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Standard Map 

Chirikov, B. V. "A Universal Instability of Many-Dimensional Oscillator Systems." 
Phys. Rep. 52, 264-379, 1979. 

*R.Z. Sagdeev, D.A. Usikov, G.M. Zaslavsky, Nonlinear Physics, from the Pendulum 
to Turbulence and Chaos, Harwood Academic Publishers, 1988.

when K≥0.97164 stochastic motion starts,
so called Chirikov Criterion

The progresses of nonlinear physics are the bases for understanding various 
long stadind beam dynamics phenomenons.



 

Héno-Heiles Problem 
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（0.97164) Analytical DA expressions

Analyitcal treatment of dynamic apertures of multipoles
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451 (2000) 545-557.



Basic theroy of dynamic aperture
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451 (2000) 545-557.

A nonlinear multipole  

For one multipole 

For more independent multipoles 

Relation between X and Y 
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Circular machine
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Many multipoles
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Super-ACO



Dynamic aperture of wigglers
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A example of a sum of multipoles

Wiggler fields



 

Super-ACO

One wiggler case

Two wiggler case



 
Bsseti-Erskine formula for beam-beam induced 
transverse kicks 

Nonlinear beam-beam effects-1 (e+e-)
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Nonlinear beam-beam effects-2 (e+e-)



Nonlinear beam-beam effects-3 (e+e-)

Dynamic apertures limited by nonlinear beam-beam effects
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Nonlinear beam-beam effects-4 (e+e-)
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Round beam vs flat beam



Parasitic crossing beam-beam effects
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Beam-beam effects with crossing angle
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Space charge nonlinear effects
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J. Gao,  Theoretical analysis of the 
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charge forces to TESLA damping 
ring, TESLA 2003-12



Electron cloud nonlinear effect
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Combined beam-beam, space charge, electron cloud 
nonlinear effects 

J. Gao, “Analytical treatment of the nonlinear electron cloud effect and the 
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BEPCII DA
M. Xiao and J. Gao, “ANALYTICAL ESTIMATIONS OF THE DYNAMIC APERTURES OF
BEAMS WITH MOMENTUM DEVIATION AND APPLICATION IN FFAG”, WEPEA022 Proceedings of 
IPAC2013, Shanghai, China, p. 2546-2548

Analytical formulae for dynamic apertures 
with energy spread



 

Hadron collider beam-beam limit formulae (pp)
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H0  ~2845,

f=1 corresponds electron
positron colliders



 

J. Gao, “Single bunch longitudinal instabilities
in proton storage rings”, Proceedings of PAC99, 
New York, USA (1999)

Microwave instability 
starting bunch current 



 

J. Gao, “Analytical estimates of halo current loss rates in space
charge dominated beams”, Nuclear Instruments and Methods in Physics 
Research A 484 (2002) 27–35

Analytical estimates of halo current loss rates in 
space charge dominated beams
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Conlusions

1) Theoretical understanding of nonlinear motion in accelerators are very 
important 

2) Analytical formulae of dynamic aperture in circular accelerators  for 
multipoles have been established with applications in wigglers, beam-beam, 
space charge, electron cloude effects, etc

3) Aanalytical formulae have find their applications in real machine designs

4) More advanced theoretical studied are needed together with the 
development of advanced of nonlinear physics

5) The final nalytical treatment goal is to find the multipole settings for 
maximum dynamic apertures by solving equations

6) Synergies with numerical methods will not be excluded of course
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