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Why heavy-to-light form factors?

Interesting to understand the strong interaction dynamics of heavy quark decays.
I Factorization properties of exclusive B-meson decay amplitudes.
I Renormalization and asymptotic properties of B-meson DAs.
I Interplay of different QCD techniques based upon the HQE.

Precision determination of the CKM matrix element |Vub|.
B→ π `ν , B→ ρ`ν , Λb→ p`ν .

Fundamental inputs for QCD descriptions of FCNC decays and hadronic decays.
B→ K∗ ``, Λb→ Λ``, B→ π π , Λb→ pπ .

I Sensitive to the BSM physics.
I CP violating asymmetries and the CKM angles.
I More complicated than FFs.

Crucial to understand the flavour puzzles.
I Important source of theory uncertainties.
I Systematical treatment of sub-leading power/twist contributions.
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Anomalies in FCNC processes
A few “anomalies" exist in B→ K(∗)`+`−.

B0→ K∗0µ+µ− 27 / 28
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� Tension seen in P ′5 in [PRL 111, 191801 (2013)] confirmed
� [4.0, 6.0] and [6.0, 8.0] GeV2/c4 show deviations of 2.9σ each
� Naive combination results in a significance of 3.7σ
� Compatible with 1 fb−1 measurement
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LHCb-TALK-2014-108

Huber, Misiak, Lunghi, Wyler (2005)

Bobeth, Hiller, Piranishvili (2007)


U. Haisch (priv. com.)

A few “anomalies” exist in the LHCb data on FCNC processes of the type                   
a                and in the global unitarity-triangle fit. Their status is currently 
under intense debate. New data will help, but also some theory questions 
need to be addressed.

b! s l+l�

Indication of BSM physics or ignorance of QCD dynamics?

P′5 anomaly below 6GeV2 more serious [power corrections].

Violation of the lepton flavor universality [QED corrections].

Need more data and theoretical efforts.
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|Vub| puzzle

3σ tension between exclusive and inclusive |Vub| [arXiv:1504.01568].
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right handed current, underestimate of QCD uncertainties?
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Part I: Semileptonic B→ π `ν decays

B̄ π

ℓ

νℓ

b u

Hadronic matrix element:

〈π(p)|ūγµ b|B̄(p+q)〉= f+Bπ
(q2)

[
pB +p− m2

B−m2
π

q2 q
]

µ

+f 0
Bπ (q

2)
m2

B−m2
π

q2 qµ .

Lepton spectrum:

dΓ

dq2 =
G2

F |Vub|2
24π3 q4 m2

B
(q2−m2

l )
2 |~pπ |

×
[(

1+
m2

l
q2

)
m2

B |~pπ |2 |f+Bπ
(q2)|2 + 3m2

l
8q2 (m2

B−m2
π )

2 |f 0
Bπ (q

2)|2
]
.

Still the best way to determine |Vub| exclusively in the continuum approach!

Λb→ p`ν decays also become important now [LHCb, arXiv:1504.01568].

|Vub|=
(

3.27±0.23
)
×10−3 .
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B→ π form factors in QCD factorization
QCD factorization of B→ π form factors [Beneke, Feldmann, 2001]:

Fi(q2) = Ci(E)ξP(E)+ΦB(ω)⊗Ti(E; lnω,v)⊗Φπ (v) .

QCD correction to B→ π form factors:

ξP(E) ≡ f+(q2) [factorization scheme] ,

f0 =
2E
M

ξP

(
1+

αs CF

4π
[2−2L]

)
+

αs CF

4π
∆f0,

∆f0 =
M−2E

2E
8π2fBfP

NCM

∫
dl+

φ B
+(l+)
l+

∫
du

φ(u)
ū

.

SCET factorization of B→ P form factors [Beneke, Feldmann, 2003]:

Fi(q2) = Ci(E) ξP(E)︸ ︷︷ ︸+C(B1)
i (E,τ)⊗ΞP(τ,E)︸ ︷︷ ︸ ,

〈P(p)|(ξ Wc)hv|B̄v〉 〈P(p)|(ξ Wc)
(

W†
c iD/c⊥Wc

)
(r n) hv|B̄v〉

ΞP(τ,E) = JP(τ;v,ω)⊗ΦB(ω)⊗ΦP(v) .
I ξP(E) defined in SCETI.
I Three-particle DAs contribute to ξP(E) at LP.

Factorization of ξP(E) in SCETII: missing field modes?
SCETII operators describing the endpoint region and overlapping with the pion DAs.
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Alternative approaches to B→ π form factors
Traditional QCD light-cone sum rules [Braun et al; Khodjamirian et al]:

I Replace the B-meson by a space-like interpolating current.
I QCD factorization of the correlation function at leading twist.

correlation function∼∑
n

T(n)⊗φ
(n)
π .

Twist-3 factorization only in the asymptotic limit.
I No separation of hard and hard-collinear scales.
⇒ No resummation of large logarithms.

QCD light-cone sum rules with B-meson DAs:
I Replace the pion by a space-like hard-collinear current.
I QCD factorization for the vacuum-to-B-meson correlation function.

Πi(n ·p, n̄ ·p) ∼ ∑
k=±

Ci(k)(n ·p,µ)︸ ︷︷ ︸
∫ dω

ω− n̄ ·p J(k)i

(
µ2

n ·pω
,

ω

n̄ ·p

)
φ
(k)
B (ω,µ) .

Hard matching coefficients of the QCD weak currents.

