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Theoretical framework Heavy quarkonia

» Heavy quarkonia are an ideal laboratory to Open flavor threshold (2m,)
test our understanding of QCD _ 3700 (1P)
L S 1, (28) 1(1P) z,0p) Ll
* Nonrelativistic system g 3500 2,1P)
* Rich phenomenology = —
* Creation/annihilation of QQ-pairs in ﬁ 3300 Charmonia
short-distance processes Z o0 I1y(1S) below threshold
* Formation of QQ-bound states in 7. (15)
long-distance processes JPC
o 1 1 0% 1+ 2+
pseudoscalars vectors scalars pseudovectors

» First heavy quarkonia (J/1 and 1(2s)) discovered over 40 years ago [Aubert et al., 1974],
[Augustin et al., 1974]

» Crucial for the establishment of QCD as the correct theory of strong interactions
(November revolution of 1974, evidence for the existence of the charm quark, ...)

» Early attempts to develop a theoretical description of heavy quarkonia:
phenomenological models

* Spectra from potential models
* Color singlet model [Einhorn & Ellis, 1975, Ellis et al., 1976, Carlson & Suaya, 1976]
* Color evaporation model [Fritzsch, 1977, Halzen, 1977, Halzen & Matsuda, 1978, Gluck et al., 1978]

» Effective Field Theory (EFT) methods [Weinberg, 1979, Wilson, 1974]: the modern way to treat
QQ-bound states
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Theoretical framework Nonrelativistic QCD

m
» Relevant dynamical scales of a heavy quarkonium 5,
9 rq~mv
m > mv > mv
~—~ ~—~ ~—~ b1

hard soft ultrasoft b
) ) Eg=My-2m ~ mv?
with v; ~ 0.3,v, ~ 0.1

» Relativistic corrections are very important for

* Q H
h ial
» The formation of a QQ-pair occurs within a distance * )

1/m (short distance process)

» The formation of a heavy quarkonium happens over distances of order 1/(mv) or larger in
the quarkonium rest frame (long distance process).

» A suitable EFT for studying quarkonium production is Nonrelativistic QCD (NRQCD)
[Caswell & Lepage, 1986, Bodwin et al., 1995]

* Starting from the full QCD, all scales above mv are integrated out.
* The effects of the high-energy contributions are encoded in the matching coefficients
cn(as(m), ) multiplying NRQCD operators Op (14).

* Lnracp = Z%On(u) is an expansion in s and v.

n
* oo-number of operators with increasing mass dimension.
* Contributions to a process at the given accuracy estimated by velocity scaling rules.
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Theoretical framework Nonrelativistic QCD

» Long distance matrix elements (LDME) (O, (p)) encode nonperturbative contributions.
They can be extracted from experiment or lattice calculations.

» Predictive power of NRQCD: LDMEs do not depend on the short-distance process
(universality).

» First, one can write down an NRQCD factorized production cross section

Folas(m), )
o) =30 00k ml0).

n

» Then, one can use perturbative matching to determine the matching coefficients

~ | Fa(as(m), )

s(QQ)| (0]O2%(14)[0) |pert. nraco-

pert. QCD: md,,—4
n

» Fock-state expansion of a heavy quarkonium according to NRQCD
|H) ~ a0 |QQ) + a1 |QQg) + a2 |QQgg) + . ..

» Higher order Fock states with QQ-pairs in the color octet (CO) configuration are
suppressed by power of v.
» Still, they must be included in higher order relativistic or radiative corrections.

» Tests of NRQCD: Study the role of the CO mechanism in the phenomenology.
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Relativistic corrections to the exclusive production e e~ — xj + v | Overview of the existing results

+

» Electromagnetic spin triplet P-wave quarkonium production in e™ e~ -annihilation: virtual

photon decays into a hard (k, ~ m) on-shell photon and x:

y

e, XeJ

» This process can be measured at a B-factory with a sufficiently high CM energy.

> An early study [Chung et al., 2008] based on O(a?vo) results predicted following cross
sections for y/s = 10.6 GeV:
* o(ete”™ — xco +7) = 1.3fb
* o(ete™ = xa +v) =13.7f
* o(ete™ — xe2 +7v) =5.3fb
» Subsequently, corrections of order O(csv°) [sang & Chen, 2010], [Li et al,, 2009], O(av?)
[Lietal., 2014, Chao et al,, 2013] and finally O(asv?) [xuetal, 2014] were obtained as well.

