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Key point is to calculate form factors !

First try in the light-front quark model !

Zhen-Xing Zhao is working on it!

2. Semi-leptonic decays !
!

Wei Wang, Fu-Sheng Yu, Zhen-Xing Zhao

From Prof. Lu’s slides
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Weak Decays of Doubly Heavy Baryon : Ξ0
bc→pK− and Ξ+

cc→Σ++cK−

R.H. Li, C.D.Lu, W.Wang, F.S.Yu, Z.T. Zou

Weak Decays of Doubly
Heavy Baryon :
the sequel 

Ø Spectroscopy
Ø decay constant
Ø lifetime
Ø SU(3) Analysis
Ø 1/2→1/2 case
Ø FCNC channels
Ø 1/2→3/2 case
Ø Light quark decay



EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH (CERN)

CERN-EP-2017-156
LHCb-PAPER-2017-018

July 6, 2017

Observation of the doubly charmed
baryon ⌅++

cc

LHCb collaboration†

Abstract

A highly significant structure is observed in the ⇤+
c

K�⇡+⇡+ mass spectrum, where
the ⇤+

c

baryon is reconstructed in the decay mode pK�⇡+. The structure is
consistent with originating from a weakly decaying particle, identified as the doubly
charmed baryon ⌅++

cc

. The mass, measured relative to that of the ⇤+
c

baryon, is
found to be 3621.40 ± 0.72 (stat) ± 0.27 (syst) ± 0.14 (⇤+

c

)MeV/c2, where the last
uncertainty is due to the limited knowledge of the ⇤+

c

mass. The state is observed
in a sample of proton-proton collision data collected by the LHCb experiment at
a center-of-mass energy of 13TeV, corresponding to an integrated luminosity of
1.7 fb�1, and confirmed in an additional sample of data collected at 8TeV.

Submitted to Phys. Rev. Lett.

c� CERN on behalf of the LHCb collaboration, license CC-BY-4.0.

†Authors are listed at the end of this paper.
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Weak Decays of Doubly Heavy Baryons: the 1/2→1/2 case

Weak Decays of Doubly Heavy Baryons: the SU(3) Analysis

Weak Decays of Doubly Heavy Baryons: decay constant

Weak Decays of Doubly Heavy Baryons: lifetime

Weak Decays of Doubly Heavy Baryons: the FCNC channels

Weak Decays of Doubly Heavy Baryons: the 1/2→3/2 case

Weak Decays of Doubly Heavy Baryon : Ξ0
bc→pK− and Ξ+

cc→Σ++cK−

R.H. Li, C.D.Lu, W.Wang, F.S.Yu, Z.T. Zou



Quark-diquark picture 1707,02834,W.Wang, F.S.Yu, Z.X. Zhao
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Key point is to calculate form factors !

First try in the light-front quark model !

Zhen-Xing Zhao is working on it!

2. Semi-leptonic decays !
!



形状因子的计算
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双粲重子的半轻衰变

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016) and 2017 update

K∗(892)− anything ( 6 ±5 ) % –
K∗(892)0 anything (23 ±5 ) % –
K∗(892)0 anything < 6.6 % CL=90% –
η anything ( 6.3 ±0.7 ) % –
η′ anything ( 1.04±0.18) % –
φ anything ( 1.03±0.12) % –

Leptonic and semileptonic modesLeptonic and semileptonic modesLeptonic and semileptonic modesLeptonic and semileptonic modes
e+ νe < 8.8 × 10−6 CL=90% 935

µ+ νµ ( 3.74±0.17) × 10−4 932

τ+ ντ < 1.2 × 10−3 CL=90% 90

K0 e+ νe ( 8.82±0.13) % 869

K0µ+ νµ ( 8.74±0.19) % 865

K−π+ e+ νe ( 3.89±0.13) % S=2.1 864

K∗(892)0 e+ νe , K∗(892)0 →

K−π+
( 3.66±0.12) % 722

(K−π+) [0.8–1.0]GeV e+ νe ( 3.39±0.09) % 864

(K−π+)S−wave e+νe ( 2.28±0.11) × 10−3 –
K∗(1410)0 e+ νe ,

K∗(1410)0 → K−π+
< 6 × 10−3 CL=90% –

K∗
2(1430)0 e+ νe ,

K∗
2(1430)0 → K−π+

< 5 × 10−4 CL=90% –

K−π+ e+ νe nonresonant < 7 × 10−3 CL=90% 864

K−π+µ+ νµ ( 3.65±0.34) % 851

K∗(892)0µ+ νµ ,

K∗(892)0 → K−π+
( 3.52±0.10) % 717

K−π+µ+ νµ nonresonant ( 1.9 ±0.5 ) × 10−3 851

K−π+π0µ+ νµ < 1.5 × 10−3 CL=90% 825

π0 e+νe ( 4.05±0.18) × 10−3 930

η e+ νe ( 1.14±0.10) × 10−3 855

ρ0 e+ νe ( 2.18+0.17
−0.25) × 10−3 774

ρ0µ+ νµ ( 2.4 ±0.4 ) × 10−3 770

ω e+νe ( 1.69±0.11) × 10−3 771

η′(958)e+ νe ( 2.2 ±0.5 ) × 10−4 689

φe+ νe < 1.3 × 10−5 CL=90% 657

Fractions of some of the following modes with resonances have already
appeared above as submodes of particular charged-particle modes.

K∗(892)0 e+ νe ( 5.40±0.10) % S=1.1 722

K∗(892)0 µ+νµ ( 5.25±0.15) % 717

K∗
0(1430)0µ+ νµ < 2.3 × 10−4 CL=90% 380

K∗(1680)0µ+ νµ < 1.5 × 10−3 CL=90% 105
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Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016) and 2017 update

χ2 tests of CP-violation (CPV )χ2 tests of CP-violation (CPV )χ2 tests of CP-violation (CPV )χ2 tests of CP-violation (CPV )

Local CPV in D± → π+π−π± = 78.1%
Local CPV in D±

→ K+K−π± = 31%

CP violating asymmetries of P-odd (T-odd) momentsCP violating asymmetries of P-odd (T-odd) momentsCP violating asymmetries of P-odd (T-odd) momentsCP violating asymmetries of P-odd (T-odd) moments

AT (K0
S K±π+π−) = (−12 ± 11) × 10−3 [b]

D+ form factorsD+ form factorsD+ form factorsD+ form factors

f+(0)
∣

∣Vcs

∣

∣ in K0 ℓ+ νℓ = 0.725 ± 0.015 (S = 1.7)
r1 ≡ a1/a0 in K0 ℓ+ νℓ = −1.8 ± 0.4
r2 ≡ a2/a0 in K0 ℓ+ νℓ = −3 ± 12 (S = 1.5)
f+(0)

∣

∣Vcd

∣

∣ in π0 ℓ+νℓ = 0.146 ± 0.007
r1 ≡ a1/a0 in π0 ℓ+νℓ = −1.4 ± 0.9
r2 ≡ a2/a0 in π0 ℓ+νℓ = −4 ± 5
f+(0)

∣

∣Vcd

∣

∣ in D+ → η e+ νe = 0.086 ± 0.006
r1 ≡ a1/a0 in D+

→ η e+νe = −1.8 ± 2.2
rv ≡ V(0)/A1(0) in D+ → ω e+ νe = 1.24 ± 0.11
r2 ≡ A2(0)/A1(0) in D+

→ ω e+ νe = 1.06 ± 0.16
rv ≡ V(0)/A1(0) in D+,D0 → ρe+νe = 1.48 ± 0.16
r2 ≡ A2(0)/A1(0) in D+,D0 → ρe+νe = 0.83 ± 0.12
rv ≡ V(0)/A1(0) in K∗(892)0 ℓ+ νℓ = 1.49 ± 0.05 (S = 2.1)
r2 ≡ A2(0)/A1(0) in K∗(892)0 ℓ+ νℓ = 0.802 ± 0.021
r3 ≡ A3(0)/A1(0) in K∗(892)0 ℓ+ νℓ = 0.0 ± 0.4
ΓL/ΓT in K∗(892)0 ℓ+νℓ = 1.13 ± 0.08
Γ+/Γ− in K∗(892)0 ℓ+νℓ = 0.22 ± 0.06 (S = 1.6)

Most decay modes (other than the semileptonic modes) that involve a neu-

tral K meson are now given as K0
S

modes, not as K0 modes. Nearly always

it is a K0
S

that is measured, and interference between Cabibbo-allowed
and doubly Cabibbo-suppressed modes can invalidate the assumption that
2 Γ(K0

S
) = Γ(K0).

Scale factor/ p

D+ DECAY MODESD+ DECAY MODESD+ DECAY MODESD+ DECAY MODES Fraction (Γi /Γ) Confidence level (MeV/c)

Inclusive modesInclusive modesInclusive modesInclusive modes
e+ semileptonic (16.07±0.30) % –
µ+ anything (17.6 ±3.2 ) % –
K− anything (25.7 ±1.4 ) % –
K0 anything + K0 anything (61 ±5 ) % –
K+ anything ( 5.9 ±0.8 ) % –
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Weak Decays of Doubly Heavy Baryons: the SU(3) Analysis
W. Wang, J. Xu, Z.P.Xing, 1707.06570



SU(3)分析
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ØDecays into a charmed baryon 
and a light meson

ØDecays into a light octet baryon 
and a charmed meson

ØDecays into a light decuplet
baryon and a charmed meson
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FIG. 4: Feynman diagrams for ⌅cc and ⌦cc decays into a charmed baryon and a light meson.
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FIG. 5: Feynman diagrams for ⌅cc and ⌦cc decays into a light baryon and a charmed meson.