I Reproduce the structure of QCD factorization for B→ π form factors.
I Can be formulated in SCET [De Fazio, Feldmann and Hurth, 2005, 2008].
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B→ π form factors from LCSRs with B-meson DAs
Starting point: correlation function [Y.M.W and Y.L. Shen, 2015]

Πµ (p,q) =
∫

d4x eip·x〈0|T
{

d̄(x)n/γ5u(x), ū(0)γµ b(0)
}
|B̄(p+q)〉

= Π(n ·p, n̄ ·p)nµ + Π̃(n ·p, n̄ ·p)n̄µ ,

n ·p =
m2

B +m2
π −q2

mB
, n̄ ·p∼ O(Λ) , p+q≡ mB v =

mB

2
(n+ n̄) .

Similar to B→ γ `ν decay: replacing the pion current by the e.m. current.

Inserting complete set of pion states⇒ hadronic sum:

Π̃(n ·p, n̄ ·p) = π

q

B

p
π

q

B

p

πh

πh

∑
h

fπ (n ·p)mB

2(m2
π −p2)

[
n ·p
mB

f+Bπ
(n ·p)+ f 0

Bπ (n ·p)
]

︸ ︷︷ ︸

∫ +∞

ωs
dω
′ ρ̃h(n ·p,ω ′)

ω ′− n̄ ·p

relative sign changes for Π(n ·p, n̄ ·p)
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OPE calculation of the correlation function

db

q p

B

u

Factorization at tree level:

Π̃
(0)(n ·p, n̄ ·p) = f̃B mB

∫ +∞

0
dω
′ φ

−
B (ω ′)

ω ′− n̄ ·p− i0
,

Π
(0)(n ·p, n̄ ·p) = 0 ,

⇒ f 0
Bπ (n ·p) =

n ·p
mB

f+Bπ
(n ·p)+O(αs) .

Light-cone DAs of the B-meson [Grozin and Neubert, 1996]:

imB f̃B φ
+
B (ω) =

1
2π

∫
dt eiω t 〈0|(q̄s Ys)(t n̄) n̄/γ5 (Y†

s bv)(0)|B̄(v)〉 .
I One-loop renormalization of φ

+
B (ω,µ) [Lange and Neubert, 2003].

I Renormalization of [q̄s(t n̄)Γbv(0)] does not commute with the shot-distance expansion
[Braun, Ivanov and Korchemsky, 2004].

[(q̄s Ys)(t n̄)n̄/Γ(Y†
s bv)(0)]R =/ ∑

p=0

tp

p!

[
q̄s(0)(n ·

←−
D )p n̄/Γbv(0)

]
R
.

I Eigenfunctions of the Lange-Neubert kernel [Bell, Feldmann, YMW and Yip, 2013].
I φ

−
B (ω) defined in a similar way, renormalization kernel available [Bell and Feldmann, 2008].

QCD correction involving φ
+
B (ω ′) at NLO must be IR finite.

Symmetry breaking of the form-factor relations at NLO must be IR finite.
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Factorization of the correlation function
Light-cone OPE: |n̄ ·p| ∼ O(ΛQCD).

db

q p

B

u

Cancellation of the soft divergences.

d̄

bv

Diagrammatic factorization:

Πµ = Π
(0)
µ +Π

(1)
µ + ...= ΦB⊗T

= Φ
(0)
B ⊗T(0)+

[
Φ

(0)
B ⊗T(1)+Φ

(1)
B ⊗T(0)

]
+ ... .

⇓

Φ
(0)
B ⊗T(1) = Π

(1)
µ −Φ

(1)
B ⊗T(0) .
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Sample calculation: the weak vertex diagram
Strategy:
(i) Identify the leading regions of the QCD amplitudes.
(ii) Evaluate the leading contributions with the method of regions [Beneke and Smirnov, 1997].
(iii) Perform the soft subtraction [the same as the QCD amplitude in the soft region].

QCD amplitude:

Π
(1)
µ,weak =

g2
s CF

2(n̄ ·p−ω)

∫ dD l
(2π)D

1
[(p− k+ l)2 + i0][(mbv+ l)2−m2

b + i0][l2 + i0]

d̄(k)n/ γ5 n̄/ γρ (p/−k/+l/) γµ (mbv/+l/+mb)γ
ρ

︸ ︷︷ ︸ b(pb) ,

soft ⇓ region

2 n ·p mb γµ

I Leading contributions from the hard, hard-collinear and soft regions.
I Important that the collinear region absent at leading power.

Soft subtraction [Wilson-line Feynman rules]:

Φ
(1)
B,weak⊗T(0) =

g2
s CF

2(n̄ ·p−ω)

∫ dD l
(2π)D

1
[n̄ · (p− k+ l)+ i0][v · l+ i0][l2 + i0]

d̄(k)n/ γ5 n̄/ γµ b(pb) .

Precise cancellation of the soft contribution.
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Sample calculation: the weak vertex diagram

db

q p

B

u

Hard contribution:

Π
(1),h
µ,weak =

αs CF

4π

{
n̄µ

[
1
ε2 +

1
ε

(
2 ln

µ

n ·p +1
)
+2 ln2 µ

n ·p

+2 ln
µ

mb
− ln2 r−2Li2

(
− r̄

r

)
+

2− r
r−1

lnr+
π2

12
+3
]

+nµ

[
1

r−1

(
1+

r
r̄

lnr
)] }

Π̃
(0)(n ·p, n̄ ·p) .

Hard function only from the weak vertex diagram and renormalization of the external b-quark field.

