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Dark matter exists

Stellar motions

First hint was from the
observation of stars in the
Milky Way by Jan Hendrik
Oort in 1932.

Similar results came out in
the observation of the nearby
Coma cluster of galaxies by
Fritz Zwicky in 1933.

More direct evidence is the
rotation curves of galaxies
(1970s, Vera Rubin).

v(R) =

√
GM(R)

R
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Dark matter exists

Gravitational lensing
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Dark matter exists

Cosmology

From PLANCK
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Dark matter searches

Relic density
Direct searches
(PANDAX, LUX,
XENON1T, ...)
Indirect searches
Collider searches:
directly, indirectly
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production at colliders

indirect detection
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SM EFT

Standard Model (SM) Effective Field Theory (EFT) is an EFT
composed of Standard Model (SM) fields.

Leff = LSM +∑
i

1
Λdi−4 ciOi . (1)

1 dimension-5 operator O(5).
59 independent dimension-6 operators O

(6)
i .
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Model vs Measurements

model <> operators <> measurements

cross sectionsparameters in L <> 59 Wilson coefficients <>
angular distributions
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How does SM EFT work?
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Matching

LUV[φ ,Φ] =⇒ Leff[φ ] ?

Feynman diagramatic mathcing
I. Write down all possible operators in Leff

II. Calculate Feynman diagrams
III. Matching to EFT operator coefficients

Functional matching, covariant derivative expansion(CDE)
I. Start from path integral, and directly derive effective operators
II. Preserve gauge invariance in intermediate steps via CDE
III. Can obtain all operators at the same time
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CDE of tree- and 1-loop effective action

The effective action can be obtained by integrate out Φ

eiSeff[φ ] =
∫

DΦeiS[φ ,Φ], (2)

where S[φ ,Φ] =
∫

dxLUV[φ ,Φ]. Expand S around Φc, where
δS[φ ,Φ]/δΦ = 0,

S[φ ,Φc +η ] = S[Φc]+
1
2

δ 2S
δΦ2 |Φc η2 +O(η3).

Thus we have

Stree
eff = S[Φc],

S1-loop

eff =
i
2

Tr log

(
− δ 2S

δΦ2

∣∣∣∣
Φc

)
. (3)

B. Henning, X. Lu and H. Murayama (HLM) [arxiv:1412.1837]
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CDE of tree-level effective Lagrangian

A UV Lagrangian with heavy field Φ

LUV[Φ,φ ]⊃
(
Φ†B(x)+h.c.

)
+Φ†(−D2−m2−U(x)

)
Φ+O(Φ3). (4)

Solve the equation of motion for Φ
(
P2 −m2 −U(x)

)
Φ=−B(x)+O(Φ2) (5)

we get

Φc =− 1
P2 −m2 −U(x)

B(x), (6)

where Pµ ≡ iDµ = i∂µ +Aµ(x).
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CDE of tree-level effective Lagrangian

Expand Φc with

1
A−1(1−AB)

=
∞

∑
n=0

(AB)nA, (7)

Φc =

[
1− 1

m2

(
P2 −U

)]−1 1
m2 B

Φc =
1

m2 B+
1

m2

(
P2 −U

) 1
m2 B+

1
m2

(
P2 −U

) 1
m2

(
P2 −U

) 1
m2 B+ . . .

(8)

Tree-level effective Lagrangian is

L
tree
eff =−B† 1

P2 −m2−U(x)
B+O(Φ3

c)

L
tree
eff = B† 1

m2 B+B† 1
m2

(
P2 −U

) 1
m2 B+ · · ·+O(Φ3

c) (9)
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CDE of 1-loop effective action

UV Lagrangian

LUV [Φ,φ ]⊃
(
Φ†B(x)+h.c.