Feynman diagrams for these decays are given in Fig. 5. Expanding the above equations, we will

obtain the decay amplitudes given in Tab. VII, which leads to the relations for decay widths:

�(⌅++
cc ! pD+) = �(⌅++

cc ! ⌃+D+
s ), �(⌅+

cc ! nD+) = �(⌦+
cc ! ⌅0D+

s ). (47)

TABLE VII: Doubly charmed baryons decays into a light baryon in the octet and a charmed meson.

channel amplitude channel amplitude

⌅++
cc ! ⌃+D+ 2c4 � c7 � 3c9 ⌅++

cc ! ⌃+D+
s (4c4 � 2 (c7 + 2c9)) sin(✓C)

⌅+
cc ! ⇤0D+ 2c4+2c5�c6�c7+9c8+9c9p

6
⌅++
cc ! pD+ (4c4 � 2 (c7 + 2c9)) sin(✓C)

⌅+
cc ! ⌃+D0 2c5 � c6 � 3c8 ⌅+

cc ! ⇤0D+
s

q
2
3 (2c4 � 4c5 + 2c6 � c7 + 6c9) sin(✓C)

⌅+
cc ! ⌃0D+ �2c4�2c5+c6+c7+3c8+3c9p

2
⌅+
cc ! ⌃0D+

s

p
2 (�2c4 + c7 + 4c8 + 2c9) sin(✓C)

⌅+
cc ! ⌅0D+

s 2c5 � c6 + 3c8 ⌅+
cc ! pD0 (4c5 � 2 (c6 + 2c8)) sin(✓C)

⌦+
cc ! ⌅0D+ 2c4 � c7 + 3c9 ⌅+

cc ! nD+ (4c4 + 4c5 � 2 (c6 + c7 � 2 (c8 + c9))) sin(✓C)

⌅++
cc ! pD+

s (�2c4 + c7 + 3c9) sin
2(✓C) ⌦+

cc ! ⇤0D+ �
q

2
3 (4c4 � 2c5 + c6 � 2c7 � 6c8) sin(✓C)

⌅+
cc ! nD+

s (�2c4 + c7 � 3c9) sin
2(✓C) ⌦+

cc ! ⌃+D0 (4c5 � 2 (c6 + 2c8)) sin(✓C)

⌦+
cc ! ⇤0D+

s

q
2
3 (2c4 + 2c5 � c6 � c7) sin

2(✓C) ⌦+
cc ! ⌃0D+

p
2 (�2c5 + c6 + 2c8 + 4c9) sin(✓C)

⌦+
cc ! ⌃0D+

s �3
p
2 (c8 + c9) sin

2(✓C) ⌦+
cc ! ⌅0D+

s (4c4 + 4c5 � 2 (c6 + c7 � 2 (c8 + c9))) sin(✓C)

⌦+
cc ! pD0 (�2c5 + c6 + 3c8) sin

2(✓C)

⌦+
cc ! nD+ (�2c5 + c6 � 3c8) sin

2(✓C)
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Feynman diagrams for these decays are given in Fig. 5. Expanding the above equations, we will
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⌦+
cc ! ⌅0D+ 2c4 � c7 + 3c9 ⌅+

cc ! nD+ (4c4 + 4c5 � 2 (c6 + c7 � 2 (c8 + c9))) sin(✓C)

⌅++
cc ! pD+

s (�2c4 + c7 + 3c9) sin
2(✓C) ⌦+
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q

2
3 (4c4 � 2c5 + c6 � 2c7 � 6c8) sin(✓C)
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s (�2c4 + c7 � 3c9) sin
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3 (2c4 + 2c5 � c6 � c7) sin
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cc ! ⌃0D+
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2 (�2c5 + c6 + 2c8 + 4c9) sin(✓C)
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s �3
p
2 (c8 + c9) sin

2(✓C) ⌦+
cc ! ⌅0D+

s (4c4 + 4c5 � 2 (c6 + c7 � 2 (c8 + c9))) sin(✓C)
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2(✓C)
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A. Decays into a charmed baryon and a light meson

With the above expressions, one may derive the e↵ective Hamiltonian for decays involving the

anti-triplet heavy baryons as

Heff = b3(Tcc)
i(T c3̄)[ij]M

k
l (H6)

jl
k + b4(Tcc)

i(T c3̄)[jl]M
k
i (H6)

jl
k + b5(Tcc)

i(T c3̄)[jk]M
k
l (H6)

jl
i

+b6(Tcc)
i(T c3̄)[ij]M

l
k(H15)

jk
l + b7(Tcc)

i(T c3̄)[jk]M
k
l (H15)

jl
i . (35)

For the sextet baryon, we have the Hamiltonian

Heff = b10(Tcc)
i(T c6){ij}M

k
l (H15)

jl
k + b11(Tcc)

i(T c6){jl}M
k
i (H15)

jl
k + b12(Tcc)

i(T c6){jk}M
k
l (H15)

jl
i

+b13(Tcc)
i(T c6){ij}M

l
k(H6)

jk
l + b14(Tcc)

i(T c6){jk}M
k
l (H6)

jl
i . (36)

Feynman diagrams for these decays are given in Fig. 4.

Expanding the above equations, we will obtain the decay amplitudes given in Tab. V for the

antitriplet baryon and Tab. VI for the sextet. Thus we have the following relations for decay

widths:

�(⌅++
cc ! ⇤+

c ⇡
+) = �(⌅++

cc ! ⌅+
c K

+), (37)

�(⌅+
cc ! ⌅+

c K
0) = �(⌦+

cc ! ⇤+
c K

0
), (38)

�(⌦+
cc ! ⌅0

c⇡
+) = �(⌅+

cc ! ⌅0
cK

+). (39)

For the decays into the sextet, we have:

�(⌅++
cc ! ⌃++

c ⇡0) =
1

3
�(⌅++

cc ! ⌃++
c ⌘), (40)

�(⌅++
cc ! ⌃+

c ⇡
+) = �(⌅++

cc ! ⌅0+
c K+), (41)

�(⌅+
cc ! ⌃++

c ⇡�) = �(⌦+
cc ! ⌃++

c K�), (42)

�(⌅+
cc ! ⌃0

c⇡
+) = �(⌦+

cc ! ⌦0
cK

+), (43)

�(⌅+
cc ! ⌅0+

c K0) = �(⌦+
cc ! ⌃+

c K
0
), (44)

�(⌦+
cc ! ⌅00

c ⇡
+) = �(⌅+

cc ! ⌅00
c K

+). (45)

B. Decays into a light octet baryon and a charmed meson

The e↵ective Hamiltonian for the decays of Tcc into a light octet baryon and a charmed meson

is given as

Heff = c4(Tcc)
lD

m
✏ijk(T8)

k
l (H6)

ij
m + c5(Tcc)

lD
m
✏ijk(T8)

k
m(H6)

ij
l + c6(Tcc)

lD
i
✏ijk(T8)

k
m(H6)

jm
l

+c7(Tcc)
iD

l
✏ijk(T8)

k
m(H6)

jm
l + c8(Tcc)

lD
i
✏ijk(T8)

k
m(H15)

jm
l + c9(Tcc)

iD
l
✏ijk(T8)

k
m(H15)

jm
l .

(46)
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jm
l
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iD

l
✏ijk(T8)
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✏ijk(T8)

k
m(H15)

jm
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l
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宽度关系：

Global fit in future? 
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1 Introduction

Lifetimes are among the most fundamental properties of elementary particles. In this work we
consider lifetimes of hadrons containing heavy quarks, which decay via the weak interaction.
Their masses and lifetimes read (according to PDG [1] and HFAG [2])

B-mesons

Bd = (b̄d) B+ = (b̄u) Bs = (b̄s) B+
c = (b̄c)

Mass (GeV) 5.27955(26) 5.27925(26) 5.3667(4) 6.2745(18)
Lifetime (ps) 1.519(5) 1.638(4) 1.512(7) 0.500(13)
τ(X)/τ(Bd) 1 1.076± 0.004 0.995± 0.006 0.329± 0.009

(1.1)

b-baryons

Λb = (udb) Ξ0
b = (usb) Ξ−

b = (dsb) Ω−

b = (ssb)
Mass (GeV) 5.6194(6) 5.7918(5) 5.79772(55) 6.071(40)
Lifetime (ps) 1.451(13) 1.477(32) 1.599(46) 1.54

(

+26
−22

)

τ(X)/τ(Bd) 0.955± 0.009 0.972± 0.021 1.053± 0.030 1.01
(

+17
−14

)

(1.2)

The masses and the lifetimes of the Ξ0
b , Ξ

−

b and the Ω−

b have been measured by the LHCb
Collaboration [3, 4, 5] just after the first version of this article appeared on the arXiv. We
have given above these new values instead of the HFAG and PDG averages. Alternative
lifetime averages were, e.g., obtained in [6].

D-mesons

D0 = (ūc) D+ = (d̄c) D+
s = (s̄c)

Mass (GeV) 1.86491(17) 1.8695(4) 1.9690(14)
Lifetime (ps) 0.4101(15) 1.040(7) 0.500(7)
τ(X)/τ(D0) 1 2.536± 0.017 1.219± 0.017

(1.3)

c-baryons

Λc = (udc) Ξ+
c = (usc) Ξ0

c = (dsc) Ωc = (ssc)
Mass (GeV) 2.28646(14) 2.4676

(

+4
−10

)

2.47109
(

+35
−100

)

2.6952
(

+18
−16

)

Lifetime (ps) 0.200(6) 0.442(26) 0.112
(

+13
−10

)

0.069(12)
τ(X)/τ(D0) 0.488± 0.015 1.08(6) 0.27(3) 0.17± 0.03

(1.4)

One of the first observations to make is the fact that all lifetimes are of the same order of
magnitude, they are all in the pico-second range and they differ at most by a factor of 25.
Looking exclusively at hadrons containing one b-quark (and no c-quark), one even finds that
all lifetimes are equal within about 10%. This clearly calls for a theoretical explanation.
In this review we will discuss the theoretical framework describing decay rates of inclusive

1

from r, thus leading to an estimated overall error of about ±0.06. As soon as Ξb-matrix ele-
ments are available the ratio in Eq.(4.156) can be determine more precisely than τ(Λb)/τ(Bd).
If we further approximate τ̄(Ξ0

b) = τ(Λb) - here similar cancellations are expected to arise as
in τBs/τBd

- , then we arrive at the following prediction

τ(Λb)

τ̄(Ξ+
b )

HQE2014

= 0.95± 0.06 . (4.157)

From the new measurements of the LHCb Collaboration [3, 4] (see also the CDF update
[175]), we deduce

τ(Ξ0
b)

τ(Ξ+
b )

LHCb2014

= 0.92± 0.03 , (4.158)

τ(Ξ0
b)

τ(Λb)

LHCb2014

= 1.006± 0.021 , (4.159)

τ(Λb)

τ(Ξ+
b )

LHCb2014

= 0.918± 0.028 , (4.160)

which is in perfect agreement with the predictions above in Eq.(4.156) and Eq.(4.157), within
the current uncertainties.