Hard-collinear contribution:

Π
(1),hc
µ,weak =

g2
s CF

2(n̄ ·p−ω)

∫ dD l
(2π)D

2mb n · (p+ l)
[n · (p+ l) n̄ · (p− k+ l)+ l2⊥+ i0][mb n · l+ i0][l2 + i0]

d̄(k)n/ γ5 n̄/ γµ b(pb) .

Can be also obtained from the hard-collinear contribution in B→ γ`ν .

Compute the hard-collinear contribution with the light-cone projector [Beneke, Feldmann, 2001]:

M B
β α

=− i f̃B mB

4

{
1+v/

2

[
φ
+
B (ω)n/+φ

−
B (ω)n̄/−ω φ

−
B (ω)γ

µ

⊥
∂

∂kµ

⊥

]}

αβ

.
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Factorization of the correlation function
Factorization of the correlation function.

Π̃(n ·p, n̄ ·p) = f̃B mB ∑
k=±

C̃(k)(n ·p,µ)
∫ dω

ω− n̄ ·p J̃(k)
(

µ2

n ·pω
,

ω

n̄ ·p

)
φ
(k)
B (ω,µ) .

Similar factorization formula for Π(n ·p, n̄ ·p).

Hard functions:

C(+)(n ·p,µ) = C̃(+)(n ·p,µ) = 1, C(−)(n ·p,µ) = αs CF

4π

1
r̄

[ r
r̄

lnr+1
]
, r =

n ·p
mb

,

C̃(−)(n ·p,µ) = 1− αs CF

4π

[
2 ln2 µ

n ·p +5 ln
µ

n ·p − ln2 r−2Li2

(
r−1

r

)
+

2− r
r−1

lnr+
π2

12
+5
]
.

Hard matching coefficient of the QCD weak current [Bauer et al, 2001; Beneke et al, 2004]:

q̄ γµ b→
[
C4 n̄µ +C5 vµ

]
ξ̄n̄ bv + ... .

Perturbative matching coefficients independent of the external states⇒

C(−) =
1
2

C5, C̃(−) = C4 +
1
2

C5 .
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Factorization of the correlation function
Jet functions [Y.M.W and Y.L. Shen, 2015]:

J(+)(n̄ ·p,ω,µ) =
1
r

J̃(+)(n̄ ·p,ω,µ) = αs CF

4π

(
1− n̄ ·p

ω

)
ln
(

1− ω

n̄ ·p

)
,

J(−)(n̄ ·p,ω,µ) = 1 ,

J̃(−)(n̄ ·p,ω,µ) = 1+
αs CF

4π

[
ln2 µ2

n ·p(ω− n̄ ·p) −2ln
n̄ ·p−ω

n̄ ·p ln
µ2

n ·p(ω− n̄ ·p)

− ln2 n̄ ·p−ω

n̄ ·p −
(

1+
2n̄ ·p

ω

)
ln

n̄ ·p−ω

n̄ ·p − π2

6
−1
]
.

In agreement with the jet functions computed in SCET [De Fazio, Feldmann and Hurth, 2008].
Cancellation of the factorization-scale dependence:

d
d ln µ

C̃(−)(n ·p,µ) = −αs CF

4π

[
4ln

µ

n ·p +5
]

C̃(−)(n ·p,µ) ,

d
d ln µ

J̃(−)(n̄ ·p,ω,µ) =
αs CF

4π

[
4ln

µ2

n ·pω

]
J̃(−)(n̄ ·p,ω,µ)

+
αs CF

4π

∫
∞

0
dω
′
ω Γ

(1)(ω,ω ′,µ) J̃(−)(n̄ ·p,ω ′,µ) ,

d
d ln µ

[
f̃B φ

−
B (ω,µ)

]
= −αs CF

4π

[
4ln

µ

ω
−5
][

f̃B φ
−
B (ω,µ)

]

−αs CF

4π

∫
∞

0
dω
′
ω Γ

(1)(ω,ω ′,µ)
[
f̃B φ

−
B (ω ′,µ)

]
,
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NLL resummation for B→ π form factors
No common scale µ to avoid the large logarithms in the hard functions, the jet functions,
f̃B(µ) and the B-meson DAs.

Resummation for the hard functions [see also, Beneke and Rohrwild, 2011]:

C̃(−)(n ·p,µ) = U1(n ·p,µh1,µ) C̃(−)(n ·p,µh1) , f̃B(µ) = U2(µh2,µ) f̃B(µh2) .

RG evolutions at NLL:

d
d ln µ

U1(n ·p,µh1,µ) =

[
−Γcusp(αs)︸ ︷︷ ︸ ln

µ

n ·p + γ(αs)︸ ︷︷ ︸

]
U1(n ·p,µh1,µ) ,

at O(α3
s ) at O(α2

s )

[Bonciani et al,2008; Asatrian et al,2008; Bell, 2008; Beneke et al,2008]
d

d ln µ
U2(µh2,µ) = γ̃(αs)︸ ︷︷ ︸ U2(µh2,µ) .

at O(α2
s )[Ji and Musolf,1991; Broadhurst and Grozin 1991]

Resummation of parametrically large logarithms in the B-meson DAs ignored.

dφ
−
B (ω,µ)

d ln µ
= −

[
Γcusp(αs) ln

µ

ω
+ γ−(αs)︸ ︷︷ ︸

]
φ
−
B (ω,µ)−ω

∫
∞

0
dη Γ(ω,η ,αs)︸ ︷︷ ︸ φ

−
B (η ,µ) .

at O(α2
s ) at O(α2

s )

I Unclear whether the structure of the renormalization kernel holds at O(α2
s ).

