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Motivation

 Many technical difficulties in Vasiliev theory
are connected to the HS algebra. Therefore
analyzing the structure of HS algebra can
give us tools to deal with physical problems
related to Vasiliev theory, HS AdS/CFT...

« The structure of HS algebra in higher
dimensions is not explicit and the structure
constants were not available.

 There was no explicit trace formula available
for HS algebra for dimensions greater than
four.



HS algebras: A first look

Spin s massless symmetric field is a gauge field,
described by a rank s double traceless symmetric
tensor, with a gauge parameter, that is a rank s-1
traceless symmetric tensor.
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We restrict ourselves to global symmetries,
iImposing Killing tensor equations
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Vector space of the HS algebra

We start with SO(D-1,2) or SO(D,1) algebra of
Isometries of (A)dS, space.

HS algebras are span by Killing tensors, that are

parameterized by two row rectangular Young
diagrams of SO(D+1)

Vector space of HS algebra is the space of two
row rectangular Young diagrams of SO(D+1)
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Requirements on HS algebra

* Spin two part is gravity
[[ﬂ[ﬂb ) *'?\[Cd-]] =2 (’Ua[c ﬂfd]b T ”b[c j‘[d.]u-)

* All the fields couple to gravity
minimally (equivalence principle)
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Higher Spin algebra can be defined as a
quotient algebra. Take the Universal Enveloping

Algebra of (A)dS isometry algebra, which is
defined as a quotient of the tensor algebra of

S0p+1 with the ideal generated by
Laped = Map @ Meg — Meg @ Moy — [ Map, Mg |

Class representatives are GL(D+1) tensors
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They contain Killing tensors, but not only.

Gunaydin ‘89, C. lazeolla and P. Sundell ‘08,
N. Boulanger and E. Skvortsov '11



At the quadratic level we have decomposition to
GL(D+1) tensors of the following symmetry type:
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The first one has traceless S0 1 tensor part (which is
a Killing tensor), and trace part. The algebra, that is a
quotient by the two sided ideal, generated by the two

elements

contains only (all the) Killing tensors and therefore is a
proper Higher Spin algebra (Vasiliev algebra).



ldeal generating elements are
Jab = Mo |p)c ﬁ Nab M Jabed = Miap|cdl

Quotienting these elements automatically fixes
all the Casimirs
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In D=5, we have one-parameter family of ideal
generating elements, and corresponding HS
algebras
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Formal definition of HS algebras

The kernel of the minimal representation in the UEA
IS the Joseph ideal. HS algebra is the algebra of the
symmetries of the minimal representation:

hs(g) =U(g)/ T (9)

As a vector space, it is the dual of the space of
polynomials in the minimal coadjoint orbit.

This definition of HS algebra can be generalized to
any Lie algebra.

Joseph, ‘74



We will discuss HS algebras of classical Lie
algebras
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We introduce dual vector space elements
that satisfy
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Minimal coadjoint orbits for classical Lie
algebras are defined by following quadratic

equations

Omin (5]3 QNj ("TA[B ("TD]C; — [:] .
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which are solved by
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The generating functions of the elements of
HS algebra, corresponding to classical Lie
algebra, are given by
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Corresponding HS generators are
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We are interested in structure constants
Ca.p° Oof HS algebras, defined by

To*Tp =Cap© Tt

Where 1, -s are generators of HS
algebra hs(g).

We define the trace of the element of

HS algebra as the coefficient of the
identity

TI[CQ+CaTa] = Cp



We want to compute symmetric invariant bilinear
form

B,y = Tr[Ta*Tb]

and the trilinear form, that has cyclic symmetry and
Is simply connected to the structure constant

Cabc = It [Ta*Tb *Tc] — Cabd Bdc

generating functions for bilinear and trilinear forms
are given by

B(Ay, Ag) = Tr [ T(A1) *xT(Az) ]
C(A1, Ao, Ag) = Tr [T'(A1) *T'(Ag) * T'(As) |



SPon series
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Minimal representation of $Pon IS
described by oscillators y4

NAB = YA yB
Endowed with Moyal x - product

(f*x9)(y) =exp(Qap Iy, 0.) f(y) 9(2)

