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:
QCD Lagrangian :

SU C 3 ) gauge group ,

or SO CNc )

Lao
,

=
- ±TrG"

"

Gnu t Eta E. Cir .D - m ;) 8 .

.

,

8 ;
C × ) , quark field ,

Gthcx )
, faust field ,

Ne × Ne matrix
,

GM = Ga '
"

Th
,

a=i
,

- . Wi . i
,

TrTaTb=Isab
.

D
"

÷ 2
"

+ ifs G
"

,

covariant derivative

GM = 2nG° - 206
"

+ i8s[ Gu
,

Go ] = Gain Th
,

Gciw = 2k£10 - 20 fain - ggfabcgbikge ,U

#
Gauge transformation : ucxl

,
element of such )

fcx ) → Ucx ) fcx )
,

Gncx) → ucx ) G "C× ) ntcxl - hgzucx ) 2
"

atul
,

Loop is invariant under the transformation .



l . 2 .

quantization :

Left  = Loop + LGE + LEP
,

+

al
,

LGE
: gauge fixing term

.

covariant gauge : Lg ,
= -

zlg ( 2µGc
'

"

)2
,

on
-

Lqp
,

Fadden - Popov
term

, ghost field
.

Feynman rule
, Fiynman diagrams

G =L
: Feynman gauge

other useful gauge : light come gause

N . G = O
,

n2=o or ft o )

Physical gauge ,
no ghost needed

.



1. 3

Parameters in QCD :

Mi :
Mass of quark

.

Mm ~ Md ~ 0 ( i ) MW
,

Ms ~ too Me V

Me ~ 1.4GW
, Ms ~ FGW

,
M& =  2 HGEV

.

8s
: coupling

constant

si
Def {

-

2s =

qq

= 2s ( k )
,

µ : renormalization scale

µ2 {µ
" )

=p Ks ) = - ( bo 25 + bias + bz2s4+ - - )
,

bo =  Fla ( 11 - -23 Nf )
,

bi = galz ( El - t Nf )
,

bz =

,
!ga3 ( 2857

-

# Nf
+ ¥ NI )

,

⇒ B < 0
,

µ2 → as
,

2s(µ ) → o

Asymptotic freedom
,

( zocy yef sdg th )
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p

Feynman rule
: momentum flow

External lines
:

> • UCP )
,

• Tlcp )
8 p

-
< • Jcp )

,

• < VCP )

8
p

a ,µ www. Ek
,

• man E&k

8

Propagators :

;
A ,k b. °

. ifnugab
•  • •m7mo•

p
8. P - mtie

, p p2 tie
,

A b ; gab
• - - - - - •

p
P2 tie

,
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.

Vertex
:

p
'

t

•  mm k.ie ,a - ifs 8
"

Th

7

p

P
'

.at,*
mm k.ie ,b gsfhbcpie

*
C

yggkt
'

" 11h '

- gsfhk2h3 [ ( ki - kzliesfkinz

•ftp.Bjg
+ ( kz - has )µ

,
fled

}

his ,
Ms

, Lz

ha ,Ha ,hz
+ ( k

}
- hi )µz fleilez )

1 2

My
+ if } ( faiazbfasacb

;
or

3pA ( farms Shiny - fµiµsfµzµy )

7/3 4 t

"

cylinder circular

( i ,2 , 3,4 )
,

12,3>4.1 ) permutation
"

]
1

( 4,1 , 2,3 )
,t.3.it#x



:
erturbattve Theory :

V.V . divergences ,

d- dim
. regularization ,

⇐- s + ln4I )
,

( Buras
,

Bardeen )
.

ITS schema of renorm ligation :

subtration of there pole combinations
.

a . term
.

Mass less acts : high energy scattering + light hadrons

We

can
neglect mass of light quarks and

heavy quarks .

Loop =
- ±TrG

" "

Gµu + E I is .D f

f =  u
,

d
, s

Only one dimensionless parameter .