I Whether Bessel functions are still the eigenfunctions of the evolution kernel at O(α2
s )?
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B→ π form factors from the B-meson LCSR
B-meson LCSR @ NLL:

fπ e−m2
π /(n·pωM )

{
n ·p
mB

f+Bπ
(n ·p) , f 0

Bπ (n ·p)
}

=
[
U2(µh2,µ) f̃B(µh2)

] ∫ ωs

0
dω
′ e−ω ′/ωM

[
r C̃(+)(n ·p,µ)φ

+
B,eff(ω

′,µ)

+
[
U1(n ·p,µh1,µ) C̃(−)(n ·p,µh1)

]
φ
−
B,eff(ω

′,µ)

± n ·p−mB

mB

(
C(+)(n ·p,µ) φ

+
B,eff(ω

′,µ)
︸ ︷︷ ︸

+C(−)(n ·p,µ)︸ ︷︷ ︸ φ
−
B (ω ′,µ)

)]
.

“hc” correction hard correction
Effective DAs:

φ
+
B,eff(ω

′,µ) = 0 +
αs CF

4π

∫
∞

ω ′

dω

ω
φ
+
B (ω,µ) ,

φ
−
B,eff(ω

′,µ) = φ
−
B (ω ′,µ)+

αs CF

4π

{∫
ω ′

0
dω

[
1

ω−ω ′

(
2 ln

µ2

n ·pω
−4 ln

ω ′−ω

ω ′

)]

+

φ
−
B (ω,µ)

−
∫

∞

ω ′
dω

[
ln2 µ2

n ·pω
−
(

2 ln
µ2

n ·pω
+3
)

ln
ω−ω ′

ω ′
+2 ln

ω

ω ′
+

π2

6
−1
]

dφ
−
B (ω,µ)

dω

}
.

Power counting: ω ∼ Λ , ωs ∼ ωM ∼ O(Λ2/mb)⇒ ω
′ ∼ O(Λ2/mb) ,

⇒ ln
((

ω−ω
′)/ω

′)∼ ln
(
ω/ω

′)∼ ln(mb/Λ) .
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The B-meson LCDAs
Light-cone distribution amplitudes of the B meson:

φ
+
B,I(ω,µ0) =

ω

ω2
0

e−ω/ω0 , [Grozin and Neubert,1997]

φ
+
B,II(ω,µ0) =

1
4π ω0

k
k2 +1

[
1

k2 +1
− 2(σB−1)

π2 lnk
]
, k =

ω

1 GeV
, [Braun et al,2004]

φ
+
B,III(ω,µ0) =

2ω2

ω0ω2
1

e−(ω/ω1)
2
, ω1 =

2ω0

2
√

π
, [De Fazio , Feldmann , Hurth,2008]

φ
+
B,IV(ω,µ0) =

ω

ω0ω2

ω2−ω√
ω(2ω2−ω)

, ω2 =
4ω0

4−π
, [De Fazio , Feldmann , Hurth,2008]

Perturbative constraints on the B-meson DAs at large ω [Feldmann, Lange and Y.M.W, 2014].

The shape of f+Bπ
(q2) less model dependent.

blue curve from pion LCSR, solid,
dotted, dashed and dot-dashed curves
from Model-I, II, III and IV.
fitting f+Bπ

(q2 = 0) = 0.28 ± 0.03
from pion LCSR⇒
Model-I: ω0 = 360+40

−30 MeV ,
Model-II: ω0 = 375+40

−35 MeV ,
Model-III: ω0 = 395+35

−30 MeV ,
Model-IV: ω0 = 310+40

−30 MeV .
Determination of ω0 from B→ γ`ν .

0 2 4 6 8
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0.8

q2 HGeV2L

f B
Π

+
Hq

2 L
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B→ π form factors from the B-meson LCSR

Factorization scale dependence and radiative correction:

fB Π
+
Hq2
=0L

LL

NLL

NLO

1.0 1.2 1.4 1.6 1.8 2.0
0.1

0.2

0.3

0.4

0.5

Μ HGeVL

@ fB Π
+
Hq2LDNLL � @ fB Π

+
Hq2LDLL

0 2 4 6 8
0.4

0.6

0.8

1.0

1.2

1.4

q2 HGeV2L

I Dominant radiative effect from the NLO QCD correction instead of the QCD resummation.

I Resummation improvement does stabilize the factorization scale dependence.

I Radiative effect can induce 20 % reduction of the form factor.
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B→ π form factors from the B-meson LCSR
The predicted form factor f+Bπ

(q2):

Pink band: B-meson LCSR @ NLO,
Blue band: pion LCSR @ NLO.

Rapidly increasing f+Bπ
(q2) from

B-meson LCSR:
(i) Different pattern of higher
power/twist contributions?
(ii) Different quark-hadron quality
ansatz?

f BΠ
+
Hq2L

0 2 4 6 8 10 12
0.0

0.2

0.4

0.6

0.8

1.0

q2 HGeV2L

Exclusive |Vub| from B-meson LCSR @ NLO [Y.M.W and Y.L. Shen, 2015]:

|Vub|=
(

3.05+0.54
−0.38

∣∣∣
th.
±0.09

∣∣∣
exp.

)
×10−3 .