Z=Y

hs(sponr) 1S generated by powers of 4, yp

NAyBy.....AnB, = YA, UB; " YA, UB,



Gaussian generating function
o 1 )
N(U) = exp (2 ya UAB y B)

For hs(spay) the trace is given simply by

Tr[f(y)] = f(0)

In order to derive generating functions for
bilinear and trilinear forms we need to
evaluate star-product of Gaussian functions
and take trace. We define:
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We adopt index notation

A=aa, a=%, a=12.. N
such that
Qoa b = €ap Nab ; exy = *1
[ L@ -— pac N _ 1 ya pcd N
5 N b — 1 Nge—b— N1 Ngec—d
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In order to address the algebraic structure of
hsx(sly) we consider the dual pair

((;Ll . GLy ) C Span

The Uy - centralizerin hs(spoy) consists of
elements, satisfying the following condition

Y y—, fW)], = v+ 0y —y--0, ) f(y) =0

The solution space consists of generators of the
type
Lifj o =Y Y Y Y,

The traceless part of this element can be identified
with the HS generator L;' ;" of hs)\(slj\/)
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generating function of the solution space is
given by:

. L(V) = exp (-y+- V. -;u_)
with

Vivi=0 & Vi=0,,0"

[a " ¢]

We call this algebra /s(gly). It makes use of
the same Moyal product as original hs(spyy) -

HS algebra of sly 1Is a quotient of the Ks(gly)

by a relation N
K/\ :y+y_—5ANO

corresponding HS algebra is what we call

f'}..‘é’)\ (5 [i?\.-‘ )



Consider following isomorphism

pa ¢ hs(gly)  —  hsa(gly).
f(y) —  oa(f)(y) = P %= f(y)

hsy(gly) @dmits a deformed star product

(f =2 9) (W) = pa(py () %3 (9) ) (w)
— exp [ (i')y+- 0. — 0., - (‘")y_) + A ((")y+- 0. + 0., - (‘")y_) } fly) g(2)

Z=y

hsy(sly) 1S @ quotient of hsy (gl ) by a relation

Y+ y- ~0



In order to deal with the structure of the quotient
algebras, we choose class representatives

[a] is a class representative for a € hs(gly)
The product in HS algebra s\ (sly) is defined by
la]*x[b]:=[axb]

As a simple example, we look at the class
representative for the following element

—~

ayaz . aj ay A2,
Lbl by — y_ y+bl y— y+bQ



Tala ai a- 4 (G' as) 2 2 (@ az)
Ly, = Lygp, + N 1o Y- Oy, Lyyy + Oy 0,7

N(N—}—l)(y+'y_) (b1 “bo)

We use star product and the relation

N
Ky :=y+-y_—§)\~0

Trace
to show J

2NN (a4 a2) | N\ +1 (a1 cas)
N 2 (br 7b2) © (N 4 1) (b1 Th2)

raia2 __ raia
Lbl bo Lbl bo +

More generally:

. " (Vym .
[LOW)] =3 s =L LO7(V)
i 1.
m=\0



For the algebra 7si\(sly) we compute the
trace of a Gaussian function

Tl'[CKP(';U— . B. U—l—)} _ _ l—\(:\,) _ fl i ;I_'P—l (11_ ;I_‘)Q_].
S R ALl ) 0 dety [1 +5(1 —2x) B}

From which we deduce

Tr[ f(y) ] = (Ax = £)(0)

N(O+N) 4 N(1=X)

1
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In order to compute the generating function for
structure constants of /sy (sly) , we take
composition of Gaussian generating functions of
HS generators with additional factor, coming from
projector. We define:

1

= e PUr V= L(Vi) % - % L(V,
G (p, V..., V) -  LVi) oo x L(Va)

y=0

With some computation one can show

1 1
G"(p,V)=dety | — || (1 + Vi) + ——

we compute this determinant analogously to spon
case



For the algebra $0), we consider the dual
pair
(Sp% ON) C SPQN

The sp, - centralizer of the 75(spy,) coONsists
of elements, satisfying

[ya:' Yp f(y) ]* — (ya ' 61,,3 + Y3 aya) f(y) = ()

All the generators of HS algebra commute
with generators of Howe dual gy, .