. fs or as

energy
scale

. A acp
~ too MW

.



2. I

2
. Divergences in QCD and ete

'

→ hadrons
.

*

Light - cone coordinate system :

A  momentum P ( or vector ) in Cartesian coordinate

system : Pk = ( p
°

,
P

'

,
P ? P

3

)
,

metric 8µo

Tn light - one coordinate system :

Pk = ( pt
,

p ; p
'

,

p2 )
,

PF = ( o
,

o
,

P
"

,
p2 )

,

Pt = of ( P° + p3 )
,

P
-

= nfl ( p° - p3 )
.

Dot - product of two vectors
:

A - B = At B- +  A- Bt - A' B
'

- A2B2 = A°B° . A' B
'

- A 2132 - A3B3
.

metric 8 uu

Lorentz boost along the 8 . direction :

Pm → pin
,

pit =  apt
,

Pi
 

= 12 P ; P ;
"

=P
,

"

*
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.

The advantage : large momentum in the 8 - direction
:

p3 → as

,

P
"

= ( Pt
,

P
'

,

Pi
,

P ! ) = ( Pt
,

o
,

o
, of

Two light - conevectors :

Lk = ( i
,

0
,

o
,

o 1
,

Nk = ( 0,1 ,
o

,
o )

,

l2 = n2 = o

l . n= 1
, few = go . nheu - ethno

,

AT = 8.im A°
.

ptrapidity :
 

Y =  Ibn
p

.

±,

n . A  = At
,

l . A  = A-
,
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.

Divergences in QCD :

U
. V

. divergences Regularization + renormalization

Collinear divergences

I. R
. divergences

Glauherdiuagaas
} ? ?

Consider a mass less quark in final state
:

p

ILCPIP
( P ) ph = ( pt ,o , o.O )

p :

The quark can emit gluons .

P

P Iup ) figsg.TT
'

)
it lptk )

bthyvk
,a .

( p+hp+ :{

T ( Ptkl
,

Collinear divergence :
k

"

~ ( i ,n2
, d. x )

,
A → °

ii. lpthl in 8- l Pt#
( , + on ) ) ~ ÷p

,

divergent . !( p+hj2tiE

=

zptfitiq
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.

2. R
. divergence :

k
"

~( i. X.  X.  a )
, soft gluon

ii. ( ptk )

( p.iht.ie

=

"

zph¥f++ijt( i + OCH ) ~ !q
,

divergent I
.

In QED :
such divergences are

"

eliminated
"

with physical requirement .

in QCD : We have no quarksand gluons as

observable states
.

? ?

A loop - example : quark form factor

Tree - level
:

Pak -

. ( Pat
,

0,0
,

° )
,

PB + y&

mm JCPB ) gnucpa )
.PT't

, Pri ,o ,° )
.

:
A

Corrections from high orders of as
.

8. PAMPA ) = 5 Patucpa )=o
,

JCPB )&PB= JCPB )FPij=o
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PB

+ ,
r - 

- icp.IS#htissrp79ipI!jljIeh!g

hbqe mm

.

yn.is
.CPA - k )

tigsjfth ) UCPA )
µ

^

( Pa . hp tie

PA
- i

:

•

jp @ rp - j Oxjt
k2 tie

1
+ 8+0×8-1

Collinear to A ;
h

"

~ ( 1. i.  d. x )
,

X a 1

Expand the integrand in a
,

the leaking order :

ra = SEE iii. an litstniiiyo
"

infield
. ( - ifs JP Th ) UCPA )

~ site . on
.

hittin

divergent ! !
d4k - at

.

Power counting
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.

Colliver a to B :
h

"

- ( x2
,

i.  a. a )

the SEE aiiaocprsitissretal iii.IYER
"

(
- Ssep ,

a

h
-

- iq ) UCPA )
,

divergent !
•

I. R
. divergence :

h
"

~ ( As
,

As
, Xs

,
Xs )

As it .

ns..SE#aiiiani #
JCPB ) ( -

fsnp
Th) 8

"

( - fslfth ) U ( Pa )
,

divergent .