Exclusive |Vub| from B→ τν [Belle, combined two tagging methods, arXiv: 1503.05613]:

|Vub|=
(

3.28+0.37
−0.42

)
×10−3 .
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Three-particle B-meson DA’s contributions

db

q p

B

u

Quark propagator in the background gluon
field [Balitsky and Braun, 1988]:

〈0|T{q(x) , q̄(0)}|0〉|G

⊃− i
16π2

1
x2

∫ 1

0
du
[
x/σαβ −4 iuxα γβ

]

×Gαβ (ux)︸ ︷︷ ︸ .

≡ gs Ta Ga
µν

Three-particle B-meson DA’s contributions [Khodjamirian, Mannel and Offen, 2007]:

〈0|ūα (x) Gλ ρ (ux) bv(0)|B−(v)〉
∣∣
x2=0

=
Fstat(µ)

4

∫
∞

0
dω

∫
∞

0
dξ e−i(ω+uξ )v·x

[
(1+v/)

{
(vλ γρ − vρ γλ ) [ΨA(ω,ξ )−ΨV (ω,ξ )]

−iσλρ ΨV (ω,ξ )−
xλ vρ − xρ vλ

v · x XA(ω,ξ )+
xλ γρ − xρ γλ

v · x YA(ω,ξ )

}
γ5

]
.

See also [Kawamura, Kodaira, Qiao and Tanaka, 2001; Geye and Witzel, 2013]. For a complete
decomposition at twist-6, see [Braun, Ji and Manashov, 2017].

Work in the coordinate space, compute the
∫

d4xeip·x integral, and do the power counting.
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Three-particle B-meson DA [Braun, Manashov and Offen, 2015]

One-loop renormalization of the three-particle DA Ψ̃3(z1,z2):
[

µ
∂

∂ µ
+β (gs)

∂

∂gs
+

αs

2π
H

]
Fstat(µ)Ψ̃3(z1,z2,µ) = 0 ,

Ψ̃3(z1,z2)≡ Ψ̃A(z1,z2)− Ψ̃V (z1,z2) , H = Nc H0 +N−1
c δH .

An additional “hidden" symmetry for H0: [Q̂1, Q̂2] = [Q̂1,H0] = [Q̂2,H0] = 0.
Eigenfunctions:

H0 Ys,x(z1,z2) = E(s,x)Ys,x(z1,z2) , Ys,i/2(z1,z2) =
i s2

z2
1 z3

2

∫ 1

0
duuūeis(u/z1+ū/z2) ,

∆E = E(s,0)︸ ︷︷ ︸−E(s, i/2)︸ ︷︷ ︸= 2ψ(3/2)−ψ(2)−ψ(1) .

continuous spectrum ground state

Expansion, “asymptotics" and RGE of φ
−
B :

Ψ̃3(z1,z2,µ) =
∫

∞

0
ds
[

η0(s,µ)Ys,i/2(z1,z2)︸ ︷︷ ︸
+

1
2

∫ +∞

−∞

dxη(s,x,µ)Ys,x(z1,z2)

]
.

“asymptotical” behaviour

Ψ
asy
3 (ω1,ω2,µ) =

ω1 ω2

ω1 +ω2
[f1(ω1 +ω2)− f0(ω1 +ω2)]+ω1 [f1(ω1 +ω2)− f1(ω1)] .

φ
−
B (ω,µ) =

∫
∞

0
ds
[

φ̂
+
B (s,µ) +η0(s,µ)︸ ︷︷ ︸

]
J0(2
√

ω s) .

continuous spectrum of Ψ̃3(z1,z2,µ) irrelevant
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Part II: FCNC Λb→ Λ`` decays
Partonic b→ s`+`− diagrams in the SM:

b

l

s

l

γ, Z

W

u, c, t W W

γ, Z

u, c, tb s

l l

W W

u, c, t

ν

b s

l l

I Effective Hamiltonian [Buchalla,
Buras and Lautenbacher, 1996].

I Semileptonic and magnetic operators:

O7γ ∝ s̄σµν (msL+mbR)bFµν ,

O8g ∝ s̄iσµν (1+ γ5)Ta
ijbjGaµν ,

O9,10 ∝ (s̄b)V−A
( ¯̀̀ )

V,A .

Four-quark operators:

O1 = (s̄p)V−A (p̄b)V−A , O2 =
(
s̄jpi)

V−A

(
p̄ibj)

V−A (p = u,c) ,

O3,5 = (s̄b)V−A ∑
q
(q̄q)V∓A , O4,6 =

(
s̄ibj)

V−A ∑
q

(
q̄jqi)

V∓A .
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Naive factorization
Heavy-to-light form factors:

b s

Λb Λ

ℓ

ℓ

〈Λ(p′,s′)`+`−|(s̄b)V−A
( ¯̀̀ )

V,A |Λb(p,s)〉
= 〈Λ(p′,s′)|(s̄b)V−A |Λb(p,s)〉︸ ︷︷ ︸〈`

+`−|
( ¯̀̀ )

V,A |0〉 .

Λb→ Λ form factors!

Ten independent Λb→ Λ form factors in QCD.
QCD factorization, SCET factorization, LCSR, Lattice QCD.

Parameterizations of Λb→ Λ matrix elements (helicity-based) [Feldmann and Yip, 2011]:

〈Λ(p′,s′)|s̄γµ b|Λb(p,s)〉 = Λ̄(p′,s′)
[

f 0
Λb→Λ(q

2)
mΛb −mΛ

q2 qµ

+f+
Λb→Λ

(q2)
mΛb +mΛ

s+

(
(p+p′)µ −

m2
Λb
−m2

Λ

q2 qµ

)

+f T
Λb→Λ(q

2)

(
γµ −

2mΛ

s+
pµ −

2mΛb

s+
p′µ

)]
Λb(p,s) .