The solution space is generated by

2 1 =3
M(W) = exp (5 Yo W y_b)

with

Walbwed =0 & We=qq"

We call this algebra hs(soy).

It makes use of the same Moyal product as
hs(span).

HS algebra hs(son) is a quotient of the
algebra hs(soyn) by

K(}:B = Yo " Yp 0



The trace in the algebra hs(soy) is given by

T[f(y)] = (A% £)(0)
with

= —5 2 1 /ldxx%(lx)¥e_2ﬁy+'y
L) (=) Jo

Generating functions of structure constants are

BW) = oFy (2, N4 No1. 1y, VVQ})

RGN (1—a)ras
W)= ED / i E AW — S )
with

S(W) i= (W1 Wi Wa))?)
A(W) i= (W Wa) + (Wa W) + (W W) + (W Wa W),



3d HS algebra hs|\]

Structure constants are given by following
generating functions for bilinear and trilinear

forms

BV) = oFi (14X, 1=A: 3 =5 (11 1h))
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C(V) = 2F1(1+)\, L= 3 —iA(V))

Associative star product is given by a compact
formula

ZgFl (n+14+XA,n+1-X;n+3;—2(ViVa)) L (Vi 4+ Vo + Vi Vh)

n=0

L(V1)*x L(V2) =



Structure constants of hs|\|(Pope, Romans,
Shen 1990)

VinrVa=1 L 4ga(m mm) Ve
4, m ) = 5 L N, (m, ) (2)

where the N4, (m, n) are given by

2r+1
NY(mn)= 3 (=1)* (2r+1)[i+l+m]2r+l—k

—
—_—

X[iv+l—m][j+1+n]+1=-n]si_k, (3)

the ¢4, (1) can be expressed as p=s(s+1)

) —1 253425, —r—1L —r
{ - F 2 y 2 s 23 )



Another description of hs|[)\] is given through
deformed oscillators

[Z&ﬂ-a ,&b] :26(1.6(1—’—1}/%)

=1, [k, 9.} =0, D, 9a] =0, (0, k] =0

we make contact between this description and
ours, introducing matrix valued oscillators:

Y : 10 o
go=o | YV Ve . S S
' UY_“€ry 0 0 —1

with product rule

0 Y 0
dom=2( . T w2, 0
y-"€ca U y—_"eqp 0



Further generalizations

The HS algebras discussed so far correspond to the
symmetries of massless symmetric fields. There are two
obvious generalizations - to incorporate symmetries of:
1. Non-massless (partially massless) fields

2. Non-symmetric (mixed symmetry) fields
(In dimensions d>5)

UEA admits corresponding quotients:

T(v) = (E @(ogu)), T(v) = (m@(oz—u)).

X. Bekaert, M. Grigoriev ‘13, J.P. Michel ‘11,
N. Boulanger, E. Skvortsov ‘11



Partially Massless HS algebra

Partially massless fields appear in the spectrum of
conformal fields in (A)dS background. Therefore
conformal HS algebra is an example of partially
massless HS algebra.

Partially massless generators are two row non-
rectangular Young tableaux representations of
(A)dS isometry algebra SO(N).

MMl"'Ms—laNl"'Ns—t ™~ s—1—t




Partially Massless HS algebra

One parameter family of partially massless
algebras is given by

A(v) = U/ T(v)

Which has the following vector space

A(v) = 69 Kp,
p=0
o :é) S BT




For special values of the parameter

D —1 — _
I/g:—( 1 2€§D 1+2€), £:1,27

This algebra develops an ideal, which consists of
partially massless generators of even depth not

smaller than 2¢ and the coset algebra describes
partially massless generators of even depth less

than 2/
pe = A(v)/A¢ ~ EBK

These algebras describes the symmetries of higher
order singletons described by the action

Siel = [ aPlee 0o



Further speculations on partially massless
theories

Partially massless (PM) Higher Spin fields are part
of the conformal HS spectrum, where PM fields of
all depths are present. The even depth and odd
depth PM fields in that spectrum are relatively
ghost. Turning off odd depth fields by boundary
conditions gives a unitary theory for PM and
massless HS fields. Corresponding free actions for
the PM fields up to certain depth are also
available.