Subtraction
:

17 = ( p - Ta - PB + Ps ) + ( Pat TB - Ps )

& Pa
,

TB also
¥

free from collinear -

have 2. R . ! !

and I. R
. divergences ! !

c. ,

But
: light . one singularity .  . . .
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=

Glauher - gluon : h
"

~ C

E.d.
x. x )

ra=S⇐F. II.Fine
JCPB ) ( - fsnptn) 8

"

( - 8sefTh ) UCPA )
,

it gives a divergent absorptive part , it is similar

to Coulomb singularity .

=

⇒ Perturbation theory of QCD contains

I. R
. singularity

and collinear singularity ! !

Perturbation theory of QCD is meaningless ? ?

There are no S . matrix elements with quarks or gluons

as physical states
.

Unlike QGD !

But
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.

Consider
:

e
+

e
-

hadrons
,

or et e
-

→ X

leading order of QED

S = ( P ,
+ Pz 12

;www.g/lH
Pi go , =e*×8co

,
ii.

v

known

⇒ r = tens wn
,

(
N

= z
'

J( R ) jh UCP , ) If R
, ) 80 UCPZ )

= ( Rnpzu + PYPM - p
,

. Pz 8W )
,

ltadronic tensor :

who = fd4x e

:& "

Zx al Jocxllx ) ( x l Jaco 110)
,

T - order product :

T ( 54×1 Jkcol ) = Ocxo ) Jkxj Jaco ) + Otxo ) J "c×1J%l
,



2. f

Def
'

'

ymucqy =fd4xj&×< at ( Iucx ) Jaco )) 10 )
,

MY air , = ÷ f.jaw jews ={
' '

* to

0
,

too

11

W "°( 8 ) = 2 In TW ( 8 ) Cntkoshy rule
,

cutting diagrams
4

Now : We know Ju
,

J "cx )
=

GE
I ( × ) 8

"

841 eQg
,

we can calculate Tm with perturbative theory of add
.

Tree - level
:

One - loop :

7 z
> >

µ • • u • Bg • + •

-

• + •

mm
;

¢
1

<
< ×

R =

• ( ete
'

→ × ,

ocete
.

→ His

' No 's

Qj{
1 +  ¥1  + okil } acs

-4mg,

Ne =3
.

Or It is finite ,
it contains no collinear - or

I. R
. divergences . ! Why ? ?
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.

Wh ? consider :
W

"°

or IMTW
,

cut bigrams

I

. I
N

Pi

µ •

}gzhl
• u

1
.

I <

pz
1

of

( al
.

'

d4Pid4P2zqgCp.21zqfCPz21WNa-Tfcza14c2al4.Lal.Y84CPytPz-81fd@4shati1h2tiECPrhPtiEcpztenp.ie.TrftiPiC-i8sgeTaj8.CPrh18n8.tPz.k

) tifstplta ) t.pt )
,

Consider : the gluon is soft ,

k
"

- ( x. x. x. al
,



2.
bxpandinf in

 a
, leading order

:
( P? = 132=0 ! )

waFir-t.fYa4PI9z9aYzascrilzascpilteUCzaj484CPitPz-8lTa.z.R.yTtd0.s.r.i-i8s2fd@kTrfs.P.8ps.P,
on 8. c- a) for

. Par )

•

C- 212 . k tie ) ( zpz . kl+ iz ) ( have )
(Nc CF )

.

If we take pie = ( put
,

o.O ,
o 1

,

Pan
 

= Co
,

Pi
,

o
,

o )

The ht - integration can he done with Cauchy theorem
,

a

⇒ a iii. =
- sift

Shiver :* . . ,

( h
.