Similar decompositions for the other matrix elements.
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Symmetry relations of Λb→ Λ form factors
Form factors in HQET limit [Manohar and Wise, 2000]:

〈Λ(p′,s′)|s̄Γb|Λb(p,s)〉= Λ̄(p′,s′)(F1 +F2v/)ΓΛb(v,s) .

implying the relations

f 0
Λb→Λ(q

2)' g+
Λb→Λ

(q2)' gT
Λb→Λ(q

2)' h̃+
Λb→Λ

(q2)' h̃T
Λb→Λ(q

2)' F1 +F2 ,

f+
Λb→Λ

(q2)' f T
Λb→Λ(q

2)' g0
Λb→Λ(q

2)' h+
Λb→Λ

(q2)' hT
Λb→Λ(q

2)' F1−F2 .

Form factors in SCET limit [Mannel and Y.M.W, 2011; Feldmann and Yip, 2011]:

〈Λ(p′,s′)|s̄Γb|Λb(p,s)〉= F1 Λ̄(p′,s′)ΓΛb(v,s) .

Only a single (soft) form factor in the heavy quark and the large recoil limit.

Factorization formula of the Λb→ Λ form factors [Wei Wang, 2011]:

Fi
Λb→Λ(q

2) = ΦΛb (ωi)⊗H(ωi,xi)⊗ΦΛ(xi)+O(ΛQCD/EΛ) .

I Spectator interaction with two-gluon exchange is of leading power parametrically.
I Leading power contribution calculable in QCDF and free of end-point divergence.
I Symmetry relations still hold when including the hard spectator interaction.
I Soft contribution is power suppressed, but numerically dominant.
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Λb→ Λ form factors from LCSRs with Λb-meson DAs
Starting point: correlation function [Y.M.W and Y.L. Shen, 2015]

Πµ,a(p,q) = i
∫

d4xeiq·x 〈0|T{jΛ(x), jµ,a(0)}|Λb(p)〉 ,

jµ,a = s̄ Γµ,a b , jΛ = εijk
(
uT

i C γ5n/dj
)

sk .

Different choices of the Λ-baryon current possible [Braun, Lenz and Wittmann, 2006].

Hadronic dispersion relations:

Πµ,V (p,q) =
fΛ(µ)(n ·p′)

m2
Λ
/n ·p′− n̄ ·p′− i0

n̄/
2

[
f T
Λb→Λ(q

2)γ⊥µ +
f 0
Λb→Λ

(q2)− f+
Λb→Λ

(q2)

2(1−n ·p′/mΛb )
nµ

+
f 0
Λb→Λ

(q2)+ f+
Λb→Λ

(q2)

2
n̄µ

]
Λb(p)+

∫ +∞

ωs
dω
′ 1

ω ′− n̄ ·p′− i0

× n̄/
2

[
ρ

h
V,⊥(ω

′,n ·p′)γ⊥µ +ρ
h
V,n(ω

′,n ·p′)nµ +ρ
h
V,n̄(ω

′,n ·p′) n̄µ

]
Λb(p) .

Similar expressions for the other correlation functions.

Potential “contamination" from the negative-parity baryons [Khodjamirian, Klein, Mannel and
Y.M.W, 2011].
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OPE calculation of the correlation function

b

u

d

q

p′

Factorization at tree level:

Π
(0)
µ,V(A)(p,q)

= f (2)
Λb

(µ)
∫ +∞

0
dω
′
1

∫ +∞

0
dω
′
2

ψ4(ω
′
1,ω

′
2)

ω ′1 +ω ′2− n̄ ·p′− i0

×(1,γ5)
n̄/
2
(γ⊥µ + n̄µ ) Λb(v)+O(αs) ,

Kinematics: n ·p′ ∼ O(mb) , |n̄ ·p′| ∼ O(Λ).

Light-cone DAs of the Λb-baryon [Ball, Braun and Gardi, 2008]:

f (2)
Λb

(µ)ψ4(ω
′
1,ω

′
2) =

∫ dt1
2π

∫ dt2
2π

ei(ω ′1t1+ω ′2t2)

×εijk 〈0|uT
i (t1n̄) [0, t1n̄]C γ5/ndj(t2n̄) [0, t2n̄]bk(0)|Λb(v)〉 .

[ψ2(ω
′
1,ω

′
2,µ) defined in a similar way.]

Power counting: Fi
Λb→Λ(q

2)∼ 1/(n ·p′)3.
Leading power contribution from the two-gluon-exchange diagrams.
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Factorization of the correlation function
Aim: Factorization of the correlation function [Y.M.W and Y.L. Shen, 2015]

Πµ,V(A) = (1,γ5)
n̄/
2
[
Π⊥,V(A) γ⊥µ +Πn̄,V(A) n̄µ +Πn,V(A) nµ

]
Λb(v) ,

Π⊥,V(A) = f (2)
Λb

(µ)C⊥,V(A)(n ·p′,µ)
∫

∞

0
dω1

∫
∞

0
dω2

1
ω1 +ω2− n̄ ·p′− i0

J
(

µ2

n̄ ·p′ωi
,

ωi

n̄ ·p′
)

ψ4(ω1,ω2,µ) .

Similar factorization formulae for the other invariant functions.

Strategy:
(i) Extract the hard and the hard-collinear contributions using the method of regions.
(ii) Prove the factorization-scale independence of the correlation functions.

Theory issues:
I Involved light-cone projector of the Λb-baryon (and more diagrams).

I Explicit RGE of ψ4(ω1,ω2,µ) unknown.