4.3 D-meson lifetimes

In [9] the NLO-QCD corrections for the D-meson lifetimes were completed. Including 1/mc-
corrections as well as some assumptions about the hadronic matrix elements one obtains

τ(D+)

τ(D0)

HQE2013

= 2.2± 0.4(hadronic)
+0.03(scale)

−0.07 , (4.161)

τ(D+
s )

τ(D0)

HQE2013

= 1.19± 0.12(hadronic)
+0.04(scale)

−0.04 , (4.162)

being very close to the experimental values shown in Eq.(1.3). Therefore this result seems to
indicate that one might apply the HQE also to lifetimes of D-mesons, but definite conclusions
cannot not be drawn without a reliable non-perturbative determination of the hadronic matrix
elements, which is currently missing.

4.4 Mixing quantities

The current status of mixing quantities, both in the B- and the D-system, was very recently
reviewed in [177]. The arising set of observables allows for model-independent searches for
new physics effects in mixing, see e.g. [178, 179]. We discuss here only the decay rate
differences ∆Γs, because this provided one of the strongest proofs of the HQE. The HQE
prediction - based on the NLO-QCD corrections [107, 130, 131, 180] and sub-leading HQE
corrections [137, 138] gave in 2011 [165]

∆ΓHQE2011
s = (0.087± 0.021) ps−1 . (4.163)

41
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Semileptonic Ds decays in the Standard Model
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a1(1260), a1(1420) and the production in heavy meson decays

Wei Wang1,2 ⇤, and Zhen-Xing Zhao1 †
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The a
1

(1420) with IG(JPC) = 1�(1++) observed in the ⇡+f
0

(980) final state in the ⇡�p !
⇡+⇡�⇡�p process by the COMPASS collaboration seems unlikely to be an ordinary q̄q mesonic state.

Available theoretical explanations include tetraquark or rescattering e↵ects due to a
1

(1260) decays.

If the a
1

(1420) were induced by the rescattering, its production rates are completely determined

by those of the a
1

(1260). In this work, we propose to explore the ratios of branching fractions

of heavy meson weak decays into the a
1

(1420) and a
1

(1260), and testing the universality of these

ratios would be a straightforward way to validate/invalidate the rescattering explanation. The decay

modes include in the charm sector the D0 ! a�
1

`+⌫ and D0 ! ⇡±a⌥
1

, and in the bottom sector

B
0 ! a+

1

`�⌫̄, B ! Da
1

,⇡±a⌥
1

, Bc ! J/ a
1

and ⇤b ! ⇤ca1

. We calculate the branching ratios

for various decay modes into the a
1

(1260). The numerical results indicate that there is a promising

prospect to study these decays on experiments including BES-III, LHCb, Babar, Belle and CLEO-

c, the forthcoming Super-KEKB factory and the under-design Circular Electron-Positron Collider.

Experimental analyses in future will lead to a deeper understanding of the nature of the a
1

(1420).

I. INTRODUCTION

D = (D0, D+, D+
s ) (1)

�p =

0

B@
0

�d

�s

1

CA (2)

H = D.P.�p (3)

H = D.P.P.�p +D.�p ⇥ Tr[P.P ] (4)

mµ = 0.1GeV, mD ⇠ 2GeV (5)

m2
µ

(mB/2)2
⇠ 1⇥ 10�3,

m2
µ

(mD/2)2
⇠ % (6)

⇤ Email:wei.wang@sjtu.edu.cn
† Email:star 0027@sjtu.edu.cn

c q

q̄ q̄

l+

ν

q̄
q

D->P1P2lν

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016)

η anything ( 6.3 ± 0.7 ) % –
η′ anything ( 1.04± 0.18) % –
φ anything ( 1.03± 0.12) % –

Leptonic and semileptonic modesLeptonic and semileptonic modesLeptonic and semileptonic modesLeptonic and semileptonic modes
e+ νe < 8.8 × 10−6 CL=90% 935

µ+ νµ ( 3.74± 0.17) × 10−4 932

τ+ ντ < 1.2 × 10−3 CL=90% 90

K0 e+ νe ( 8.90± 0.15) % 869

K0µ+ νµ ( 9.3 ± 0.7 ) % 865

K−π+ e+ νe ( 3.91± 0.11) % 864

K∗(892)0 e+ νe , K∗(892)0 →
K−π+

( 3.68± 0.10) % 722

(K−π+)S−wave e+νe ( 2.26± 0.11) × 10−3 –
K∗(1410)0 e+ νe ,

K∗(1410)0 → K−π+
< 6 × 10−3 CL=90% –

K∗
2(1430)0 e+ νe ,

K∗
2(1430)0 → K−π+

< 5 × 10−4 CL=90% –

K−π+ e+ νe nonresonant < 7 × 10−3 CL=90% 864

K−π+µ+ νµ ( 3.9 ± 0.4 ) % 851

K∗(892)0µ+ νµ ,

K∗(892)0 → K−π+
( 3.52± 0.10) % 717

K−π+µ+ νµ nonresonant ( 2.1 ± 0.5 ) × 10−3 851

K−π+π0µ+ νµ < 1.6 × 10−3 CL=90% 825

π0 e+νe ( 4.05± 0.18) × 10−3 930

η e+ νe ( 1.14± 0.10) × 10−3 855

ρ0 e+ νe ( 2.18+ 0.17
− 0.25) × 10−3 774

ρ0µ+ νµ ( 2.4 ± 0.4 ) × 10−3 770

ω e+νe ( 1.69± 0.11) × 10−3 771

η′(958)e+ νe ( 2.2 ± 0.5 ) × 10−4 689

φe+ νe < 1.3 × 10−5 CL=90% 657

Fractions of some of the following modes with resonances have already
appeared above as submodes of particular charged-particle modes.

K∗(892)0 e+ νe ( 5.52± 0.15) % 722

K∗(892)0 µ+νµ ( 5.30± 0.15) % 717

K∗
0(1430)0µ+ νµ < 2.5 × 10−4 CL=90% 380

K∗(1680)0µ+ νµ < 1.6 × 10−3 CL=90% 105

Hadronic modes with a K or K K KHadronic modes with a K or K K KHadronic modes with a K or K K KHadronic modes with a K or K K K
K0

S π+ ( 1.53± 0.06) % S=2.8 863

K0
Lπ+ ( 1.46± 0.05) % 863

K− 2π+ [tt] ( 9.46± 0.24) % S=2.0 846

HTTP://PDG.LBL.GOV Page 35 Created: 10/1/2016 20:05
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mass spectra in the p !p annihilation do not show a distinct
resonance structure below 900 MeV [8], the existence of
the f0ð600Þ meson is allowed in many processes, for
instance the !N scattering [9], the nonleptonic Dþ !
!þ!$!þ decay channel [10–12], and the J=c !
!!þ!$ [13] and c ð2SÞ!þ!$ [14,15]. This pole is also
derived in the analysis based on chiral symmetry and Roy
equations [16,17] and the analysis using unitarized chiral
perturbation theory [18]. References [19,20] analyzed the
" ! ## process and found that the data are consistent
with a two-step process of ## ! !þ!$ with a subsequent
final state interaction !þ!$ ! !0!0. This conclusion
prevents us from learning anything new from the coupling
of f0ð600Þ with 2#. This situation is also similar for the
K%

0ð800Þ meson. For example, the data from the BES-II
implies a $-like structure in J=c decays into !K0%Kþ!$

[21,22]. A number of phenomenological analysis find a
light and broad state consistent with K%

0ð800Þ (see many
references in the review [1] by the Particle Data Group [6])
but this pole is absent in some other works [23–26]. The
inconsistency between different analysis implies complex-
ities in the nature of the f0ð600Þ and K%

0ð800Þ resonances.
Assuming the existence of the K%

0ð800Þ and f0ð600Þ,
there are nine mesons together below or near 1 GeV, and
in this case it is reasonable to assume the nonet for scalar
mesons below or near 1 GeV consisting of f0ð600Þ,
K%

0ð800Þ, f0ð980Þ, and a0ð980Þ. In the !qq picture, scalar
mesons are viewed as P-wave states [27], whose flavor
wave functions are given by

jf0ð600Þi ¼
1ffiffiffi
2

p ðj !uuiþ j !ddiÞ ' j !nni;

jf0ð980Þi ¼ j!ssi; ja00ð980Þi ¼
1ffiffiffi
2

p ðj !uui$ j !ddiÞ;

ja$0 ð980Þi ¼ j !udi; jaþ0 ð980Þi ¼ j !dui:

(1)

In this picture, f0ð980Þ is mainly made up of !ss, which is
supported by the large production rates in J=c !
%f0ð980Þ and % ! f0ð980Þ# decays [6]. Meanwhile, the
experimental data also indicates the nonstrange component
of f0ð980Þ: the BR of J=c ! !f0ð980Þ is comparable
with that of J=c ! %f0ð980Þ. In order to accommodate
the experimental data, f0ð980Þ is supposed to be the mix-
ture of !nn and !ss as

jf0ð980Þi ¼ j!ssi cos&þ j !nni sin&;
jf0ð600Þi ¼ $j!ssi sin&þ j !nni cos&:

(2)

Using the BRs of J=c ! f0ð980Þ% and J=c !
f0ð980Þ!, the ratio between the coupling constants of
f0ð980ÞK !K and f0ð980Þ!!, and the BR of % !
f0ð980Þ#, the mixing angle & is constrained as [28]

25( < &< 40(; 140( < &< 165(: (3)

Because of the large decay width of the f0ð600Þmeson, the

mixing angle is usually identified as an energy-dependent
variable. In the above determination, the mixing angle has
been taken as a constant variable.
From the allowed range of the mixing angle given above,

we can see that f0ð980Þ is dominated by the !ss component.
The expected dominant decay channel f0ð980Þ ! K !K is
suppressed by the small phase space. Then the f0ð980Þ !
!! decay becomes dominant arising from some nonper-
turbative interactions such as the rescattering mechanism.
This is supported by the experimental data [6].
The classical !qq picture meets with several difficulties.