→ . hy
,

Tr [ & Pi 8 8. Pi 8
"

8. th ) for
. Pa 8) ( Nee

, )
,
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The contribution comes from the pole k2 + is =o .

We can re - write the results as
:

teen =
-

8s2fd¥,µ
24842 )

( zp .

.h+q|( zpz . h -if
Tr [ 8. P.jp 8. P

,
8

"

8. C- Pz ) Jp 87280) ( Neef )
,

Without specified of Pie and Pie
,

covariant form .

Now consider I. R
.

contribute from the diagram :

I

p ,
k

"
~ ( x

,  a
,

a
,

al
.  a → o .

y

" 1
N

µ •

k¥32
• u Overall factor :

1 <

p ,

84 ( f - Pi - Pz - k ) = 84 ( f - Pi - Pal

( b I
.

'

,

+

d4pid4P2 '

zqg ( pp ) zq S ( 1222 )Why
,zr

=  to }
czal4l2aM.kU@aj484CPitPz-8lTlts.z.R

.

,
.



2- ll .
1

Following
the same steps :

÷then
=  

+85K¥
24842 )

(zp.h.int ( apz . h#It
Tr [ 8. P ,

JP 8. P
,

8
"

8. C- Pz ) Jp 87280) ( Net )
,

Neglecting the differences in

"

ie
"

,
one has already :

Tia ,%!r + In ,%r = 0
.

or
:

WEE
. r

+ Winer = °
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With the difference : the 1. R
. contribute to not :

O a II. r
+ Then + ( II. r

+ Iii,%rT =o
.

⇒ or has no I. R
. divergences at one -

loop .

One can also show in a similar
way

That

& has no collinear divergences at one -

loop .

Common statement =
The divergence from

virtual part is cancelled by that from real
part .

General statement :

KLN theorem ! !
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.

KCN theorem
: ( Kinoshita

,
be

,

N

state a
,

b
;

a → b

The probability :
1 snap = |< blsla > 12

.

hr general ,

it contains divergences from degenerate

States if la > and lb >
,

like I. R
.

- and collinear

divergences . Suppose :
these divergences

are regularized

by a set of parameters In ]
, e.g. ,

fnarh mass .  -
.

µ → o
, divergences appear .

If we sum
those

energy degenerate states of

la ) an lb )
,

then the sum :

Fay Feb
,

I sbat is free from then

divergences ! !

Note :

a and b do not to have the same

energy ,

or in the same state
.
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.

For et e

-

→ hadrons
,

special case of KCN
,

because of that hadrons or QCD states only appear

in final state
.

Block - Nordsieck theorem
.

OPE :

Juan soul = down ) I + CYKX ) : II :

+ .  .
.

We have only take the leading order here
.

The
remaining

terms are power
-

supp
raised

ayg
.

SVZ - sum - rule
.

R - ratio

Renormaton. ⇒ power
correction at Ms

.
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.

3. DIS and QCD Factorization ! !

D Is : Deeply Inelastic Scattering

A classical example of QCD

applications

D Is
: ( unpolarized case )

e ( k ) +

hcp
) → eck

'

) + X
,

h
: hadron

, usually
it is a proton .

At leading order of QED :

:
f = k - h

'

,

"

Yi y×

q2 = ( h . h 'T = - Q
?

< 0
,

p

8. p

Y =
-

hip
,

×B = fg?p
,

Bjorken variable
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.

The cross . section :

k " ⇒ = at (f)
2

Lau Ww
,

(
a

= henkv + hnhi - k . h
'

8W
,

the lepton:c tensor

The hadronie tensor :

Who =  ÷ fdltxei
"

Ex chlpll Jncx ) I x )

( x 1 Jolo ) 1h ( P ) >
q

J
"

=  QQ -88
"

8
, ( take QQ =L for brevity )

.

The decomposition :

Ww ( p
, g) = C- gau +  ¥8

"

) E. c × ,d21 + BIN Fzcx , ay
,

8µW
"

= fu Who =o

Fh =p
"

- ⇒ qte
,

em .

gauge invariance
.