Xavier Bekaert's talk,
R. Metsaev ‘11, J. Maldacena ‘11,
E. Joung, K.M. ‘12



Mixed Symmetry HS Algebra

The vector space of mixed symmetry HS algebra
Bv)=u/J(v)

IS given by generators of the type

They correspond to the symmetries of the fields
ri+1 ]
I —— L
O -




Mixed Symmetry HS Algebra

The landscape of mixed symmetry algebras is very
rich. In particular, for any odd dimensions, there
are finite dimensional mixed symmetry HS
algebras, which correspond to symmetric fields
only in three and five dimensions.

Generalization of Flato - Fronsdal theorem to any
dimensions for any spin states naturally suggests
that corresponding HS theories contain mixed

symmetry fields.

M. Vasiliev ‘04, F. Dolan ‘06, N. Boulanger, E. Skvortsov ‘11,
X. Bekaert's talk
E.Joung, K.M. work in progress



Thank you for your
attention!



Using Cayley transform

24U oy S —1
CU) = ——. € H(S) =2 ——
v) 2—-U (5) S +1
one can simplify the Gaussian composition
rule.

For the Gaussian functions

g _1 AB
YA (S——H> YB

i
G(S) = ex
() Vdet (155) ’

the star product is manifestly associative
G(S1) *G(S2) = G(51 52)



For the minimal coadjoint orbit the following
identities hold

Ug =0 and U, U,U; = <U1 U2> Uy

Using the first of them, we compute
§ 1 mn 1
G )(U) = deton [5 H(l + U;@) + 5]

using the second one we get
GP(U1,Us) =1+ 1 (U1 Uz) and GP(U) =1+ 1 A(U)

With AWU) = (U, ) + (UL U3)) + (U5 UL ) + (U Uy Us)



With some effort, the 2N x 2N determinant

1 — 1
(n) - N _
G (U) = detgn [ ; klll(l + Uy) + 5 ]

can be shown to be equal to n xn
determinant

1
G(n)(U) — det,, [1 + 5 Ugj]

with |
Uij = Qap (’U«'i)fl (IU*':)')B



One can show that the N x N determinant

IS equal to n X n one

L+p
2

1 —
G(n:)(pa V) = dety, [1 + ?p Up(‘/k}) +

Lo(vi)]

with

[UP(A)LJ- = 0;<j Aij [LO(A)} =04 Aij

i

Vig = (v0) - (v5)



HS algebras of isomorphic classical algebras.
The simplest example is the isomorphism

sl = §ps
From the identity

o
I.v‘{'_‘:

SEy(F 1+, ¥ (1-2. 1

we see the isomorphism

—_
+

hsi(sly) ~ hs(sps
2
From |

JF (2? N-4. N1, _) _
2 i V1+2
we conclude

hs(sos) =~ hs(spy)

1 N
, % —,) = [A-‘ = 2.

o=



From yet another identity we find the
connection between hs(sog) and hsy(sly)

oFu(2, M5 MR ) =B (N (), B -, 1 B M )
IN=6, N =4, \A=0].

this implies

hs(sog) >~ hso(sly)



For the special values of \ , satisfying
N(1+A) =-2M MeN

hSA(ﬁ[N) develops an infinite dimensional ideal,
while the factor algebra becomes finite dimensional
HS algebra with generators of spin 2;- - - , M

These algebras are special linear algebras

S -y

Where
(M)y_ 1 :=M(M~+1)---(M+ N —2)

Spin 1 generator can be added: it forms the

center of the algebra.
R. Manvelyan, R. Mkrtchyan, K.M., S. Theisen ‘13
E. Joung, K.M. ‘14



One can use reduced set of unconstrained oscillators
to describe his)(sly). The cost is the loss of sl

covariance:

A

N ; i - ; . ;
LV =y L'y =y "ygpj — N 0 , L'y =—y-" (y=7 y4j — A

g =1, ..., N —1

Higher spin generators are all possible star-
polynomials of sly generators in this representation.
For sopn the corresponding unconstrained
oscillator realization is much more complicated. The
corresponding generators are expressed by non-
polynomial expressions through oscillators.
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