For example, since the s quark is expected to be heavier
than the u=d quark, it is difficult to explain the fact that the
strange meson K%

0ð800Þ is lighter than the isotriplet mesons
a0ð980Þ, and the isosinglet meson f0ð980Þ has a degenerate
mass with a0ð980Þ. Moreover, since scalar mesons are
identified as the P-wave states in the !qq description, it is
difficult to explain why the K%

0ð800Þ meson is lighter than
its vector partner K%ð892Þ.
Inspired by these difficulties, other candidate scenarios

are proposed. In Ref. [29], scalar mesons are identified as
diquark-diquark states. In the SU(3) flavor space, the two
quarks can form two multiplets as

3 ) 3 ¼ !3 * 6; (4)

while the other two antiquarks reside in 3 or !6 multiplets.
The diquark in a scalar meson is taken to be totally anti-
symmetric for all quantum numbers, color antitriplet, fla-
vor antitriplet, and spin 0. The q2ð !qÞ2 states make a flavor
nonet, whose internal structures are given as

jf0ð600Þi ¼ j !uu !ddi; jf0ð980Þi ¼ j !nn!ssi;

ja00ð980Þi ¼
1ffiffiffi
2

p jð !uu$ !ddÞ !ssi;

jaþ0 ð980Þi ¼ j !du!ssi; ja$0 ð980Þi ¼ j !ud!ssi:

(5)

Taking the mixing into account, the isosinglet mesons are
expressed as

jf0ð980Þi ¼ j !nn!ssi cos%þ j !uu !ddi sin%;

jf0ð600Þi ¼ $j !nn!ssi sin%þ j !uu !ddi cos%;
(6)

where the % is constrained as [30]

% ¼ ð174:6þ3:4
$3:2Þ(: (7)

Apart from the !qq and the tetraquark picture (diquark-
diquark), there exists another promising candidate inter-
pretation of scalar mesons: they are molecule states.
Reference [31] found within a potential model that scalar
tetraquark systems can only appear in the form of the K !K
molecules. The pair of the isodoublet kaons can form four
different states: three mesons as an isovector and one
isosinglet meson, which can easily explain the degeneracy
of the mass of a0ð980Þ and f0ð980Þ. More importantly the
K%

0ð800Þ and f0ð600Þ mesons are irrelevant and thus this

WEI WANG AND CAI-DIAN LÜ PHYSICAL REVIEW D 82, 034016 (2010)
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scheme is also consistent with the absence of these two
resonances as physical states. The molecule description
has also been successfully applied in different processes;
for instance the effective Hamiltonian approach within the
molecule picture has been used to compute the f0ð980Þ !
!! and f0ð980Þ ! "" decays [32]. It is worthwhile men-
tioning that our proposed method in the following section
is invalid under this interesting picture since the production
rates of f0ð600Þ will be used.

The identification of the scalar mesons below 1 GeV as
the four-quark states or molecule states can raise the ques-
tion about the scalar !qq states. The experimentalists have
observed several scalar mesons above 1 GeV. The expec-
tation from the naive quark model that !qq scalar mesons
(L ¼ 1) are expected to be heavier than the vector !qq
partners (L ¼ 0) may also give us a hint that the scalar
!qq nonet is made of the several heavier mesons: the iso-
vector and isodoublet mesons a0ð1450Þ and K$

0ð1430Þ and
the isosinglet mesons f0ð1370Þ, f0ð1500Þ, and f0ð1710Þ
with some ambiguities in the choice of the ninth member
since the isosinglet mesons can mix with the scalar gluebll
state through the QCD interactions. Nevertheless, since
this work mainly concerns the scalar mesons below
1 GeV, we will refrain from more discussions of the nature
of this heavier !qq nonet.

III. SU(3) RELATIONS

Although the nature of scalar mesons is very compli-
cated, we will focus on two simple pictures and analyze
their productions in the heavy meson decays. Feynman
diagrams for Dþ ! Slþ# decays in two different pictures
are given in Fig. 1. The left panel is for the two-quark
scenario, while the right panel is for the four-quark sce-
nario. If a scalar meson is made of !qq, the light quark is
generated from the electroweak vertex and the antiquark !d
serves as a spectator. Thus, only the component !dd con-
tributes to semileptonic D decays. In the SU(3) symmetry
limit, decay amplitudes of D ! f0ð980Þðf0ð600ÞÞl# chan-
nels under the q !q picture have the following relation:

A ðDþ ! f0ð980Þlþ#Þ ¼ & sin$Â;

AðDþ ! f0ð600Þlþ#Þ ¼ & cos$Â;
(8)

where the transition amplitude Â is defined as

Â ' AðDþ ! a00ð980Þlþ#Þ: (9)

This leads to a sum rule

BðDþ ! a00ð980Þlþ#Þ ¼ BðDþ ! f0ð980Þlþ#Þ
þBðDþ ! f0ð600Þlþ#Þ; (10)

which is independent of the mixing angles. One may worry
about the accuracy of our above result because of the
possible large QCD scattering effect. However, if we use
the hadron picture, we can still get the same result. The d !d
pair produced from the weak interaction in Fig. 1(a) can
form isospin 0 and isospin 1 states with the ratio of 1:1. The
ratio is directly obtained from the Clebsch-Gordan coef-
ficients. Although the QCD scattering can mix between
states, the nonperturbative QCD interactions conserve the
isospin. Therefore, the sum of production rates of isospin 0
states on the right-hand side of Eq. (10) is always equal to
production rates of the isospin 1 states on the left-hand side
of Eq. (10). The isospin breaking effect in strong interac-
tion is negligible.
If a scalar meson is composed of four quarks, besides the

light quark from the electroweak vertex and the spectator,
another !qq pair is generated from the QCD vacuum. This
quark pair could be !ss or !uu, where both !dd!ss and !uu !dd
contribute. The decay amplitudes are given as

A ðDþ ! f0ð980Þlþ#Þ ¼ &ðcos%þ
ffiffiffi
2

p
sin%ÞÂ;

AðDþ ! f0ð600Þlþ#Þ ¼ ðsin%&
ffiffiffi
2

p
cos%ÞÂ;

(11)

which gives

BðDþ ! a00ð980Þlþ#Þ ¼ 1
3½BðDþ ! f0ð980Þlþ#Þ
þBðDþ ! f0ð600Þlþ#Þ): (12)

It is meaningful to define the ratio of partial decay
widths

R ¼ BðDþ ! f0ð980Þlþ#Þ þBðDþ ! f0ð600Þlþ#Þ
BðDþ ! a00ð980Þlþ#Þ

:

(13)

The ratio is 1 for the two-quark description, while it is 3 for
the four-quark description of scalar mesons. Similarly for
semileptonic B ! Sl !# decays, the charm quark in Fig. 1 is
replaced by a bottom quark and the !d quark is replaced by a
!u quark, while leptons are replaced by their charge con-
jugates. We have the same sum rules

R ¼ BðB& ! f0ð980Þl& !#Þ þBðB& ! f0ð600Þl& !#Þ
BðB& ! a00ð980Þl& !#Þ

¼
" 1 two quark

3 tetra-quark
: (14)

FIG. 1 (color online). Feynman diagrams of Dþ decays into a
scalar meson. The left diagram is for the two-quark picture,
while the right diagram is for the four-quark mesons.
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FIG. 1: Feynman diagrams of D+ decays into a scalar me-
son. The left diagram is for two-quark picture, while the right
diagram is for the four-quark mesons.

identified as diquark-diquark states. In the SU(3) flavor
space, the two quarks can form two multiplets as

3⊗ 3 = 3̄⊕ 6, (4)

while the other two antiquarks reside in 3 or 6̄ multiplets.
The diquark in a scalar meson is taken to be totally an-
tisymmetric for all quantum numbers, color antitriplet,
flavor antitriplet, spin 0. The q2(q̄)2 states make a flavor
nonet, whose internal structure is given as:

|σ⟩ = ūud̄d, |f0⟩ = |n̄ns̄s⟩, (5)

|a00⟩ =
1√
2
(ūu− d̄d)s̄s, |a+0 ⟩ = |d̄us̄s⟩, |a−0 ⟩ = |ūds̄s⟩.