×=×B
.

Need to know Fi
,

Fa ! !
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.

kinematical region of DIS : Bjorhen limit

Q2 → as

,
28 . P → as xp

=

-02
fixed

I zf -

P

O C XB < I
.

Bjorhen scaling : E, ,z
( x

, 02 ) = E. 2
( × 1

,

a2→•
,

Pre - QCD :

( Naive ) Partonmodel :

1=24,021 = x fp ( × )
,

zx E C × ,a2 ) = Ezcx ,
a

'

)

Automatic al scaling .

"

P

"

for parton ,

The initial hadron HCP ) consists of many partons.
fpcxl : the

probability
to find a Parton

with The momentum xp
,

× % .

!1! IS :

8 ( f ) + P ( xp ) → P + X
.
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With QCD : Improved Parton model

QCD factorization theorem for !1! Is :

F. ( x. d) = × Eafxdgls Cal ×g it .li ) fqatii ) + .
.

= x
Ea Ca @ fan ( l + 01*1 )

,

a = 8
,

-8
,

G
,

fyalls ,

Ii ) , Parton distribution function C PDF )
.

defined with QCD operators ,

G .

. % .

It is a distribution ,
not a probability .

C ! 1

Calxg
,

a ?µ2) : perturb ative coefficient function
,

free from collinear - and I. r
. divergences .

At leading order =

egg ,
it

,

ni ) = Sci - 8) + Olds )
,

it reproduces the l naive ) Parton model
,

and
"

Partons
' '

= quarks , §
.
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.

Question
:

We don't know The inner - structure

of hadrons
,

how we male predictions ?

Traditional
way : Operator Product Expansion

( OPE )
.

Modern
way

to discuss D Is
:

Breit frame for Bjorhen limit
:

h : moving
in the 8 - direction :

P
"

= (Pt
,

-2M¥
,

0,0 )
,

y&
, moving

in the -8 - direction
: 8th -

. ( ft
,

f ; o
,

o )

ft < 0
.

Bjorhen limit is realized 8- > °

by f- → as

,

⇒ Q2 = - 28+8
-

→
as

,

ZP . 8 = zptf
-

+  zp
-

ft → as

× =  Kg = - Il
,

fixed .

if P
'

is large ,

P
"

= ( Pt
, 0,0 ,

o )
.



3

:b
.

We know
: A hadron consists of partons ,

partons : so
,

£
,

G
.

h
,

'

2 N - Parton component

pm I

t

'

'

olcxi ,E
...

)
,

hie . ixipt
,

ftp.t.hu )

At leading order : 8*+8

°

Thy
I

§ " hand -

bag
1

H

WM = diagram
"

k ^
1

v k

411411111,
p

lut
\

Black box



3.7
To derive it

,

Def :  

Tnocqp ) = # fa4xei£×

( PIT ( Jkcx ) Juco ) Ip >
,

> WN ( 8. P ) = 2 In Tw( 8 , p )
a

Perturbation theory : leading order 8s=o

Twcqp ) = ÷ fd4xei£× < PIT ( 81×18
"

fcx ) Ico) oufcq )1P)

±  ÷ fd4xet£× < PIT ( 81×18
"

fcx ) Ico) 808cg )1P)

w

-| •  a - ←  a÷E - contribution  + vacuum bubble

⇒ we look at f- aoutrihuhion .

me 1 }
• > 1 •

WW
=

a
|

,
( pl 8- icxl 8

;
co ) IP )

#
111141,111114

#
Revising

The line .

direction ⇒ 8- - an
.
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Ss to .

The structuresofdiagrams :

My
I

§

.MN/@_.

exchange
'

a
I

\

' it
,

"

ii.
i.

"

i

"

of many

(
" " "
*%perif two parts .

- . .  -

:
lines for quarts or gluons .

