS theory

W(dZ,dx; Z;Y; K|x) contains all one- and three-forms in dZ and dx
B(dZ,dx; Z;Y; K|x) contains all zero- and two-forms in dZ and dzx
Lagrangians L(dz|xr) depend on space-time coordinates and differentials.
Lagrangian relevant to the generating functional of correlators in
AdS,/CFT3 HS holography is a four-form £4

Lagrangian relevant to BH entropy is a two-form L2 71

Extended HS system is
iIWxW = dZ 4dZ +n162(d2) Bxkxr+162(dz)Bxkxi+ G(B)d*(d2)kxk*xrxk+ LI
L=/L2+L", G =g+ 0(B)

The g-dependent term represents de Rham cohomology in the Z-space.

Klein operators give rise to divergent traces and, hence, to nontrivial £



Boundary functionals, parity, and
conformal HS theory

Parity transformation z —+ —z, x - x
a o o P no —o —a 1.
0=, 2%y, k <— 6%,z y ", k.

For general n HS equations are not P-invariant.
The A-model (n = 1) and B-model (n =1i) are P-invariant

Since z~1dz is P- even for A and B models S = S'°¢ only contains boundary
derivatives giving some gaugde invariant boundary functional.

Original bulk Lagrangian is invariant under reflection of all coordinates.
Since z integration takes away one power of z the boundary Lagrangian
IS odd hence being of Chern-Simons type.

Actions S4B of 3d conformal HS theory differ by the parity properties of

the scalar field.



Nonlocal boundary functional

Naively, S™°¢ =0 in A and B-models.

For general n it is not difficult to see that
L ~ w(cos(2¢)Rxx — sin(2p) Rzx) , N = exp iy

RXX ~/ neX6XC —I— ﬁexexé, RXZ ~/ 'l:?’}ezexc — iﬁezexé

Sloc  cos(2¢), S™Mo¢ ~ sin(2¢). S™Moc =0 for A, B models.

Proper definition: factors in front of cos(2¢) and sin(2y)

10S(yp)
SlOC — S(Q@) : S’nlOC =
AB oz AB =30 lomos

For general 7 it is impossible to separate S'°¢ and Smlec

Gloc 4 gnloc jg gauge invariant: §5™°¢ can contain local terms compensating
5Snloc_

Only P-invariant A and B models allow gauge invariant local boundary
functionals ng% — actions of the boundary conformal HS theory.

Sj}ll%c are gaugde invariant up to local terms.



Black holes

4d GR BH is characterized by a spin-one Papapetrou field 1966.

Papapetrou two-form F obeys the sourceless Maxwell equations

dF =0, dF =0, x#0.

For Schwarzschild BH

~

4
F = —dtdr, F = dQ
T

t and r are the time and radial coordinates. dS2 is the angular two-form.

MF supports the BH charge. At the horizon

ﬁ = (QM)_QVH ,

where Vi is the horizon volume form.



BH charge

The spin-one sector of linearized HS equations

2
58 0 aﬁa
7 oOY|z) +7H
95%050 Ylz) + 0l 5 5

Relation to Papapetrou field

dw(x) = (nH CO(Y|CB)>‘ + £

Y =0

ﬁdBCdB‘I'HO‘BCaﬁ:M}“, HY = ™, el " = eq%e®

M is the BH mass, zero-forms C,3 and é@B are (anti)self-dual components

of the spin-one field strength. The Hodge dual two-form is
. &b A . ~
Z(Haﬂcaﬁ ~H Ca@) =MF.

C(Y|x) extends the spin-two BH solution to HS fields

For n = exp [ip] this gives in the canonical gauge w(x) =0

sin()
AM

The second term does not contribute since F is the electric field of a

2 =

Vi 4+ M cos(p)F.

point charge: w(z) is the Coulomb field regular at infinity: its contribu-

tion to £2 is exact.



w(z) for F describes a monopole solution singular at infinity due to the
Dirac string: £2 in the canonical gauge w(z) = 0, is closed but not exact.
For the A-model with ¢ = 0 the proper definition is
0L2 ()

O  lp=0

Q(0) = —

£2 supports BH charges.

L2 is closed on-shell with no Killing symmetry of a particular solution?!
No on-shell closed local £Z2 is expected in a nonlinear 4d field theory.
£2in HS theory are in a certain sense nonlocal involving infinitely many
derivatives of fields with inverse powers of A (flat limit is obscure).
Being independent of local variations of X2, Q = [x> L?(¢) effectively //
depends on fields away from X2

For asymptotically free theory at infinity L2 is asymptotically local, re-

producing usual asymptotic charges.



Conclusions

Invariant functionals are associated with central elements of the field

algebra

Proposed formulation is coordinate-independent and applicable to any

boundaries and bulk solutions

Manifest holographic duality at the level of the generating functional

from the unfolded formulation of HS equations

Invariant functionals for singular solutions

BH entropy follow from the same construction via the £2-form

AdS3/CFT5: Invariant functional is a two-form: boundary functional is an

integral of a one-form: holomorphicity of CF'I5