Taking the mixing into account, the isosinglet mesons are
expressed as

|f0⟩ = |n̄ns̄s⟩ cosφ+ |ūud̄d⟩ sinφ,
|σ⟩ = −|n̄ns̄s⟩ sinφ+ |ūud̄d⟩ cosφ, (6)

where the φ between f0 and σ meson is constrained as [8]

φ = (174.6+3.4
−3.2)

◦. (7)

The Feynmann diagrams forD+ → Sl+ν decays in two
different pictures are given in Fig. 1. The left diagram is
for the two-quark scenario, while the right diagram is for
the four-quark scenario. If a scalar meson is made of q̄q,
the light quark is generated from the electroweak vertex
and the antiquark d̄ serves as a spectator. Thus only
the component d̄d contributes to semileptonic D decays.
In the SU(3) symmetry limit, decay amplitudes of D →
f0(σ)lν channels under the qq̄ picture have the following
relation

A(D+ → f0l
+ν) = − sin θÂ,

A(D+ → σl+ν) = − cos θÂ, (8)

where the transition amplitude Â is defined as

Â ≡ A(D+ → a00l
+ν). (9)

This leads to

B(D+ → a00l
+ν) = B(D+ → f0l

+ν) + B(D+ → σl+ν).(10)

If a scalar meson is composed of four quarks, besides the
light quark from the electroweak vertex and the specta-
tor, another q̄q pair is generated from the QCD vacuum.
The decay amplitudes are given as

A(D+ → f0l
+ν) = −(cosφ+

√
2 sinφ)Â,

A(D+ → σl+ν) = (sinφ−
√
2 cosφ)Â, (11)

which gives

B(D+ → a00l
+ν) =

1

3
[B(D+ → f0l

+ν) + B(D+ → σl+ν)].

(12)

It is meaningful to define the ratio of partial decay
widths

R =
B(D+ → f0l+ν) + B(D+ → σl+ν)

B(D+ → a00l
+ν)

. (13)

Clearly, the ratio is 1 for the two-quark description, while
it is 3 for the four-quark description of scalar mesons.
Similarly for semileptonic B → Slν̄ decays, the charm
quark in Fig.1 is replaced by a bottom quark and the d̄
quark is replaced by a ū quark, while leptons are replaced
by their charge conjugates. We have the same sum rules

R =
B(B− → f0l−ν̄) + B(B− → σl−ν̄)

B(B− → a00l
−ν̄)

=

{

1 two quark
3 tetra-quark

. (14)

Remember that these numbers are obtained in the
SU(3) symmetry limit. It is necessary to estimate the
size of SU(3) symmetry breaking effects. For example,
the isospin singlet scalar mesons have different masses,
which can change the phase space in the semileptonic
D/B decays. Fortunately, this SU(3) breaking effect can
be well studied, which almost does not depend on the
internal structure of scalar mesons or the strong interac-
tions. The mass of f0 is well measured but the mass of σ
meson has large uncertainties mσ = (0.4−1.2) GeV. This
big range of masses indeed induces large differences to D
decays, since the D meson mass is only 1.87GeV. The
branching ratio of the semileptonic decay is affected by a
factor of (0.31− 5.4) depending on the mass of the σ me-
son. Therefore the sum rule in eq.(13) is not good unless
the σ meson mass is well measured. But in B meson de-
cays, the sum rule in eq.(13) will not be affected sizably,
since the σ meson mass is negligible compared with the
large B meson mass. Numerically, this correction factor
in B decays is (0.9− 1.1).
Another SU(3) breaking effect comes from the decay

form factors of various scalar mesons. In the two-quark
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FIG. 6: The non-strange and strange ⇡⇡ and KK̄ scalar form factors obtained in the unitarized chiral perturbation theory.

The modulus, real part and imaginary part are shown in solid, dashed and dotted curves.

The expressions for the Ri are obtained by matching the unitarization and chiral perturbation theory [51, 80]:

Rn
1

(s) =

r
3

2

⇢
1 + µ⇡ � µ⌘

3
+

16m2

⇡

f2

(2Lr
8

� Lr
5

) + 8 (2Lr
6

� Lr
4

)
2m2

K + 3m2

⇡

f2

+
8s

f2

Lr
4

+
4s

f2

Lr
5

� m2

⇡

288⇡2f2


1 + log

 
m2

⌘

µ2

!��
, (49)

Rs
1

(s) =

p
3

2

(
16m2

⇡

f2

(2Lr
6

� Lr
4

) +
1

3

8s

f2

Lr
4

� m2

⇡

72⇡2f2
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1 + log
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⌘

µ2

!#)
, (50)
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2
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1p
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⇢
1 +

8Lr
4
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�
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K �m2

⇡

�
+

4Lr
5
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�
s� 4m2

K
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16Lr
6

f2

�
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, (51)
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, (52)

where the factor 1/3 in Rs
1

(s) is missing in Ref. [51].

With the above formulae and the fitted results for the low-energy constants Lr
i in Ref. [51] (evolved from M⇢ to

f0(980) 
a dip

f0(980): 
a bump

25
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We use the following choice in our study of D ! ⇡⇡`⌫̄:

�m = �⇢. (47)

In the narrow width-limit, the integration of the lineshape is conducted as
Z

dm2

⇡⇡|L⇢(m
2

⇡⇡)|2 = B(⇢0 ! ⇡�⇡+) = 1. (48)

However with the explicit form given in Eq.(29), we find that the integration

Z
(m⇢+�m)

2

(m⇢��m)

2

dm2

⇡⇡|L⇢(m
2

⇡⇡)|2 = 0.70 (49)

is below the expected value. On the other hand, the integrated S-wave lineshape in this region is

Z
(m⇢+�m)

2

(m⇢��m)

2

dm2

⇡⇡|LS(m
2

⇡⇡)|2 = 0.37, (50)

which is smaller but at the same order. Integrated from m⇢ � �⇢ to m⇢ + �⇢, we have

B(D� ! ⇢0(! ⇡+⇡�)e�⌫̄) = (1.57± 0.07)⇥ 10�3/(1.51± 0.26)⇥ 10�3 (LFQM/LCSR), (51)

B(D� ! ⇢0(! ⇡+⇡�)µ�⌫̄) = (1.57± 0.07)⇥ 10�3/(1.51± 0.26)⇥ 10�3 (LFQM/LCSR). (52)

The S-wave branching fraction for 2m⇡ < m⇡⇡ < 1.0 GeV is given as

B(D� ! (⇡+⇡�)Se
�⌫̄) = (6.99± 2.46)⇥ 10�4, (53)

B(D� ! (⇡+⇡�)Sµ
�⌫̄) = (7.20± 2.52)⇥ 10�4. (54)

Above 1 GeV, the unitarized �PT will fail and thus we are lack of any reliable prediction.

Furthermore, one may explore the q2-dependent ratio

Rµ/e
⇡⇡ (q2) =

hd�(D ! ⇡⇡µ⌫̄µ)/dq2i
hd�(D ! ⇡⇡e⌫̄e)/dq2i

. (55)

Di↵erential decay widths for D ! ⇡⇡`⌫̄` are given in Fig. 5, with ` = e in panel (a) and ` = µ in panel (b). The

q2-dependent ratio R
µ/e
⇡⇡ is given in panel (c). Errors from the form factors and QCD condensate parameter B

0

are

shown as shadowed bands, and most errors cancel in the ratio R
µ/e
⇡⇡ given in panel (c).

B. Distribution in ✓⇡+

We explore the distribution in ✓⇡+ :

d3�

dq2dm2

⇡⇡d cos ✓⇡+

=
⇡

2
(3I

1

� I
2

)

=
1

8

⇢
(4 + 2m̂2

l )|A0

0

|2 + 6m̂2

l |A0

t |2

+
p
3(8 + 4m̂2

l ) cos ✓⇡+Re[A0

0

A1⇤
0

] + 12
p
3m̂2

l cos ✓⇡+Re[A0

tA
1⇤
t ]

+(12 + 6m̂2

l )|A1

0

|2 cos2 ✓⇡+ + 18m̂2

l cos
2 ✓⇡+ |A1

t |2

+(6 + 3m̂2

l ) sin
2 ✓⇡+(|A1

?|2 + |A1

|||2)
�
. (56)

Compared to the distribution with only P-wave contribution, namely D ! ⇢(! ⇡⇡)`⌫̄, the first two lines of Eq. (56)

are new: the first one is the S-wave ⇡⇡ contribution, while the second line arises from the interference of S-wave and



expectations from a ! resonance and concluded that the
presence of a ! could be neglected. They used a Breit-
Wigner distribution for the ! amplitude, with values mea-
sured by the E791 Collaboration [28] for the mass and
width of this resonance (m! ¼ 797" 19" 43 MeV=c2,
!! ¼ 410" 43" 87 MeV=c2). This approach to search
for a ! does not seem to be appropriate. Adding a ! in this
way violates the Watson theorem, as the phase of the fitted
K" amplitude would differ greatly from the one measured
by LASS. In addition, the interpretation of LASS measure-
ments in Ref. [18] concluded that there was evidence for a
!. In addition to theK#ð892Þ, they measured the rate for the
nonresonant S-wave contribution and placed limits on
other components (Table V).

Analyzing Dþ ! K'"þeþ#e events from a sample
corresponding to 281 pb'1 integrated luminosity, the
CLEO-c Collaboration confirmed the FOCUS result for
the S-wave contribution. They did not provide an indepen-
dent measurement of the S-wave phase [14].

IV. Dþ ! K'!þeþ"e DECAY RATE FORMALISM

The invariant matrix element for the Dþ ! K'"þeþ#e

semileptonic decay is the product of a hadronic and a
leptonic current.

Mfi ¼
GFffiffiffi
2

p jVcsjh"ðp"þÞKðpK'Þj"s$%ð1' $5ÞcjDðpDþÞi

( "uðp#e
Þ$%ð1' $5ÞvðpeþÞ: (12)

In this expression, pK' , p"þ , peþ , and p#e
are the K', "þ,

eþ, and #e four-momenta, respectively.
The leptonic current corresponds to the virtual Wþ,

which decays into eþ#e. The matrix element of the had-
ronic current can be written in terms of four form factors,
but neglecting the electron mass, only three contribute to
the decay rate: h and w". Using the conventions of
Ref. [29], the vector and axial-vector components are,
respectively,

h"ðp"þÞKðpK'Þj"s$%cjDðpDþÞi
¼ h&%'($p

'
DþðpK' þ p"þÞ(ðpK' ' p"þÞ$; (13)

h"ðp"þÞKðpK'Þj"s$%ð'$5ÞcjDðpDþÞi
¼ iwþðpK' þ p"þÞ% þ iw'ðpK' ' p"þÞ%: (14)

As there are four particles in the final state, the differ-
ential decay rate has 5 degrees of freedom that can be
expressed in the following variables [30,31]:
(i) m2, the mass squared of the K" system;
(ii) q2, the mass squared of the eþ#e system;
(iii) cosð)KÞ, where )K is the angle between the K

three-momentum in the K" rest frame and the
line of flight of the K" in the D rest frame;

(iv) cosð)eÞ, where )e is the angle between the charged
lepton three-momentum in the e#e rest frame and
the line of flight of the e#e in the D rest frame;

(v) *, the angle between the normals to the planes
defined in the D rest frame by the K" pair and the
e#e pair. * is defined between '" and þ".