→ The bubble
:

tree . level
,

one -

loop ,

- .
.

Back to the hand - bag diagram ⇒
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The black box :

. ;

it
• i

'  '

jet function
"

h ^ v

⇐¥114
p

1 ; All partons
• I •

i

he ^

,
v are collinear

-2
.

Ginter
}

or safes
:

g.

Her
:

} : 1 :

'

E AM possible
1 :

diagrams ! !

= Fjilk ,P )
,

Pg :( k ,p ) =fd4xe'
" h

'×(h(p)|£:c × ) fjlo ) |h( PI )

iij : Indices of spinor
.  and color

.

The wave functions : 4 ( k ;)

hi
,

~ A
,

hi ~N/pt
,

11 ~ Aoet
, Men

No large momentum transfer ! !
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⇒ Parton momentum k scales
:

h
"

~ Or ( i
,

x2
, X. A )

,

A =L < < I
.

The hand -

bag diagram :

Who =  if ¥4 ( 8
"

8. ( h+81808448121) , ; Pg :( h ,p )
,

%

Expanding around k
"

= I
"

( i +0cal )
,

h^n= ( ht
,

0,0
,

o )

= ztfdht( 8
"

g. ( E + 8) go )
;

8 ( ( hat 812)

ifdyxj
e-

 
'

' h+×
'

ghcpyfjcx
'

m ) fjlo ) 1h CPI )

⇐equivalent to expand
+ '  '  -

 -

'

< 1h18
;

( x ) 8 ;
Col 1h > in I

,
and xt,

The quark field . : is .D f = ( iDt8
-

+ IDI
'

- if .DI )

84=0

p q p
in the hadron

O ( pts
,

0cm )
,

0 Cia )
,



b.
1

Not all components of fcx ) are important .

ft
'

( x ) = 's 8-8+841
,

8 ( x ) = 8←"C × ) + 8
← '

( × 1
,

qeyx , =  ÷ ytg
-

fcxl
.

8- j+ + 8+8
-

= 2
,

8- 8- = 8+8
+

= 0
.

Using 80 M : f
'

~ 0 ( ¥ ) 8←
' '

,

Power -

counting for 8 .

ftkx ) is the large component •

if Ej e-
 ' h+×

'

ghcpyficx
'

a ) 8
;

Io ) 1h CPI )

=  ⇒ ( 5 )
; ; fqp ( s ) + 0 ( ^ )

,

color diagonal .

PDE :

fsyp
( z ) = 's f # e-

'

' * ^
( HCPY 8-Canlot 8101 IHCPD

,

4
'

dimensionless
,

depends only on h%t = Z
.

momentum conservation =

- Pt < kt < Pt
,

ht < 0
=

anti quark .

we take ht > °



( £+812 = 2 (
h^ + 85

'

f- =o

⇒ he + ft =o
,

( htt 8 )
"

= 10
,

8 To
,

o )

! !
'

3.
WM = # foptdhtfqplz ) slid +85 ) Tif 8

"

8. Chat 8) 85 ]
,

⇒ F
,

( × ,a2 ) =  to folds 8 ( × - z ) f%t ) =  ÷f% ( x )
,

Fz ( x
,

02) = zx F,
( x

, a2 ) =  & f% C x )
*

But
:

fqp
( z ) = 's f # e-

'

' ht ^
( HCPY 8-Canlot 81011ha . ))

It is not gauge invariant I
.

Tn fact ,

at tree . level there are
many

diagrams at the leading order of A or a =  ⇒ ! !

Back to the black box
, it can have gluons .

hi hz - -

•

it
•

ho ^ { Ee .

,
.  . .

. v

"M¥114
p
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.

k
,

The case of one gluon :
.

it
•

h°^{ .

,
v

" " "¥% p

FT : < h(p1|§C×o 1 G "( xi ) 8 C ° ) Ihcp ) )

~ Pt ( 1
,

ftp.#.I)xkoY
µ=+ :

The largest component .