» Some studies also employed the light cone formalism [Braguta, 2010], [Wang & Yang, 2014]
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Relativistic corrections to the exclusive production ete™ o Xes + Y Contributions from the higher Fock state |QQg)

So far, all the previous NRQCD studies were concerned with the operators that contribute
through the dominant Fock state |QQ). Yet this is not the full story

xa(*P)) ~ O(1) [cc(*Py)) + O(v) [c2(*$1)g) + O(v*),

To be consistent with the power-counting and the CO mechanism, at O(v?) we must
include operators that contribute through the subleading Fock state |QQg).

~ %

e, XeJ et XeJ

The external gluon is not hard (|py| << m) and must be treated in NRQCD.

In this case the perturbative quarkonium becomes a 3-body system
Q(p1)Q(p2) — Q(p1)Q(P2)g(pg)
The availability of the CS O(asv?) corrections suggests that CO O(alv?) corrections

should be determined as well.
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Relativistic corrections to the exclusive production e e~

— Xg +

Contributions from the higher Fock state |QQg)

Exclusive production of x in NRQCD at O(v?

) including the new operators

3 3
olete” = xa +7) = L7 (010, Cro)j0) + P oy (o) + TS( Po) (017 o) 0)
olete - xa + = L2 010, 0pni0) + SLCP) (0p,p10) + LR (oy75 8, 0
olee = xa+9) = 202 010, ey + LR i, opj0) + BLP g7 o)

» Production LDMEs

(0101 (Po)[0) = 5 (O (~£ B - 7)1l xco) ¥

(el (—

ol

- o)x|0)

0P Cro)0) = (100~ @)

I

(xeol$' (=5

&) .
ol

o) B0 +he
(0175 (*Po)0) = <<0|x (B - o)plxeo)
(xeo " (gE - &)x|0) + h.c.>

V. Shtabovenko (ZJU) ©© QWG Meeting, 9.11.2017

> Scaling
* In the power-counting of [Bodwin et al., 1995] we have
0[01(*Pp)|0) ~ v
(OIP1L(PPy)[0) ~ (0| Ts (*P1)|0) ~ V7
* Once we include contributions from (0|P1 (3P,)|0),
we must also include (0|75 (3P;)|0)!
> Notation
* bold font denotes Cartesian 3-vectors

* 1) (x) annihilates (creates) a heavy quark (antiquark)
* o is the Pauli vector

* D=V —igh o D x=wi(Dx) - (Dv)Tx
* A’is the gluon field, E is the chromoelectric field

eTe™ — xg+ v
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Relativistic corrections to the exclusive production ete™ o Xes + Y Contributions from the higher Fock state |QQg)

» For this calculation the amplitude-level matching [Braaten & Chen, 1998, Braaten & Lee, 2003] is very advantageous

* The matching calculation is simpler, no need to square QCD amplitudes
* Need to deal with a smaller number of terms on the QCD side
* Avoids the nonrelativistic expansion of the phase space measure

» NRQCD-factorized amplitudes for eTe™ — xo + 7 at O(v?)
o [
Avraco = 12 <Xc0"lw (—5 D '0') x|0)

=0
+—<xco|w*( v a) ({3)) )+ L2 (ol iaE - o0

1y\i . i
ke = A wa*( ”?xa) +[0)

+

(-39 0+ B Gl (o x )0

=2\ij . o
= G ! (— ’ %’w) X10)
=21jj s i 2 =i o
G patv! (-5507) (-35) w0+ L (alutaelelo

> Need to determine the short distance coefficients d5°, (d5~')"and (d5*)".

+
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Relativistic corrections to the exclusive production e e~

— Xo) + Y Perturbative matching between QCD and NRQCD

» Operators that contain only D and o contribute already through |QQ).