)
+Φ†(−D2 −m2−U(x)

)
Φ+O(Φ3)

⇒ δ 2S
δΦ2 =

(
P2 −m2 −U(x)

)
(10)

⇒ S 1-loop

eff =
i
2

Tr log
(
−P2 +m2 +U(x)

)
(11)

Insert a complete set of momentum and spatial states

Tr[f (x̂ , q̂)] =
∫

dqtr〈q|f (x̂ , q̂)|q〉 (

∫
dq =

∫ d4q
(2π)4 )

∫
dx |x〉〈x |= 1 (

∫
dx =

∫
d4x)

we get

S 1-loop

eff =
i
2

∫
dxdq〈q|x〉〈x |tr log(−P2 +m2+U)|q〉. (12)
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CDE of 1-loop effective action

S 1-loop

eff =
i
2

∫
dxdq〈q|x〉〈x |tr log(−P2 +m2+U)|q〉. (13)

Since

〈x |q〉= eiq·x 〈x |Ô(x̂ , p̂)|q〉= Ô(x , i∂x )eiq·x

〈q|x〉〈x |Pµ |q〉= e−iq·xPµeiq·x = iDµ −qµ = Pµ −qµ

we obtain

S 1-loop

eff =
i
2

∫
dxdq tr log

(
−(Pµ −qµ)

2 +m2+U
)
. (14)
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CDE of 1-loop effective action

Covariant Derivative Expansion (CDE) with:
Gaillard-Cheyette transformation1

S 1-loop

eff =
i
2

∫
dxdq treP· ∂

∂q log
(
−(Pµ −qµ)

2 +m2 +U
)

e−P· ∂
∂q (15)

and Baker-Cambell-Hausdorff (BCH) formula

eBAe−B =
∞

∑
n=0

1
n!

Ln
BA, LBA = [B,A] (16)

1NPB268:669 (1986)
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CDE of 1-loop effective action

The non-commutator term is n=0 term, which could be canceled as

eP· ∂
∂q (Pµ −qµ)e

−P· ∂
∂q = eP· ∂

∂q Pµe−P· ∂
∂q −eP· ∂

∂q qµe−P· ∂
∂q

=
∞

∑
n=0

1
n!

(
LP·∂/∂q

)nPµ −
∞

∑
n=0

1
n!

(
LP·∂/∂q

)nqµ

= Pµ +
∞

∑
n=1

1
n!

(
LP·∂/∂q

)nPµ

−
{

qµ +Pµ +
∞

∑
n=2

1
n!

(
LP·∂/∂q

)nqµ

}

=−qµ +
∞

∑
n=1

n
(n+1)!

(
LP·∂/∂q

)nPµ

=−qµ −
∞

∑
n=0

n+1
(n+2)!

[
Pα1 ,

[
. . .
[
Pαn ,

[
Dν ,Dµ

]]]] ∂ n

∂qα1 . . .∂qαn

∂
∂qν

(17)
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CDE of 1-loop effective action

With

G̃νµ =
∞

∑
n=0

n+1
(n+2)!

[
Pα1 ,

[
Pα2 ,

[
. . .
[
Pαn , [Dν ,Dµ ]

]]]
]

∂ n

∂qα1 ∂qα2 . . .∂qαn

,

Ũ = eP· ∂
∂ q Ue−P· ∂

∂ q =
∞

∑
n=0

1
n!

[
Pα1 ,

[
Pα2 ,

[
. . . [Pαn ,U]

]]] ∂ n

∂qα1 ∂qα2 . . .∂qαn

,

the 1-loop effective action becomes

S 1-loop

eff = i
i
2

∫
dxdqtrlog

[
−
(

qµ + G̃ν µ
∂

∂qν

)2

+m2+ Ũ

]
. (18)
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Expansion in mass-degenerate case

Expand in ∆≡ (q2 −m2)−1

L
1-loop

eff = ics

∫
dqtr log

[
−
(

qµ + G̃ν µ
∂

∂qν

)2

+m2+ Ũ

]

=−ics

∫
dqtr log

{
∆−1

[
1−∆

(
−
{

qµ ,G̃ν µ∂ ν}− G̃σ µG̃σ
ν ∂ µ∂ ν + Ũ

)]}

(19)

with cs = i/2 and ∂µ ≡ ∂/∂qµ for short.
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Expansion in mass-degenerate case

Introduce an auxiliary integral as

∫
dm2 d log(m2 +X )

dm2 =

∫
dm2 1

m2 +X
(20)

The 1-loop effective Lagrangian becoms

L
1-loop

eff

=−ics

∫
dq
∫

dm2tr
1{

∆−1
[
1−∆

(
−
{

qµ ,G̃νµ∂ ν
}
− G̃σ µG̃σ

ν ∂ µ ∂ ν + Ũ
)]}

=−ics

∞

∑
n=0

∫
dqdm2tr

{[
∆
(
−
{

qµ ,G̃νµ∂ ν}− G̃σ µG̃σ
ν ∂ µ ∂ ν + Ũ

)]n
∆

}
.