✓

Rughl§
The contribution > |

H

to WW
,

ho^
§zk

,

1

vk

After expansion
in

1

a
: NMYYNK p

WIN =  I fdhtdki
'

[ftp.ch.fjc.igsg-jio.ltitf
-

E
. )

(hint f.E.)2.iie.suscceitspl
]

,
In ( 51

; ;

.fr#yIeidhtttxki(h1f(xn)jtGtCd.n)flo)1h )
,
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h^ = (ht
,

o.O
,

o )
,

£ = ( hit
,

°
,

°
,

° )
,

p =
-

yeEhl 88
-

= 85
. a !+

,

n
'

( ha + f- Ei
, j4E

Note : U =L and ht +8-1=0
,

on . shell
.

⇒
.

Wigw = #

Sdhtfrlonoehtslror

) scant )]
. ifdhi

'

. a.
In

,
tissnp ) Ski e-

idhttiaihi
'

Ehl I can )

8tG4hn
) 80 ) 1h >

,

NPGP = Gt
,

the factor in [ .
- '

] is the same as before.

One can work out the result for exchanges of m - gluons .

the ! §
, K

1

ho
a } .-33g

}
vh

^
1

.

y

M 2 I

.
\

hm
-  '  '

kyhi
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The contribution with M - gluons :

W "m0g = * Sdhtftrteochtslrot)schism ]
fs 8 s  

- - ^  . 8s

If ¥
,

dki
the + ie ) ( . hnitie) .  . - . C- Iii tie )

. SEE e-

'

' ah
'

¥
,

Ii etiaihi

.

( HCPH 8- ( xnl 8
'

Gt Can ) Gtcxzn ) .  - G+Amn) 861 hlpl )
,

↳ ordered

hit = hit + hit+ -
- hit

.

"

statisticalfactor
"

The contributions are at the same order of A ! !

need to be summed .

Gauge link :

y
path .

ordered along n - direction

Vcx, as ) =p exp { - issfoddd Gtlxntx ) }

=L +

I
,

tissj fytjdx;
Gtlaintx ) Gtlazn + × )

G+4↳h+x ) - .
. Gt ( X ;h

+ x ) . 0 ( X ,
- dz ) O ( Az - X } )

O ( X }
- Xu ) -

.
. O ( a

; . ,
- X ;) Old ;)

,



3.
sing

on ) = ifdgwenwi
'

W tie

Vcx ,
as ) = 1 + I

,

tifsj Sgt
,

dhit

-

c- hiieie) c. elite:c ) thistie ) .  . . c-Ettie )

ftp.#eih5'YGtCnnex1G+Cazuex1
- - Gtdintxl

,

⇒ ⇐
.

Wmhgt can
he summed with V

.

the left part .

Doing
the same for the right part

. .

After the sum :
the leading

order of a as tree - level
:

W
"°

=

# fdht Trfgnoiht 8) 808
'

] s ( ch^+8j2)

. if ? e-
 

'

'  ' h+
( hl Ilan ) Vtcxnis ) t

'

V G. a) funk >
.

The gauge invariant definite of PDE :

f% 18 ,
H ) =

. if ? e-
 

'

'  ' h+
( hl Ilan ) V

+

Canis ) t
'

✓ G. a) funk >

h+= zpt
,
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µ : renormalization scale
,

introduced by V.v
.

subtraction
.

Because of the subtraction
,

one can

not show that PDE is positive as a probability . !

Gauge transformation :

8 ( × ) → Ucx ) fcxl
,

✓ ( ×
,

as ) → rules ) Vcx
,

as ) veal
.

The defined PDF is gauge
invariant !

Is The obtained Who gauge invariant ? ?

We need to cheek the factor Tr[
8

"

8. chat 8) got ]

. with (h^ + f) 2=0
.