» Operators with one power of E or B require the inclusion of |QQg).
» What does this mean for the QCD side of the matching?
* Contributions from |QQ) = 2 QCD diagrams to produce an on-shell QQ-system

_ v v

. QQ QQ

* Contributions from |QQg) = 6 QCD diagrams to produce an on-shell QQg

~

)i

+ permutations
o QQg

> Tree-level but NLO in v (complexity is the main challenge)

» First explicit calculation of matching coefficients multiplying chromoelectric LDMEs in a
heavy quarkonium production process.

V. Shtabovenko (ZJU) ©© QWG Meeting, 9.11.2017




Relativistic corrections to the exclusive production eTe™ — Xe) + ¥ Perturbative matching between QCD and NRQCD

» Nowadays, matching calculations on the QCD side are usually carried out using the
covariant projector technique [Bodwin & Petrelli, 2002].

v

Manifest Lorentz covariance greatly facilitates automatic calculations.

» Here we use the threshold expansion method of Braaten and Chen [Braaten & Chen, 1996].

v

Nonrelativistic calculations are more challenging to automatize, but this is still possible
(c. f. my talk about FEYNONIUM this Friday)

v

To cross-check our results, we carried out the matching in two different frames: the
laboratory frame and the quarkonium rest frame.

/\/YWVVV<_

» Our perturbative QCD and NRQCD amplitudes exactly match order by order in v
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Relativistic corrections to the exclusive production et e ™ — xcj + v | New results

Final full O(v?) results (including the O (asv®) [sang & Chen, 2010, Li & Chao, 2009] correction to F1(*P;) and our
new corrections )

g {1+ 360) ooCr)

(13 —18r+257%)
10m2(1 — 4r + 3r2)

olete” = xwo+7) =

0P (CPo)l0) 4ot I OITCRO) |

olet

e 2 Xat)= %{O s &(r) + rcl(r)

3mm3s2(1 —r) T 1+r ) (010 CPyI0)

a1-20r-117) (3= 3r—4r)
S RGNS = ST

+ - _
ole’e” = xe +7) = 1+3r+6r2

(38+r—6r° —18%)
2m(1—n)(L+3r +6r7) (OI7:(°P2)10) }

(47ro¢9)7r:.;;13(512zrl3::S 6r°) { (1 N a? CI(r) + 3rCi(r) + 6r cg(r)> (0101 (°P2)[0)

(1 + 4r — 30r%)

3
" Tom2(1 + 3r + 62y P CPR)IO)

Explicit values of Q(r) can be found in the Appendix B of [Sang & Chen, 2010]
eq is the heavy quark charge

m is the heavy quark mass

s is the CM energy

r=4m?/s

vvyvyyvyy
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Numerical analysis Challenges and uncertainties

» One may naturally wonder about the numerical impact of the new chromoelectric LDMEs
on the total cross sections

» Unfortunately, numerical predictions for this process are very challenging due to the large
uncertainties from poorly known input parameters.

* Each cross section depends on three LDMEs
(0|01 (P)j0),  (OIP1(®Py)|0), (0[T&(*P))|0)
* No reliable determinations (experiment or lattice) for any of these 9 LDMEs.

» The same matrix elements also enter NRQCD predictions for xc0,2 — vy
[Barbieri et al., 1976, Barbieri et al., 1980, Bodwin et al., 1995, Ma & Wang, 2002, Brambilla et al., 2006]

» The subleading LDMEs can be simplified using the heavy-quark spin symmetry

(0P1(*P))[0) = (0[P (°P0)|0) (1 + O()) ,
(0175(*P)[0) = (0| (*P0)|0) (1 + O(v*))

» Gremm-Kapustin [Gremm & Kapustin, 1997] relations reduce the number of independent
LDMEs

(0[PL(P1)|0) = mEx,, (0]O1(*P1)|0) + m (0|5 (°P)|0)

» However, the results will be very sensitive to the value of the binding energy E, ,.

V. Shtabovenko (ZJU) ©© QWG Meeting, 9.11.2017



Numerical analysis Challenges and uncertainties

» Our starting point are these two sets of linear equations

602 64071'

3m” — 28 s 14 3
Dlxeo = 77) =~ <1+Ta)<0\0(/’o 10) ﬂ(owv(po)\m o ea“

(0I7:(*Po) 0},

(01P1 (*P0)|0) = mEx.q (0]O1(*Po)[0) + m (0[5 (*Po)]0) .