The angular variables are shown in Fig. 3, where KK' is
the K' three-momentum in the K" CM and Keþ is the
three-momentum of the positron in the virtual W CM. Let
v̂ be the unit vector along the K" direction in the D rest
frame, ĉ the unit vector along the projection of KK'

perpendicular to v̂, and d̂ the unit vector along the projec-
tion of Keþ perpendicular to v̂. We have

m2 ¼ ðp"þ þ pK'Þ2; q2 ¼ ðpeþ þ p#e
Þ2;

cosð)KÞ ¼
v̂ ) KK'

jKK' j ; cosð)eÞ ¼ ' v̂ )Keþ

jKeþ j
;

cosð*Þ ¼ ĉ ) d̂; sinð*Þ ¼ ðĉ( v̂Þ ) d̂:

(15)

The definition of * is the same as proposed initially in
Ref. [30]. When analyzing D' decays, the sign of * has to
be changed. This is because, if CP invariance is assumed
with the adopted definitions, * changes sign through CP
transformation of the final state [13].
For the differential decay partial width, we use the

formalism given in Ref. [29], which generalizes to five
variables the decay rate given in Ref. [32] in terms of q2,
cos)K, cos)e, and * variables. In addition, it provides a
partial wave decomposition for the hadronic system. Any
dependence on the lepton mass is neglected, as only elec-
trons or positrons are used in this analysis:

TABLE V. Measured fraction of the nonresonant S-wave com-
ponent and limits on contributions from K#

0ð1430Þ and K#ð1680Þ
in the decay Dþ ! K'"þ%þ#%, obtained by FOCUS [26].

Channel FOCUS [26] (%)
!ðDþ!K'"þ%þ#%ÞNR
!ðDþ!K'"þ%þ#%Þ 5:30" 0:74þ0:99

'0:96

!ðDþ!K'"þ%þ#%ÞK#
0
ð1430Þ

!ðDþ!K'"þ%þ#%Þ <0:64% at 90% C.L.

!ðDþ!K'"þ%þ#%ÞK#ð1680Þ
!ðDþ!K'"þ%þ#%Þ <4:0% at 90% C.L.
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FIG. 3 (color online). Definition of angular variables.
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072001-9 d5! ¼ G2
FjjVcsjj2
ð4!Þ6m3

D

X"Iðm2; q2; #K; #e;$Þ

$ dm2dq2d cosð#KÞd cosð#eÞd$: (16)

In this expression, X ¼ pK!mD, where pK! is the momen-
tum of theK! system in theD rest frame, and" ¼ 2p%=m.
p% is the breakup momentum of the K! system in its rest
frame. The form factors h and w&, introduced in Eqs. (13)
and (14), are functions of m2, q2, and cos#K. In place of
these form factors and to simplify the notations, the quan-
tities F 1;2;3 are defined [29]:

F 1 ¼ Xwþ þ
!
"ðpK( þ p!þÞðpeþ þ p%eÞ cos#K

þm2
K (m2

!

m2 X
"
w(;

F 2 ¼ "qmw(; F 3 ¼ "Xqmh:

(17)

The dependence of I on #e and $ is given by

I ¼ I1 þ I2 cos2#e þ I3sin
2#e cos2$þ I4 sin2#e cos$

þ I5 sin#e cos$þ I6 cos#e þ I7 sin#e sin$

þ I8 sin2#e sin$þ I9sin
2#e sin2$; (18)

where I1;...;9 depend on m2, q2, and #K. These quantities
can be expressed in terms of the three form factors, F 1;2;3.

I1 ¼ 1
4fjF 1j2 þ 3

2sin
2#KðjF 2j2 þ jF 3j2Þg;

I2 ¼ (1
4fjF 1j2 ( 1

2sin
2#KðjF 2j2 þ jF 3j2Þg;

I3 ¼ (1
4fjF 2j2 ( jF 3j2gsin2#K;

I4 ¼ 1
2 ReðF %

1F 2Þ sin#K;
I5 ¼ ReðF %

1F 3Þ sin#K;
I6 ¼ ReðF %

2F 3Þsin2#K;
I7 ¼ ImðF 1F %

2Þ sin#K;
I8 ¼ 1

2 ImðF 1F %
3Þ sin#K;

I9 ¼ (1
2 ImðF 2F %

3Þsin2#K:

(19)

Form factors F 1;2;3 can be expanded into partial waves
to show their explicit dependence on #K. If only S, P, and
D waves are kept, this gives

F 1 ¼ F 10 þF 11 cos#K þF 12
3cos2#K ( 1

2
;

F 2 ¼
1ffiffiffi
2

p F 21 þ
ffiffiffi
3

2

s
F 22 cos#K;

F 3 ¼
1ffiffiffi
2

p F 31 þ
ffiffiffi
3

2

s
F 32 cos#K:

(20)

Form factors F ij depend on m2 and q2. F 10 characterizes
the S-wave contribution, whereas F i1 and F i2 correspond
to the P and D waves, respectively.

A. P-wave form factors

By comparing expressions given in Refs. [29,32] it is
possible to relate F i1, i ¼ 1, 2, 3 with the helicity form
factors H0;&:

F 11 ¼ 2
ffiffiffi
2

p
&qH0;

F 21 ¼ 2&qðHþ þH(Þ;
F 31 ¼ 2&qðHþ (H(Þ;

(21)

where & is a constant factor, and its value is given in
Eq. (26); it depends on the definition adopted for the
mass distribution. The helicity amplitudes can in turn be
related to the two axial-vector form factors A1;2ðq2Þ, and to
the vector form factor Vðq2Þ:

H0ðq2Þ ¼
1

2mq

!
ðm2

D (m2 ( q2ÞðmD þmÞA1ðq2Þ

( 4
m2

Dp
2
K!

mD þm
A2ðq2Þ

"
;

H&ðq2Þ ¼ ðmD þmÞA1ðq2Þ )
2mDpK!

mD þm
Vðq2Þ:

(22)

As we are considering resonances which have an ex-
tended mass distribution, form factors can also have a mass
dependence. We have assumed that the q2 and m depen-
dence can be factorized:

ðV; A1; A2Þðq2; mÞ ¼ ðV; A1; A2Þðq2Þ $AðmÞ; (23)

where in the case of a resonance AðmÞ is assumed to
behave according to a Breit-Wigner distribution.
This factorized expression can be justified by the fact

that the q2 dependence of the form factors is expected to
be determined by the singularities which are nearest to
the physical region: q2 2 ½0; q2max+. These singularities
are poles or cuts situated at (or above) hadron masses
MH ’ 2:1–2:5 GeV=c2, depending on the form factor.
Because the q2 variation range is limited to q2 ’ 1 GeV2,
the proposed approach is equivalent to an expansion in
q2=M2

H < 0:2.
For the q2 dependence we use a single pole parametri-

zation and try to determine the effective pole mass.

Vðq2Þ ¼ Vð0Þ
1( q2

m2
V

;

A1ðq2Þ ¼
A1ð0Þ
1( q2

m2
A

;

A2ðq2Þ ¼
A2ð0Þ
1( q2

m2
A

;

(24)

where mV and mA are expected to be close to mD%
s
’

2:1 GeV=c2 and mDs1
’ 2:5 GeV=c2, respectively. Other

parametrizations involving a double pole in V have been
proposed [33], but as the present analysis is not sensitive to
mV , the single pole ansatz is adequate.
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TABLE XX. Correlation matrix for systematic uncertainties of the Sþ !K"ð892Þ0 þ K"ð1410Þ0 nominal fit. On the diagonal, total
systematic uncertainties ("syst

i ) on fitted quantities (i) are given.