(21)
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Universal results

L
1-loop

eff =
cs

(4π)2
tr

{

+m4
[
− 1

2

(
log

m2

µ2
− 3

2

)]

+m2
[
−
(

log
m2

µ2
−1
)

U
]

+m0

[
− 1

12

(
log

m2

µ2

)
G′2

µν − 1
2

log
m2

µ2
U2

]

+
1

m2

[
− 1

60

(
Pµ G′

µν
)2 − 1

90
G′

µν G′
νσ G′

σµ − 1
12

(Pµ U)2 − 1
6

U3 − 1
12

UG′
µν G′

µν

]

+
1

m4

[
1
24

U4 +
1

12
U
(
Pµ U

)2
+

1
120

(
P2U

)2
+

1
24

(
U2G′

µν G′
µν
)

− 1
120

[
(Pµ U), (Pν U)

]
G′

µν − 1
120

[
U[U,G′

µν ]
]
G′

µν

]

+
1

m6

[
− 1

60
U5 − 1

20
U2(Pµ U

)2 − 1
30

(
UPµ U

)2
]

+
1

m8

[
1

120
U6
]}

. (22)
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Expansion in non-degenerate case

In this case

M = diag(mi) 6= M1

⇒ [M,U]6=0 (23)

Introduce other auxiliary parameter ξ as in [arXiv: 1512.03003] 2.
Let M = ξdiag(mi) and ∆ξ = 1/(q2 −ξM2), and set ξ = 1 in the end.

Thus the L
1-loop

eff becomes

L
1-loop

eff =−ics

∞

∑
n=0

∫
dqdξ tr

{[
∆ξ

(
−
{

qµ ,G̃νµ ∂ ν}−G̃σ µG̃σ
ν ∂ µ∂ ν +Ũ

)]n
∆ξ M2

}

(24)

2or µ parameter as in [arXiv: 1509.05942].
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UOLEA

After the integration, one can get the universal one-loop effective
action (UOLEA).

fis in 1512.03003
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How to deal with fermions in CDE?

Lagrangian contains Dirac fermions as

L [ψ ,φ ] = ψ
(
i /D−m−M(x)

)
ψ . (25)

The 1-loop effective action S1-loop
eff =−iTr log

(
/P −m−M

)

could be treated with a trick as

S1-loop
eff =− i

2

[
Tr log

(
−/P −m−M

)
+Tr log

(
/P −m−M

)]
. (26)

This is because the trace is invariant under changing signs of gamma
matrices.
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How to deal with fermions in CDE?

With /PM ≡ [/P,M] then

S1-loop
eff =− i

2
Tr log

(
− /P2

+m2 +2mM +M2 + /PM
)

(27)

We also have

γµγν = ({γµ ,γν}+[γµ ,γν ])/2 = gµν − iσ µν

⇒ /P2
= P2 +

i
2

σ µν [Dµ ,Dν ] = P2 +
i
2

σ ·G′ (28)

Then

S1-loop
eff =− i

2
Tr log

(
−P2 +m2 +Uferm

)
(29)

where Uferm ≡− i
2σ µνG′

µν +2mM +M2 + /PM. Then

L
1-loop
eff =− i

2

∫
dq tr log

[
−
(

qµ + G̃ν µ∂ν

)2
+m2+ Ũferm

]
. (30)
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Neutralino-Chargino sector in the MSSM

The Lagrangian with left-handed spinor field ψa

LMSSM ⊃i B̃†σ̄ µDµB̃+ iW̃ †σ̄ µDµW̃ + iH̃†
uσ̄ µDµH̃u + iH̃†

d σ̄ µDµH̃d

− 1
2
(M1B̃B̃+M2W̃W̃ +c.c)