1602 eaﬂ'
5m6

O[P1(>Po)|0) ,

8a’edm 16 «
T(xe2 = 77) = —=2 < :

o (1- 52 vouCelo) -
(O1PLCP2]0) = mEvcs (0101 CPO)I0) + m (OIT(Po)I0)

> We can trade the charm pole mass for the hadron mass and the binding energy via My, = 2m + E,,
» Solving each set for the subleading LDMEs and expanding up to O(v?) yields

; 3 32— 928) o« v
(P CRu)0) = b 0101 (P0)0) (M + 2, & 58, ) = T ),

: 3 3 (372 — 28) as 2 Mi
OITCRI0) = 15 0101200 (M + T 2un % - 2, ) = im0 = ).

17 e 9 I 544rale]
16 as 5MS
(011 (*Po)l0) = gmm 0101 C22)10) (M~ 3oMo %+, ) — TP ),
16 as 5M3,

OITCPoI0) = Jv, 0101 Ce)0) (1= 322 ) = T T 7).

> The unknown input parameters are (0|O1(*Po 2)|0) and Ex, ,
» No information regarding xc1, as it cannot decay into two photons.
> Even for xc0,2 we have no precise predictions neither for the binding energy, nor for the LO LDMEs ...

V. Shtabovenko (ZJU) ©© QWG Meeting, 9.11.2017



Numerical analysis Challenges and uncertainties

» Although we are not in a position to make a rigorous numerical prediction, we still would
like to somehow estimate the size of the new correction.

» LO LDME: adopt the value from a Buchmidiller-Tye potential model calculation
[Eichten & Quigg, 1995] and assign an O(v?) uncertainty to account for the spin-symmetry
breaking effects

(0|01 (®P,)|0) = (0.107 + 0.032) GeV®.

> Binding energy: Parametrize E,, according to the NRQCD power-counting
M
Ey, = O.SXJ%, with x, =1.0+1.0

» Now we can determine the subleading LDMEs using (0|P1 (3P5)|0) and (0|7z(3Po)|0)
from the experimental data for xco or xc2.

» We perform both determinations and compare the results.

> Input parameters for determining the LDMEs from xc0,2 — 77y (using BES Il data
[Ablikim et al., 2012])

[(xco = 77) = (2.33 4 0.20 & 0.22) x 10~% MeV,
[(xez = 77) = (0.63 £ 0.04 & 0.06) x 10~° MeV,

My, = (3414.75 £ 0.31) MeV, M, _, = (3556.20 & 0.09) MeV,

a(My,/2) = 1/133,  as(My,/2) = 0.285, as(M,.,/2) = 0.280,

V. Shtabovenko (ZJU) ©© QWG Meeting, 9.11.2017



Numerical analysis Preliminary results

Dependence of the subleading LDMEs on x;

— {0|Py(*Py)|0) in GeVT 028 — (0[P (*Fy)[0) in GeV” 1
0.2 1
0.1 |
0.1 1 0.
S S o1 1
0.0
-0.2 4
-0.1 * 1
k -0.3 q
o0
-2 -1 0 '\\‘ 1 2 -2 -1 1 2
o @ . @
0.05[ T \\\‘ . . 001 \,\\‘ i i
Q" - meR)0) G < — (OITCR)[0) in Gev®
0.04] Q& b -0.02 Q& 7
0.03 ~0.03
Lo 1 o0t B
O 001 o
=0.05]
0.
—-0.06} 1
-0.01
-0.07]
-0.02] 4
-2 -1 0 1 2 T -1 0 1 2
T Ty
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Numerical analysis Preliminary results

» Average of the two determinations

& (0|P1(3Po)[0) = (0.055 & 0.058 + 0.092 = 0.024) GeV”,

&
s (0]7:(3Po)[0) = (—0.024 + 0.016 = 0.003 = 0.014) GeV®,

<«
> Error sources: uncertainty in (0|01 (*P;)|0), in x; and in the experimental determination
of My, and I'(xe — 7).

» To reduce the uncertainties in the total cross sections, we compute them by replacing
(0|P1(®P0)|0) and (0| Tz (*Po)|0) with the corresponding formulas, not the fixed
numerical values.