"MK"ð892Þ0 "#K"ð892Þ0 "rBW "mA "rV "r2 "rS "rð1ÞS "a1=2S;BG "rK"ð1410Þ0 "#K"ð1410Þ0 "NS "NB

0:226 0.569 %0:827 %0:004 0.153 %0:068 %0:080 0.115 0.038 0.731 %0:384 %0:422 0.439
0:241 %0:579 0.081 0.065 0.049 %0:113 0.137 0.001 0.436 %0:400 %0:147 0.159

0:540 %0:102 %0:182 %0:027 0.125 %0:153 %0:045 %0:728 0.470 0.620 %0:642
0:124 %0:095 0.697 %0:279 0.260 0.071 0.029 0.044 %0:216 0.229

0:0308 %0:367 %0:358 0.360 %0:080 0.063 0.179 %0:264 0.276
0:0197 0.082 %0:102 0.110 0.022 %0:186 %0:067 0.067

0:0406 %0:988 0.407 0.119 %0:078 0.461 %0:484
0:0810 %0:395 %0:096 0.035 %0:448 0.471

0:474 0.357 0.335 0.121 %0:126
0:0222 %0:137 %0:346 0.355

13:2 0.158 %0:155
1055:2 %0:918

1033:8
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Here, αJ
L and βJT are products of the Clebsch-Gordan coefficients

αJ
L = CJ,0

1,0;J−1,0C
J−1,0
1,0;J−2,0...C

2,0
1,0;1,0, βJT = CJ,1

1,1;J−1,0C
J−1,0
1,0;J−2,0...C

2,0
1,0;1,0. (4.8)

For the sake of convenience, we can define

iMB(K
∗
J ,⊥ /||) =

1√
2
[iMB(K

∗
J ,+)∓ iMB(K

∗
J ,−)],

iMB(K
∗
J ,⊥) = −iβJT

√
2N1

[ √
λV

mBs +mK∗
J

]
,

iMB(K
∗
J , ||) = iβJT

√
2N1

[
(mBs +mK∗

J
)A1

]
. (4.9)

Using the generalised form factor, the matrix elements for Bs decays into the spin-0

non-resonating Kπ final state are given as

A0
0 =

√
N2i

1

mKπ

[ √
λ√
q2

FBs→Kπ
1 (m2

Kπ, q
2)

]
≡
√
NK∗

J
LS(m

2
Kπ)i

[ √
λ√
q2

FBs→κ
1 (q2)

]
,

A0
t =

√
N2i

1

mKπ

[
m2

Bs
−m2

Kπ√
q2

FBs→Kπ
0 (m2

Kπ, q
2)

]

≡
√
NK∗

J
LS(m

2
Kπ)i

[
m2

Bs
−m2

Kπ√
q2

FBs→κ
0 (m2

Kπ, q
2)

]
, (4.10)

where we have introduced a lineshape for the S-wave contribution. Here N2 =

N1NK∗
J
ρK/(16π2), and ρK =

√
[m2

Kπ − (mK +mπ)2][m2
Kπ − (mK −mπ)2]/(m2

Kπ).

The quantities given above lead to the full angular distributions

d5Γ

dm2
Kπdq

2d cos θKd cos θldφ
=

3

8

[
I1(q

2,m2
Kπ, θK)

+I2(q
2,m2

Kπ, θK) cos(2θl)

+I3(q
2,m2

Kπ, θK) sin2 θl cos(2φ)

+I4(q
2,m2

Kπ, θK) sin(2θl) cosφ

+I5(q
2,m2

Kπ, θK) sin(θl) cosφ

+I6(q
2,m2

Kπ, θK) cos θl

+I7(q
2,m2

Kπ, θK) sin(θl) sinφ

+I8(q
2,m2

Kπ, θK) sin(2θl) sinφ

+I9(q
2,m2

Kπ, θK) sin2 θl sin(2φ)
]
, (4.11)
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Figure 3. Kinematics for Bs → Kπℓν̄. The Kπ system moves along the z axis in the Bs rest
frame. θK(θl) is defined in the Kπ (lepton pair) rest-frame as the angle between the z-axis and the
direction of motion of the K (ℓ−), respectively. The azimuth angle φ is the relative angle between
the Kπ decay and lepton pair planes.

and the polarisation fraction:

A
λτ

K (q2) =
dΓ(Bs → K+τ−ν̄τ )(λτ = −1/2)/dq2 − dΓ(Bs → K+τ−ν̄τ )(λτ = 1/2)/dq2

dΓ(Bs → K+τ−ν̄τ )/dq2

=
(4/3− 2/3m̂2

l )|H0|2 − 2m̂2
l |Ht|2

(4/3 + 2/3m̂2
l )|H0|2 + 2m̂2

l |Ht|2
. (3.10)

Results for the asymmetries and polarisations are given in figure 2, where different theo-

retical calculations of form factors lead to different behaviours especially in the large q2

(low recoil) region. This can be improved once the Lattice QCD can constrain the form

factors. In this procedure, we also notice that Lattice QCD simulation often requests an

extrapolation from the unrealistic quark mass region to physical region. The hard pion

chiral perturbation theory approach advocated in refs. [70, 71] has the advantage to resum

the chiral logarithms and thus are valuable for the extrapolation. Such effects should be

taken into account in the future Lattice QCD simulation.

The integrated decay widths in terms of |Vub|2 are given in table 4, with the definition

∆ζℓK(q2l , q
2
u) =

1

|Vub|2

∫ q2u

q2l

dq2
dΓ(Bs → K+ℓν̄)

dq2
. (3.11)

These values will be useful to extract the |Vub| when compared to the experimental data

available in future. The PQCD approach gives the largest errors due to the uncertainties

in the form factors, while the other approaches have approximately 10% parametric errors.

4 Full angular distribution of Bs → Kπℓν̄

We consider the kinematics for the Bs → Kπℓν̄ as shown in figure 3. The Kπ system

moves along the z-axis in the Bs rest-frame. θK(θl) is defined in the Kπ (lepton pair) rest

frame as the angle between z-axis and the direction of motion of the K (ℓ−), respectively.

The azimuth angle φ is the relative angle between the Kπ decay and lepton pair planes.
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S-Wave P-Wave Total fS(%)

∆ζµKπ(0, 4) LQCD 0.278± 0.151 1.19± 0.151 1.47± 0.299 18.9

LCSR 0.278± 0.151 1.61± 0.172 1.89± 0.321 14.7

∆ζµKπ(4, 8) LQCD 0.276± 0.149 1.58± 0.221 1.85± 0.376 14.9

LCSR 0.276± 0.149 2.13± 0.296 2.41± 0.441 11.5

∆ζµKπ(8, 12) LQCD 0.254± 0.137 2.03± 0.305 2.29± 0.436 11.1

LCSR 0.254± 0.137 2.6± 0.421 2.86± 0.552 8.88

∆ζµKπ(12, 16) LQCD 0.202± 0.109 2.43± 0.347 2.63± 0.458 7.68

LCSR 0.202± 0.109 2.88± 0.505 3.08± 0.616 6.56

∆ζµKπ(0, 16) LQCD 1.01± 0.546 7.22± 1.03 8.23± 1.58 12.3

LCSR 1.01± 0.546 9.23± 1.38 10.2± 1.97 9.9

∆ζτKπ(m
2
τ , 8) LQCD 0.281± 0.152 1.36± 0.239 1.64± 0.392 17.1

LCSR 0.281± 0.152 1.7± 0.253 1.98± 0.407 14.2

∆ζτKπ(8, 12) LQCD 0.299± 0.162 1.97± 0.319 2.27± 0.48 13.2

LCSR 0.299± 0.162 2.38± 0.399 2.68± 0.56 11.2

∆ζτKπ(12, 16) LQCD 0.552± 0.299 4.32± 0.666 4.88± 0.958 11.3

LCSR 0.552± 0.299 5.09± 0.873 5.64± 1.17 9.79

∆ζτKπ(m
2
τ , 16) LQCD 0.834± 0.45 5.69± 0.895 6.52± 1.35 12.8

LCSR 0.834± 0.45 6.78± 1.14 7.62± 1.58 10.9

Table 5. Integrated decay widths for Bs → K0π+ℓν̄: ∆ζℓKπ(q
2
l , q

2
u). Results are given in units of

ps−1. The S-wave contributions are obtained with form factors calculated in the PQCD approach.

4.2 Distribution in θK

We explore the distribution in θK :

d3Γ

dq2dm2
Kπd cos θK

=
1

8

{
(4 + 2m̂2

l )|A0
0|2 + 6m̂2

l |A0
t |2

+
√
3(8 + 4m̂2

l ) cos θKRe[A0
0A

1∗
0 ] + 12

√
3m̂2

l cos θKRe[A0
tA

1∗
t ]

+(12 + 6m̂2
l )|A1

0|2 cos2 θK + 18m̂2
l cos

2 θK |A1
t |2

+(6 + 3m̂2
l ) sin

2 θK(|A1
⊥|2 + |A1

|||
2)

}
. (4.23)

Compared to the distribution with only Bs → K∗(→ Kπ)ℓν̄, the first two lines of

eq. (4.23) are new: the first one is the S-wave Kπ contribution, while the second line

corresponds to the interference of S-wave and P-wave. Based on this interference, one can

define a forward-backward asymmetry for the involved hadron,

AK
FB ≡

[ ∫ 1

0
−
∫ 0

−1

]
d cos θK

d3Γ

dq2dm2
Kπd cos θK

=

√
3

2
(2 + m̂2

l )Re[A
0
0A

1∗
0 ] +

3
√
3

2
m̂2

lRe[A
0
tA

1∗
t ] . (4.24)
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ps−1. The S-wave contributions are obtained with form factors calculated in the PQCD approach.

4.2 Distribution in θK

We explore the distribution in θK :
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Kπd cos θK

=
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Compared to the distribution with only Bs → K∗(→ Kπ)ℓν̄, the first two lines of

eq. (4.23) are new: the first one is the S-wave Kπ contribution, while the second line

corresponds to the interference of S-wave and P-wave. Based on this interference, one can

define a forward-backward asymmetry for the involved hadron,

AK
FB ≡

[ ∫ 1

0
−
∫ 0

−1

]
d cos θK
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Figure 3. Kinematics for Bs → Kπℓν̄. The Kπ system moves along the z axis in the Bs rest
frame. θK(θl) is defined in the Kπ (lepton pair) rest-frame as the angle between the z-axis and the
direction of motion of the K (ℓ−), respectively. The azimuth angle φ is the relative angle between
the Kπ decay and lepton pair planes.

and the polarisation fraction:

A
λτ

K (q2) =
dΓ(Bs → K+τ−ν̄τ )(λτ = −1/2)/dq2 − dΓ(Bs → K+τ−ν̄τ )(λτ = 1/2)/dq2

dΓ(Bs → K+τ−ν̄τ )/dq2

=
(4/3− 2/3m̂2

l )|H0|2 − 2m̂2
l |Ht|2

(4/3 + 2/3m̂2
l )|H0|2 + 2m̂2

l |Ht|2
. (3.10)

Results for the asymmetries and polarisations are given in figure 2, where different theo-

retical calculations of form factors lead to different behaviours especially in the large q2

(low recoil) region. This can be improved once the Lattice QCD can constrain the form

factors. In this procedure, we also notice that Lattice QCD simulation often requests an

extrapolation from the unrealistic quark mass region to physical region. The hard pion

chiral perturbation theory approach advocated in refs. [70, 71] has the advantage to resum

the chiral logarithms and thus are valuable for the extrapolation. Such effects should be

taken into account in the future Lattice QCD simulation.