−µ(H̃T
u εH̃d +c.c)

− [

√
2

2
g(H†

uσaH̃u +H†
dσaH̃d)W̃

a +

√
2

2
g′(H†

uH̃u −H†
dH̃d )B̃+c.c],

(31)

where H̃T
u = (H̃+

u , H̃0
u ), H̃T

d = (H̃0
d , H̃

−
d ), W̃ T = (W̃ 1 ,W̃ 2 ,W̃ 3) and B̃ are higgsinos

and electroweak gauginos.
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The effective action

eiSeff =

∫
Dχ†Dχ exp

{
i
∫

dx [iχ†σ̄ µDµ χ − 1
2
(χT (M +U(x))χ +c.c)]

}

(32)

with χT = (B̃,W̃ T ,HT
u ,H̃T

d ) = (B̃,W̃ 1 ,W̃ 2 ,W̃ 3 ,H̃+
u ,H̃0

u ,H̃0
d ,H̃

−
d ), and

M =




M1 0 0 0
0 M213×3 0 0
0 0 0 µε
0 0 µεT 0


 ,U =




0 0 g′H†sβ /
√

2 −g′H̃†cβ /
√

2
0 0 gH†~σsβ /

√
2 gH̃†~σcβ /

√
2

g′H∗sβ /
√

2 g ~σ∗H∗sβ /
√

2 0 0
−g′H̃∗cβ /

√
2 g ~σ∗H̃∗cβ /

√
2 0 0




Dµ = ∂µ − i




0 0 0 0
0 gW a

µ λa 0 0
0 0 gW a

µ σa/2+g′Bµ/2 0
0 0 0 gW a

µ σa/2−g′Bµ/2
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Transformation

With a few steps of fields transformation 3, one can obtain

Leff = ψ̄(iγµDµ −M ′−U ′PL −U ′†PR)ψ (33)

where

M ′ =




M1 0 0 0
0 M213×3 0 0
0 0 µ12×2 0
0 0 0 µ12×2


 ,U ′ =




0 0 g′H†sβ /
√

2 −g′H̃†cβ /
√

2
0 0 gH†~σsβ /

√
2 gH̃†~σcβ /

√
2

g′Hcβ /
√

2 g~σHcβ /
√

2 0 0
−g′H̃sβ /

√
2 g~σH̃sβ /

√
2 0 0




and ψ i = (ψ i
L,ψ

′i
R).

3Mark Srednicki, "Quantum Field Theory", Chapter 36.
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A few more tricks

Then

e2iSeff =

∫
Dψ̄Dψ exp

{
ψ̄(iγµ Dµ −M ′−U ′PL −U ′†PR)ψ

}

= det[iγµ Dµ −M ′−U ′PL −U ′†PR ]

⇒ Seff =− i
2

Log[det[iγµDµ −M ′−U ′PL −U ′†PR ]]

=− i
2

Tr Log[iγµ Dµ −M ′−U ′PL −U ′†PR)]

(34)

With

Λ =
U ′†+U ′

2
,V =

U ′†−U ′

2
, (35)

one can get

Seff =− i
2

TrLog[/P −M ′−Λ−V γ5]. (36)
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A few more tricks

Seff = − i
2

TrLog[/P −M ′−Λ−V γ5]

= − i
4

Tr
(
Log

[
−/P −M ′−Λ+V γ5

]
+Log

[
/P −M ′−Λ−V γ5

])

= − i
4

Tr Log
[
−P2 +M ′2+Uferm

]

= − i
4

∫
dx
∫

dq tr Log
[
−
(

qµ + G̃νµ
∂

∂qν

)
2 +M ′2+ Ũferm

]
(37)

Uferm =
(
Λ2 −V 2 +[/P ,Λ]+{M ′ ,Λ}

)
+
(
ΛV −VΛ+[/P,V ]+ [M ′ ,V ]

)
γ5 −

i
2

σ µν G′
µν

G̃νµ =
∞
∑

n=0

n+1
(n+2)!

[Pα1 , [...[Pαn ,G
′
νµ ]]]

∂ n

∂qα1 ...qαn
,

Ũferm =
∞
∑

n=0

1
n!