» Input parameters for the calculation of the cross sections

Vs =10.6GeV, «(10.6GeV)=1/131

as(v/s) = 0.171,  as(v/5/2) = 0.200, as(My/2) = 0.226, as(My,,/2) = 0.223,

V. Shtabovenko (ZJU) ©© QWG Meeting, 9.11.2017



Numerical analysis Preliminary results

Cross sections obtained from the determination using experimental data for o (just the central values)

— 0(a%")
0(a%") + Oa,w?)
20 e O(a%) + Oagw) + O (a?)

(a.0) + O(alv?)

— 0(a%") + O

olete” e +7) in b
a(ete” = xa +7)

P .

— Ol

0(a%”) + O(a”)

— 0(a%°) + O(a,w) + 0*(a%?)
— Oa2®) + Ofaw) + 0(a%?) 1

n=v5/2

m s 120

V5 in GeV

100

6

ST QK

(o
O(a%?) + O(a,?)
~ 0(02) + Ofasw) + O%(a2?) ]
— O(a2) + Ofa.w) + O(al?)

00 05 i) s 120

V5 in GeV

1o s 120

V5 in GeV
_ (4ma)’eq(1 - 3n)?
18mm3s2(1 —r)

x {(1 + =25(r) (0]01(*Po)|0)
O(av0)+0 (as?)
(13— 18r+25r)
10m2(1 — 4r + 3r2) (O1P1CPo)0)
O*(adv?)
2r(2 — 3r) 3
it — arr sy O "0)‘0>}’

O(adv?)
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Numerical analysis Preliminary results

Cross sections obtained from the determination using experimental data for xo at /s = 10.6

C\
\Q 00V O(adv®) 0@V, O(asV®)  O(aV), O(asv®) o8
\\(Q s and O(asv’)  and O* (adv?) and O(adv?) o1
Q\
1.09 + 0.33 2.00 £ 0.60 1.36 £0.23 1.37+0.28 1.01 +£0.04
0 (Xeo) ’ ’ +0.75 £ 0.03 +0.21 £0.03 +0.19 £0.03 +0.02 £ 0.00
+0.00 +0.08 +0.05 +0.02
15.16 + 4.53 17.47 £ 5.22 13.12+2.71 12.66 £ 0.76 0.97 £0.14
o(Xer) ’ ’ +5.87 £ 0.69 +2.30 £0.70 +3.01 £0.72 +0.06 £ 0.00
+0.01 +0.52 +1.29 +0.06
6.30 + 1.88 4.52+£1.35 4.36 £1.26 4.19 £0.52 0.96 £0.16
(Xes) ’ ' +2.01 £0.73 +1.88 £0.74 +2.15£0.74 +0.08 £0.01
+0.00 +0.02 +0.31 +0.07

> 05 /o1 is the ratio of the two final cross sections, when (0|73 (®Po)|0) is included (o's) or omitted (o1).

» There are four main sources of uncertainties

* The uncertainty in (0|01 (3Pg)|0) (1%)
* The uncertainty in x; (2"%)

* The uncertainty in the renormalization scale p (3)
* The uncertainties in the experimental values of My, and I'(xos — 77) (4')

V. Shtabovenko (ZJU) ©© QWG Meeting, 9.11.2017



Numerical analysis Preliminary results

Final cross sections in the energy region of Belle Il from averaging the cross sections calculated using the data
from xco and xc2.

of | ' ' 0(%) + O(a,0) + Ol ] | ' ' O+ Ofae) + O[]
R 1 =52 1 n=/5s/2 1
2 1 1
C\ . rra Q* i
2> (e
& &
& A »
" K@" " 0@ 1 Olant) + 0@ KQ' > Our preliminary predictions from the
Q ] combined determination
~ n=v5/2
N ] oleTe™ = xeo + ) = (1.37 £ 0.32) b,
Iy o(ete” = xe1 +7) = (14.98 £ 3.29) b,
L] ] olete” = xea +7) = (472 + 2.11) fb.

[ 05 I s 120

V5 in GeV
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Summary and Outlook

Conclusions
» We studied the O(a?vQ) corrections to the electromagnetic quarkonium production
process e e~ — X + 7 using NRQCD factorization at the amplitude level and threshold

expansion method.