The integrated decay widths in terms of |Vub|2 are given in table 4, with the definition

∆ζℓK(q2l , q
2
u) =

1

|Vub|2

∫ q2u

q2l

dq2
dΓ(Bs → K+ℓν̄)

dq2
. (3.11)

These values will be useful to extract the |Vub| when compared to the experimental data

available in future. The PQCD approach gives the largest errors due to the uncertainties

in the form factors, while the other approaches have approximately 10% parametric errors.

4 Full angular distribution of Bs → Kπℓν̄

We consider the kinematics for the Bs → Kπℓν̄ as shown in figure 3. The Kπ system

moves along the z-axis in the Bs rest-frame. θK(θl) is defined in the Kπ (lepton pair) rest

frame as the angle between z-axis and the direction of motion of the K (ℓ−), respectively.

The azimuth angle φ is the relative angle between the Kπ decay and lepton pair planes.
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three-body decays and in K! scattering is roughly
similar, but a quantitative comparison is difficult.
Differences between the two approaches as a func-
tion of mK! are much larger than the quoted un-
certainties. They may arise from the comparison
itself, which considers the total K! S wave in one
case and only the I ¼ 1=2 component for scatter-
ing. They could also be due to the interaction of the
bachelor pion which invalidates the application of
the Watson theorem.

It is thus difficult to draw quantitative conclusions
from results obtained with Dþ ! K#!þ!þ decays.
Qualitatively, one can say that the phase of the S-wave
component depends on mK! similarly to that measured by
LASS. Below the K$

0ð1430Þ, the S-wave amplitude magni-
tude has a smooth variation versus mK!. At the K$

0ð1430Þ
average mass value and above, this magnitude has a sharp
decrease with the mass.

D. D‘4 decays

The dominant hadronic contribution in the D‘4 decay
channel comes from the (JP ¼ 1#) K$ð892Þ resonant state.
E687 [12] gave the first suggestion for an additional com-
ponent. FOCUS [13], a few years later, measured the
S-wave contribution from the asymmetry in the angular
distribution of the K in the K! rest frame. They concluded
that the phase difference between S and P waves was
compatible with a constant equal to !=4, over the
K$ð892Þ mass region.

In the second publication [26] they found that the asym-
metry could be explained if they used the variation of the
S-wave component versus the K! mass measured by the

LASS collaboration [5]. They did not fit to their data the
two parameters that governed this phase variation but took
LASS results:

cotð"BGÞ ¼
1

aS;BGp
$ þ

bS;BGp
$

2
;

aS;BG ¼ ð4:03' 1:72' 0:06Þ GeV#1;

bS;BG ¼ ð1:29' 0:63' 0:67Þ GeV#1:

(11)

These values corresponded to the total S-wave ampli-
tude measured by LASSwhich was the sum of I ¼ 1=2 and
I ¼ 3=2 contributions, whereas only the former compo-
nent was present in charm semileptonic decays. For the
S-wave amplitude they assumed that it was proportional to
the elastic amplitude [see Eq. (4)]. For the P wave, they
used a relativistic Breit-Wigner distribution with a mass-
dependent width [27]. They fitted the values of the pole
mass, the width, and the Blatt-Weisskopf damping parame-
ter for the K$ð892Þ. These values from FOCUS are given in
Table IV and compared with present world averages [15],
dominated by the P-wave measurements from LASS.
They also compared the measured angular asymmetry of

the K in the K! rest frame versus the K! mass with

0
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FIG. 2 (color online). (a) Comparison between the S-wave phase measured in various experiments analyzing the Dþ ! K#!þ!þ

channel (E791 [6], FOCUS [7,8], and CLEO [9]) and a fit to LASS data (continuous line). The dashed line corresponds to the
extrapolation of the fitted curve. Phase measurements from Dþ decays are shifted to be equal to zero at mK! ¼ 0:67 GeV=c2. (b) The
S-wave amplitude magnitude measured in various experiments is compared with the elastic expression. Normalization is arbitrary
between the various distributions.

TABLE IV. Parameters of the K$ð892Þ0 measured by FOCUS
are compared with world average or previous values.

Parameter FOCUS results [26] Previous results

mK$0 ðMeV=c2Þ 895:41' 0:32þ0:35
#0:43 895:94' 0:22 [15]

!0
K$0 ðMeV=c2Þ 47:79' 0:86þ1:32

#1:06 48:7' 0:8 [15]

rBWðGeV=cÞ#1 3:96' 0:54þ1:31
#0:90 3:40' 0:67 [5]

P. DEL AMO SANCHEZ et al. PHYSICAL REVIEW D 83, 072001 (2011)

072001-8

BaBar:Phys.Rev. D83 (2011) 072001
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fk =

∫

dξωk(ξ, η)
∫

dξω(ξ, η)
, (27)

where ωk(ξ, η) and ω(ξ, η) denote the decay intensity of
component k and the total, respectively.

The nominal solution of the PWA fit, together with the
fractions of both components and the goodness of the fit,
are listed in the second column of Table II. Compar-
isons of the projections over the five kinematic variables
between data and the PWA solution are illustrated in
Fig. 4.

Using the result of B(D+ → K−π+e+νe) from Eq. (2),
the branching fractions of both components are calcu-
lated to be

B(D+ → K−π+e+νe)S−wave = (0.228± 0.008± 0.008)%,

B(D+ → K−π+e+νe)K̄∗(892)0 = (3.54± 0.03± 0.08)%,
(28)

where the first errors are statistical and the second sys-
tematic (described later in this section).
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Fig. 4. Projections onto each of the kinematic variables, com-
paring data (dots with error bars) and signal MC determined
by PWA solution (solid line), assuming that the signal is com-
posed of the S -wave and the K̄∗(892)0. The shadowed his-
togram shows the non-signal D+ background estimated from
MC simulation and the hatched area shows the combinatorial
background estimated from the MBC sideband of data.

The nominal solution is based on the δS parameter-
ization from Eq. (19). To test the applicability of this

parameterization, the mKπ spectrum is divided into 12
bins and the PWA fit is performed with the phases δS
in each bin as 12 additional fit parameters (within each
bin, the phase is assumed to be constant). The measured
invariant mass dependence of the phase is summarized in
Table IV. All other parameters are consistent with those
in the nominal fit. Figure 5 illustrates the comparison of
the model-independent measurement with that based on
the parameterization from Eq. (19).
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Fig. 5. Variation of the S -wave phase versus mKπ , as-
suming that the signal is composed of the S -wave and the
K̄∗(892)0. The points with error bars correspond to the
model-independent measurement by fitting data; the solid line
corresponds to the result based on the LASS parameteriza-
tion: a1/2

B,SG = 1.94, b1/2B,SG = −0.81; the dotted line shows the
1σ confidence band by combining the statistical and system-
atic errors in quadrature.

Possible contributions from the K̄∗(1410)0 and
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2 (1430)
0 are studied by adding these resonances to

the nominal solution with the complex coefficients
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K̄∗(1410)0 and rK̄∗

2 (1430)
0e

iδ
K̄∗

2 (1430)0 . Due to
the scarce population in the high Kπ mass region, this
analysis is not sensitive to the shapes of these resonances.
Their masses and widths are therefore fixed at the val-
ues from PDG. They are added to the nominal solution

one by one. The effective range parameter b1/2S,BG is fixed
at the result from the nominal solution. Based on the
isobar model, time reversal symmetry requires the cou-
pling constants for the K̄∗(1410)0 and K̄∗

2 (1430)
0 to be

real, which means that the phases of the K̄∗(1410)0 and
K̄∗

2 (1430)
0 are only allowed to be zero or π.

The fit results are summarized in the third and
fourth columns of Table II. The contribution from the
K̄∗(1410)0 is found to be consistent with zero when fixing
δK̄∗(1410)0 either at zero or π, while the K̄∗

2 (1430)
0 has

a significance of 4.3 σ, favoring δK̄∗

2 (1430)
0 at zero. The

upper limits of their branching fractions at 90% confi-
dence level (C.L.) are calculated using a Bayesian ap-
proach. They are determined as the branching fraction
below which lies 90% of the total likelihood integral in the
positive branching fraction domain, assuming a uniform
prior. To take the systematic uncertainty into account,
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lated to be

B(D+ → K−π+e+νe)S−wave = (0.228± 0.008± 0.008)%,
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paring data (dots with error bars) and signal MC determined
by PWA solution (solid line), assuming that the signal is com-
posed of the S -wave and the K̄∗(892)0. The shadowed his-
togram shows the non-signal D+ background estimated from
MC simulation and the hatched area shows the combinatorial
background estimated from the MBC sideband of data.

The nominal solution is based on the δS parameter-
ization from Eq. (19). To test the applicability of this

parameterization, the mKπ spectrum is divided into 12
bins and the PWA fit is performed with the phases δS
in each bin as 12 additional fit parameters (within each
bin, the phase is assumed to be constant). The measured
invariant mass dependence of the phase is summarized in
Table IV. All other parameters are consistent with those
in the nominal fit. Figure 5 illustrates the comparison of
the model-independent measurement with that based on
the parameterization from Eq. (19).

)2(GeV/cπKm
0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6

 (d
eg

ree
)

Sδ

0

20

40

60

80

100

120

140
LASS para.

Model Ind.

Fig. 5. Variation of the S -wave phase versus mKπ , as-
suming that the signal is composed of the S -wave and the
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Ø 检验标量粒子内部结构

Ø 测量散射相移

Ø 手征有效理论+QCD微扰理论

Summary

p D->P1P2lν

p 双粲重子

Ø双粲重子弱衰变：续集
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