I The Λ-baryon current is not renormalization invariant.
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Factorization of the correlation function
QCD diagrams at one loop:

b

u

d

q

p′
(a) (b) (c)

(d) (e) (f)

(g)

Light-cone projector [Bell, Feldmann, Y.M.W and Yip, 2013]:

M2(ω
′
1,ω

′
2) =

n/
2

ψ2(ω
′
1,ω

′
2)+

n̄/
2

ψ4(ω
′
1,ω

′
2)

− 1
D−2

γ
µ

⊥

[
ψ

+−
⊥,1 (ω

′
1,ω

′
2)

n/n̄/
4

∂

∂kµ

1⊥
+ψ

−+
⊥,1 (ω

′
1,ω

′
2)

n̄/n/
4

∂

∂kµ

1⊥

]

− 1
D−2

γ
µ

⊥

[
ψ

+−
⊥,2 (ω

′
2,ω

′
2)

n/n̄/
4

∂

∂kµ

2⊥
+ψ

−+
⊥,2 (ω

′
1,ω

′
2)

n̄/n/
4

∂

∂kµ

2⊥

]
.
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Factorization of the correlation function
Hard functions:

C⊥,V(A)(n ·p′,µ) = 1− αs(µ)CF

4π

[
2 ln2 µ

n ·p′ +5 ln
µ

mb
−2Li2

(
1− 1

r

)

− ln2 r+
3r−2
1− r

lnr+
π2

12
+6
]
.

Similar for the other hard functions, but all are already known at two loops.

Jet function [Y.M.W and Y.L. Shen, 2015]:

J
(

µ2

n̄ ·p′ωi
,

ωi

n̄ ·p′
)

= 1+
αs(µ)

4π

4
3

{
ln2 µ2

n ·p′ (ω− n̄ ·p′) −2 ln
ω− n̄ ·p′
ω2− n̄ ·p′ ln

µ2

n ·p′ (ω− n̄ ·p′)

−1
2

ln
µ2

n ·p′ (ω− n̄ ·p′) − ln2 ω− n̄ ·p′
ω2− n̄ ·p′ +2 ln

ω− n̄ ·p′
ω2− n̄ ·p′

[
ω2− n̄ ·p′

ω1
− 3

4

]

−π2

6
− 1

2

}
.

Symmetry property of ψ4(ω1,ω2,µ) already used to reduce the expression.
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Factorization of the correlation function
Factorization-scale dependence:

d
d ln µ

Π⊥,V(A) =
αs(µ)

4π

4
3

∫
∞

0
dω1

∫
∞

0
dω2

1
ω1 +ω2− n̄ ·p′− i0

×
[

4 ln
µ

ω− n̄ ·p′ −4 ln
ω− n̄ ·p′
ω2− n̄ ·p′ −6

][
f (2)
Λb

(µ)ψ4(ω1,ω2,µ)
]

+
∫

∞

0
dω1

∫
∞

0
dω2

1
ω1 +ω2− n̄ ·p′− i0

d
d ln µ

[
f (2)
Λb

(µ)ψ4(ω1,ω2,µ)
]
.

u(k1)

b(v)

d(k2)
(a)

(e)

(b) (c) (d)

(f) (g) (h)

(i) (j)

Renormalization of ψ4(ω1,ω2,µ) yields

−αs(µ)

4π

4
3

∫
∞

0
dω1

∫
∞

0
dω2

1
ω− n̄ ·p′− i0

×
[

4 ln
µ

ω− n̄ ·p′ −4 ln
ω− n̄ ·p′
ω2− n̄ ·p′ −5

]

×
[
f (2)
Λb

(µ)ψ4(ω1,ω2,µ)
]
,

implying

d
d ln µ

[
Π⊥,V(A)(n ·p′, n̄ ·p′,µ)

fΛ(µ)

]
= 0 .
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Resummation of large logarithms
Distinguish the factorization scale µ from the renormalization scales for the Λ-baryon current (ν)
and the weak current in QCD (ν ′).

J
(

µ2

n̄ ·p′ωi
,

ωi

n̄ ·p′ ,ν
)

= J
(

µ2

n̄ ·p′ωi
,

ωi

n̄ ·p′
)
+δJ

(
µ2

n̄ ·p′ωi
,

ωi

n̄ ·p′ ,ν
)
,

CA
T(T̃)(n ·p

′,µ,ν ′) = CA
T(T̃)(n ·p

′,µ)+δCA
T(T̃)(n ·p

′,µ,ν ′) .

Determination of ν and ν
′ dependence:

d
d lnν

lnδJ
(

µ2

n̄ ·p′ωi
,

ωi

n̄ ·p′ ,ν
)

= −∑
k

(
αs(µ)

4π

)k

γ
(k)
Λ
,

d
d lnν ′

lnδCA
T(T̃)(n ·p

′,µ,ν ′) = −∑
k

(
αs(µ)

4π

)k

γ
(k)
T(T̃) .

Renormalization conditions:

δJ
(

µ2

n̄ ·p′ωi
,

ωi

n̄ ·p′ ,µ
)
= 0 , δCA

T(T̃)(n ·p
′,µ,µ) = 0 .