» We determined the previously unknown matching coefficients multiplying (0|7s(*P;)|0),
which where the last missing piece to have the full O(v2) NRQCD result for this process.

» The operator 7-8(3Pj) depends on the chromoelectric field E and hence contributes only
through the subleading Fock states |QQg). To our knowledge, this a first production study
where the matching for such operators was worked out explicitly.

» We tried to estimate the numerical impact of the new contribution, but our analysis
suffers from large uncertainties due to the poor knowledge of the P-wave electromagnetic
LDMEs (even at LO in v).

» The technicalities behind this calculation (noncovariant matching) forced us to develop
extensive self-written codes. This expertise will be made available to the (NR)EFT
community (project FEYNONIUM).

V. Shtabovenko (ZJU) ©© QWG Meeting, 9.11.2017 eTe” — xg+ v 21/21



Cross sections obtained from the determination using experimental data for 2 (just the central values)

— 0(a%") 1 o O(al”)
0(alt?) + O(a’)

— O(a”) + Ofa,v) + O"(ale?)

— 0(alt”) + Olaw) +O(ale?) |

- 0O
0(a2") + O(a’) ]
e O(a2”) + O(a,v) + O*(alv?)
— O(

O(%?) + O(aw) + O(alv?)

olete” e +7) in b
a(ete” = xa +7)

O \Q +_— (471'(1)384,3(1 _ 3r)2
& Solete” = xao+9) = oS
”\\ Q}\ Tm3s2(1 —r)
N Q(U ~ 0@l QK "y 3
1o ’ O(a®) + Oaaf) : x4 (1+ - 0(r) (0|01 (*Po)|0)
< 0= 5/2 s Ol + O(a0) + O"(ale?) O(a@v0)+0(as?)
240) + O(azw) + O(a%?) 0

(13— 18r+25r)
10m?(1 — 4r + 3r2?)

1 0% (alv2)

(0[P (*Po)|0)

] 2r(2 — 3r) 3
) A il P
+ m(1 —4r+3r?) (OI7sCPo)(0} ¢,
. o)
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Cross sections obtained from the determination using experimental data for x2 at /s = 10.6

’bc\
O 00 O(v) 0@V, O(asV®)  O(aV), O(asv®) o8
& O(adv?) 0 ) 0,2 o1
Q}\ and O(asv’)  and O* (agv?) and O(asv?)
Qﬂ
0.89 + 0.27 1.68 + 0.50 1.48 £ 0.18 1.37+0.24 0.93 £0.05
o (Xeo) ’ ' +0.64 £+ 0.03 +0.13 £ 0.08 +0.13 £ 0.06 +0.01 £0.01
+0.00 +0.10 +0.07 +0.02
13.58 - 4.06 15.46 £ 4.62 14.05 £+ 2.39 17.29 £ 0.62 1.23+0.17
o(Xe,) ' ' +5.18 £ 0.61 +1.63 £0.24 +1.63 £ 0.32 +0.03 £ 0.04
+0.00 +0.69 +1.74 +0.06
575 + 1.72 4.06 £ 1.21 4.004+1.13 5.25 +£0.45 1.31 £ 0.26
U(Xcz) ’ ' +1.77 £ 0.64 +1.64 £ 0.63 +1.64 £0.41 +0.13 £0.10
+0.00 +0.03 +0.43 +0.10

> 05 /o1 is the ratio of the two final cross sections, when (0|73 (®Po)|0) is included (o's) or omitted (o1).
> There are four main sources of uncertainties

* The uncertainty in (0|01 (3Pg)|0) (1%)

* The uncertainty in x; (2"%)

* The uncertainty in the renormalization scale p (3)

* The uncertainties in the experimental values of My, and I'(xes — 77) (4th)
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Exclusive production of y in NRQCD at O(v?)

v

v

v

v

v

v

+- _ FCPo) o i i t_Iy
ole"e” = xey +7) = 5o (0IX (=5 D - 7)¥xe0) (Xeo|¥) (=5 D - 0)]0)

4 8C7) (<o|xf(fé's’.a)w|xco><xco\w (1B o)1 )XMHC)
+ ,rgg( ZO) ((0\ (=D - o) |xeo) (xeo o' (gE - a)x|0>+hc)