[Pα1 , [...[Pαn ,Uferm]]]
∂ n

∂qα1 ...qαn
,

Leff =
i
4

∞

∑
n=0

∫
dqdξ tr

{[
∆ξ

(
−
{

qµ ,G̃νµ∂ ν}− G̃σ µG̃σ
ν ∂ µ ∂ ν + Ũ

)]n
∆ξ M2

}

(38)
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Operator bases

18 dimension-6 SM EFT CP-even bosonic operators.

OGG = g2
s H†HGa

µνGa,µν OH = 1
2

(
∂µH†H

)2

OWW = g2H†HW a
µνW a,µν OT = 1

2

(
H†

↔
DµH

)2

OBB = g′2H†HBµνBµν OR = H†HDµH†DµH

OWB = 2gg′H†taHW a
µνBµν OD = D2H†D2H

OW = ig
(
H†ta

↔
DµH

)
DνW a

µν O6 = (H†H)3

OB = ig′YH
(
H†

↔
DµH

)
∂ νBµν O2G = −1

2

(
DµGa

µν
)2

O3G = 1
3!gsf abcGaµ

ρ Gbν
µ Gcρ

ν O2W = −1
2

(
DµW a

µν
)2

O3W = 1
3!gεabcW aµ

ρ W bν
µ W cρ

ν O2B = −1
2

(
∂ µBµν

)2

OHW = 2ig(DµH)†ta(DνH)W aµν

OHB = 2ig′YH(DµH)†(DνH)Bµν
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Operator bases

This is a redundant basis, in the sense that OHW and OHB can be
switched into OWW , OBB , OWB, OW and OB , by using the relations:

OHW = OW − 1
4
(OWW +OWB);

OHB = OB − 1
4
(OBB +OWB). (39)
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Analytical results for coefficients
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Analytical results for coefficients

· · ·
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Check our results

hγγ effective coupling

Lhγγ = chγγhAµνAµν (40)

EFT result (with cWW ,cWB ,cWB ):

chγγ =−g2
4sin2(θw )v sin(2β )

24
√

2π2µM2
. (41)

With low energy theorem:

chγγ =
g2

4sin2(θw )v sin(2β )
24

√
2π2

(
g2

2v2 sin(2β )−µM2
) . (42)
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Check our results

Compared with loop calculation result, with ∆= cEFT
hγγ /c loop

hγγ −1
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Collider measurements

The uncertainties expected at each experiments, for the EWPT experiments (T and
S), the TGC experiments (∆gZ

1 , ∆κγ and λγ ) and 2 representative channels of 7 Higgs
experiment channels [1] .

Observable 103T 103S 104∆gZ
1 104∆κγ 104λγ

∆(σZhBrbb)

σSM
Zh BrSM

bb

∆(σZhBrγγ )

σSM
Zh BrSM

γγ

CEPC 9 14 1.59 2.30 1.67 0.32% 9.1%

[1] J. Fan, M. Reece and L. T. Wang, JHEP 1509, 196 (2015).
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Mapping

Electroweak precision test observables

S = 4πv2(4cWB +cW +cB), T = v2cT/α (43)

TGC Parameters

δgZ
1 =−m2

Z cW , δκγ = 4m2
W cWB , λγ =−m2

W c3W (44)

Deviations in Higgs related processes

ε =
σZhBri

σSM
Zh BrSM

i

−1 (45)

Bri = Brbb,Brcc ,Brττ ,Brµµ ,Brγγ ,BrWW ∗ ,BrZZ ∗

ε = ε(cWW, · · ·) [1]

[1] B. Henning, X. Lu and H. Murayama, JHEP 1601, 023 (2016).
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Expected constraints from CEPC with tanβ = 2.
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Expected constraints from CEPC with tanβ = 20.
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Summary & Outlook

Summary

With measurements in hand, mapping to dim-6 operators, one can
thus probe the model.

Lepton collider will be useful to detect the neutralino dark matter in
the MSSM.

Outlook

Combine the sfermion-sector and neutralino-chargino sector
together.

CDE @ Composite Higgs models.
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