NLL resummation for the hard functions by solving the evolution equations in µ and ν
′.
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NLL resummation of Λb→ Λ form factors
Resummation improved form factors [Y.M.W and Y.L. Shen, 2015]:

fΛ(ν)(n ·p′)e−m2
Λ
/(n·p′ωM)

{
f T
Λb→Λ(q

2),gT
Λb→Λ(q

2)
}

= f (2)
Λb

(µ)
[
U1(n ·p′/2,µh,µ)C⊥,V(A)(n ·p′,µh)

] ∫ ωs

0
dω
′ e−ω ′/ωM ψ4,eff(ω

′,µ,ν) ,

fΛ(ν)(n ·p′)e−m2
Λ
/(n·p′ωM)

{
f 0
Λb→Λ(q

2),g0
Λb→Λ(q

2)
}

= f (2)
Λb

(µ)
[
U1(n ·p′/2,µh,µ)Cn̄,V(A)(n ·p′,µh)

] ∫ ωs

0
dω
′ e−ω ′/ωM ψ4,eff(ω

′,µ,ν)

+ f (2)
Λb

(µ)

(
1− n ·p′

mΛb

)
Cn,V(A)(n ·p′,µh)

∫
ωs

0
dω
′ e−ω ′/ωM ψ̃4(ω

′,µ) .

Similar for the remaining six form factors.

Only symmetry breaking effect from the hard gluon contribution taken into account.

Including the hard-collinear symmetry breaking effect [Feldmann and Yip, 2011]

f T
Λb→Λ(q

2) = [...]+
2mΛb

n ·p′ ∆ξΛ(n ·p′) , gT
Λb→Λ(q

2) = [...]−2mΛb

n ·p′ ∆ξΛ(n ·p′) ,

f 0
Λb→Λ(q

2) = [...]−2mΛb

n ·p′ ∆ξΛ(n ·p′) , g0
Λb→Λ(q

2) = [...]+
2mΛb

n ·p′ ∆ξΛ(n ·p′) .

∆ξΛ defined by the B-type SCET current, calculable with power-suppressed correction function.
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The Λb-baryon LCDAs
Light-cone distribution amplitudes of the Λb-baryon [Ball, Braun and Gardi, 2008]:

φ
I
4(ω,µ0) =

1
ω2

0
e−ω/ω0 ,

φ
II
4 (ω,µ0) =

1
ω2

0
e−(ω/ω1)

2
, ω1 =

√
2ω0 ,

φ
III
4 (ω,µ0) =

1
ω2

0

[
1−
√(

2− ω

ω2

)
ω

ω2

]
θ(ω2−ω) , ω2 =

√
12

10−3π
ω0 .

The shape of Fi
Λb→Λ(q

2) less model dependent.

Solid, dotted, and dashed curves
from Model-I, II and III.

Fitting f+
Λb→Λ

(0) = 0.18± 0.04
⇒
Model-I: ω0 = 280+47

−38 MeV ,

Model-II: ω0 = 386+45
−37 MeV ,

Model-III: ω0 = 273+38
−29 MeV .

f
Lb®L
T Hq2L

0 2 4 6 8
0.0

0.1

0.2

0.3

0.4

0.5

0.6

q2 HGeV2L
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Λb→ Λ form factors from the Λb-baryon LCSR

Factorization scale dependence and radiative correction:

I Dominant radiative effect from the NLO QCD correction instead of the QCD resummation.

I NLO correction dominated by the hard-collinear contribution instead of the hard fluctuation.
⇒ A complete calculation of the NLO jet function important!

I Radiative effect can induce 50 % reduction of the form factor.
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Λb→ Λ form factors from the Λb-baryon LCSR
The z-series expansion:

z(q2, t0) =

√
t+−q2−√t+− t0√
t+−q2 +

√
t+− t0

, t+ = (mBs +mπ )
2 <

(
mΛb +mΛ

)2
.

Parameterizations of Λb→ Λ form factors:

f T
Λb→Λ(q

2) =
[
f T
Λb→Λ(0)/

(
1−q2/m2

B∗s

)] {
1+b

f T
Λb→Λ

1

[
z(q2, t0)− z(0, t0)

]}
,

gT
Λb→Λ(q

2) = gT
Λb→Λ(0)

{
1+b

gT
Λb→Λ

1

[
z(q2, t0)− z(0, t0)

]}
.

The predicted form factors [Y.M.W and Y.L. Shen, 2015]:

Pink and blue bands predicted from LCSR and Lattice QCD [Detmold et al, 2012].
Reasonable agreement but different shapes, only HQET form factors from Lattice QCD.
Similar observation for the remaining form factors.
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Physical observables in Λb→ Λ`` decays
Predictions in the factorization limit:

d2Γ(Λb→ Λ`+`−)
dq2d cosθ

=
3
8

[
(1+ cos2

θ)HT (q2)+2cosθHA(q2)+2(1− cos2
θ)HL(q2)

]
.

Pink bands predicted by LCSR.

Purple squares from LHCb (2015).

Blue circles from CDF (2012).
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Concluding Remarks

Heavy-to-light form factors as fundamental inputs of describing heavy hadron decays.

I Factorization properties not fully understood in QCD.

I Can reproduce the factorization structure in QCD light-cone sum rules.

I Diagrammatic factorization of the correlation functions with the method of regions.

I Different B→ π form factor shapes from different sum rules at leading twist.

I Hard-collinear correction important for Λb→ Λ form factors.

Further developments:

I Higher Fock-state contributions to B→ π form factors.
⇒ Renormalization properties of three-particle B-meson DAs.

I Power suppressed contributions from the B-meson LCSR.

I Factorization of ξP(E) in SCETII.

I Non-form-factor contributions to Λb→ Λ`` decays at one loop.
⇒ Renormalization properties of higher twist Λb-baryon DAs.

I QCD factorization for Λb→ Λ`` at leading power.
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