= Fl(gfo) (0|01 (*Po)|0) + 1 ) (01P1(*Po)|0) +

m

G1(®Po Ts(*Po) B
i —m (0[7s(*Po)|0)

bold font denotes Cartesian 3-vectors

1 (x) annihilates (creates) a heavy quark (antiquark)
o is the Pauli vector

D=V —igA

A is the gluon field

E is the chromoelectric field

&7 D x =¥ (Dx) — (DY) x
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3 j < j <>
olete = xa+7) = P (0pt (LB x o)l - (a0 (1B x @)x0)
+ S0P (0 (- 5B x i) - (xa (5B x )~ 5B)*x10) + e
i (3
+ MO (ot (4B x o)) - (xer 9 (6E x o)xI0) + hec)
_ (P G1(°P1) Ts(*P1)
= 5 (0101 (P)[0) + 222 (0[P (*P0)I0) + =~ (0[Ts(*P1)[0)

F1(3Ps)

olete” = xeo+79) = 1m

3 |
+ SR (0 (- Do ) el (58 0= 5B)00) + e

(0! (=5 o o) (el (—5 D o o)

(3
+ ITSI(TIi:Z) (<0|XT(7$H(IOJ>)¢|XC2> <Xc2|’l/1t(gE('0“’) X|O> -+ h. C)
= FIEnSZ) <0|O1(3P2)|0> + % <0‘P1(3P2)|0> Ts( P2) <0|7_( )|0>

> alp) = M —18%(a-b).
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>

Exclusive production (such as e"e™ — x + v ): NRQCD factorization at the amplitude
level [Braaten & Chen, 1998, Braaten & Lee, 2003]

Apert. aco = Z Ch QQ| TﬁT’C'I lkX |0) = Apert. NracD

* K are polynomials in D, E, B and contain a spin matrix and a color matrix
* ¢ are short-distance coefficients

The matching condition equates the on-shell amplitude to produce a heavy QQ-pair in
pQCD to the sum of quarkonium-to-vacuum matrix elements multiplied or contracted
with short-distance coefficients in pert. NRQCD.

The ¢, are then substituted into NRQCD-factorized production amplitudes

Anraco = ZC H| wT’Cll ,kX |0>

Squaring Anracp and integrating over the phase space of the physical quarkonium we
obtain previously shown NRQCD production cross sections

In general, not all matrix elements from Apert. nraco Will also appear in Anraco

QCD amplitudes do not have a definite angular momentum J = in the matching we will
determine more short-distance coefficients than required.

! .
Important crosscheck: Apert. aco — Apert. nvaco = 0 order by order in v
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Backup

Emission of an ultrasoft gluon from an external heavy quark line leads to IR singularities
More specifically, the amplitude contains terms singular in the limit [pg| — 0

We are not working with cross sections = not a singularity in the phase-space integration.
Such terms cancel in the matching: QCD and NRQCD share the same IR behavior

The cancellation requires inclusion of NRQCD operators with Lagrangian insertions

vVvyVvyVvyy

= i(Q(p1.8)Q(p2.)[¥"x|0)

ap) = 1H{QP1R)AP2R)9(Po) [ X[0), .
(p2)
_ +(DP*  o-gB  [D,gE] io-[Dx,gE] D' {D? o-gB}
Ly =0 <2m T om T eme T sme gm3 T gm? v
2 : 4 2
t(_Db° o-gB  [D-,gE io-[Dx,gf D°  {D% o-gB}
X < 2m 2m + 8m?2 + 8m?2 8m?3 + 8m3 X
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Backup

Choice of the frame

The NRQCD side of the matching is usually evaluated in the frame where the heavy
quarkonium is at rest (rest frame).

The QCD side can be evaluated in any convenient frame [Bodwin et al., 1995].

The most convenient frame for a production process is usually the CM frame of the
colliding particles (CM frame).
Two possibilities to carry out the matching:

* Evaluate QCD amplitudes in the rest frame. Then boost the short distance coefficients in the
NRQCD production amplitude to the CM frame. Use Gremm-Kapustin relations to eliminate
heavy quarkonium mass from the matching coefficients.

* Evaluate QCD amplitudes in the CM frame. For the nonrelativistic expansion, express the
momenta of the moving constituents in terms of the soft rest frame momenta.

We applied both approaches and arrived at the same final results.
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Backup

Matching in the rest frame

> |f we choose to work in the rest frame, our process exhibits strong similarities to the decay

Xo — 27:
B e e VLN — e~~~
09999904
— . — -~

» Matching coefficients of the chromoelectric operators in decay are known
[Ma & Wang, 2002], [Brambilla et al., 2006], talk of W.L. Sang at QWG 2013.

» We can recover them from our results in the limits — 0

> After we obtain the NRQCD production amplitudes with matching coefficients from the
rest frame, we boost them to the CM frame using heavy quarkonium kinematics.

» The appearance of the physical quarkonium mass My, is eliminated via following
Gremm-Kapustin relations [Ma & Wang, 2002]

(0[PL(P1)|0) = mEx,, (0[O (*P1)|0) + m (0|5 (°P,)|0) (2)
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v

v

Of course, we can also work in the CM frame from the very beginning.

Then the short distance coefficients do not require any further boosts.
The calculation is slightly more involved as compared to to rest frame:

* In the CM frame, the energies and 3-momenta of Q, Q and g are not small.

* Using boost matrix formalism [Braaten & Chen, 1996], we can rewrite all those energies and
3-momenta in terms of soft/ultrasoft rest frame momenta.

* The generalization to the 3-body kinematics is straightforward.

Braaten-Chen formalism for a 2-body system

* Jacobi momenta: p; = %P+ Q, p2 = %P* Q P1
* CMframe: P = (v/PZ+P2 P) Q=(m,g) ]

* Restframe (p1gr +p2,r =0, q=p1r= —P2R):

Or=q=(0,q) Pr=(2V0a>+M?0)=(2E,0)

* Boost matrix establishes connection between the two frames, e.g. Q¥ = A”

with
o p/ ) . po s 5 -
A=—, N=5"+(——-1)P0, P’=,/4F2 + P2
" 2E, J (25 ) at

q

* So we can expand the CM-frame amplitude in the soft rest frame momentum |q|.
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> In a 3-body system the relations become slightly more complicated.
> Jacobi momenta
1 1 1
p1=§P+Q1—Q2, F72=§P—Q1—Q27 pg=§P+QQz.

> In the rest frame, where p1 g + p2,r + Pg,r = Pz = 0, we have

1 1 1
pir = gPR'i‘ql — gz, p2.R = gPR—fh — gz, Pg,r = gPR+2q2,

or

1
= —(2pg,r — P1,R — P2,R) = (037%)

1 0
q: g(le—sz) (qi,q1) g2 g

% (\/(ql —q2)> +m? — /(a1 + q2)? +m2) ,

1
a3 = = (4lazl — V(@ — a2)” +m? — /(a1 +62)? + m?)

Q
S
Il

with |q1| and |q2| being our rest frame soft expansion parameters.
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Backup

» CM frame vectors Q1 and Q- in terms of g and q2
Qf = Adi 5 =Aq8
» Boost matrix

p2

oiiipi i i p2 N
P2 Af*AO*ﬁ7 A;j=9¢ +<\/1—P2—1 P'P

» Boosted Dirac bilinears

AO(): 1-

U(p1)y"v(p2) = A", Ur(p1.8)Y" VR (P2,),
U(p1)v ysv(p2) = A", Ur(p1,8)7" Y5Va(P2,R)

» Rest frame bilinears (N1 N2 is the normalization factor)

_ i/ PR o | prO
Gr(p1,8)7 VR (P2,8) = N1No&! < LR L)

Eyr+m Eor+m
1

u iy, = NyNo et o 4 -
r(P1,7)7Y'VR(P2,r) 1N2§ EintmEantm

(pil.R(pQ,R co) + piZ,R(pl,R o)
+ (p1,r - pz,R)O‘i —i(p1,r X Pz,R)i>>7]

Tr(p1.2)7° ¥5va(P2,p) = NiN2£" <1 + (P1,p - P2,p +io - (P1,r X P2,n)> n

Eypt+mExg+m
Pre —i(PLr X o) Piz,R +i(p2,p X @)
Eyr+m Exp+m

Tr(p1.2)7° ¥5va(p2,p) = N1N2£" <
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