1- Tr[ on g. chat 8) guy ] = jz E

'

ICE ) on
 uih

'

+ so )
2N e

Nih + 8) 80 n (E)

truth
+ 8) 80 nai ) :

the scattering amplitude for

8*+86 ) → f (% + f)

Therefore
,

The obtained Ww is
gang invariant

.



3. 18

& For gauge
invariance it is crucial that the initial

quark is on - shell ! It is also important

for summing of collinear gluons by Ward identity

beyond tree - level to prove
the factorization .

To include anti quark contributors
: To co .

fgyp ( al = - fqpl
. z )

.

Fzcx ,
02 ) = x(f%( x ) + fqyp C× ))

*

To discuss the factorisation beyond tree - level
,

we modify the notation of the
"

black box
"

.

After summing
all gluons ,

our result can be given as :

1

Nagao
,•§µ - Top part

- - -
- .

t
- - - - .  . - .  - .

i

 
.

3.35331
,

333 ... - bottom pares

\ PDF
, 5-piojeih .

1

1
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Feynman
rule for Vcx .es )

,

Vertex : •

By

( '
 ' 8sT

'
na )

,

ld
,

a
,

Propagator :

:  '

tie
.

k

At one -

Beyond tree - level
:

l

•
1

u

1

* 3 ; Ma 1 §
µ

a
1

.

P 1

Cal
1 k

•

:

-33,33
beer \ 1

pm
i

HMM p
'

i ( loops )
1

\

a 1 the top bubble can be at
any

order of as
.

the . of ia
, We have studied the ease at order 2s°

.
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.

we need to sum all contributions of

gluon exchanges .

After the collinear expansion :
All Parton lines

carries
"

t

' '

momentum % = At
,

0,0
,

o )
,

the quark lines are for on . shell quarks .

The gluon lines are for Gt gluons !

In covariant gauge ,
one can derive

Ward identity :

CBRST )

( f 12
"

'Gµ
,

( × . ) 2h Gmail
- - 2

"

"Gµn(xnlli > = 0

N = i ,
2

,
3 .  - matrix relation !

1

in >
,

if >
,

Physical States
,

on . shell ! !
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Illustration
: one gluon attachment

,
one quark

in the initial state

PK = ( Pt
,

0,0
,

° )

PCP) C f 18 (P ) ) = PCP ) UCP )

One -

gluon insertion :

.

( f 1 2µ Ga
' kcx ) li > = o

.

h
" +

= 0 !

33mA 3
µ

,
a

k k

Ca ) ( b 1 ( b 1 : All possible

insertions
except Cal

.

}•
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22

We decompose

Ga
'

"

( k ) = fd4x ethixga '
"

< × )

= NY n . Gach) + (Gank ) - Ehn . backs)
4 '

scalar gluon ,
longitudinal polarized .

All possible attachment
=

Attachment to the

of scalar gluon in c b )
external leg .

e-

*
in

,
1

\
1

\

l

C b ) ( a 1

Fig .
(a) = C- ) # Pcpth ) they?

,

C- issohiajucp )

=
- ntearlpth )Th[ i . www.bt.P ] ucpl

4

8. Pulp )=o
~

0
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.

E.
g.

(a) =
- ↳ Plptk ) Th MP )

for on . shell quark .

In our case : h
"

- ( i
,

it
,

X
,

X )
,

G
"

~ ( i
,

it
,

a
,

A )
.

⇒ G
"

( k ) = # Gt ( 1+0 calf
,

e-

-
.

x=•• .

3+

(
3*

.

( a )" '

to

¥→¥±ie

This can he generalised to insertion of any
number

of gluons .

The sum gives gauge
links

.

t.ie irrelevant here
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With Ward . Identity ,
the leading contribute

from the sum of

V

My
l

§
µ

.

-3}

:3,
}

k

" " "HM "
p

is given by : \

The
.

'

, .§ top
. part

1/1/41%11
any

order of as !

.  - .
- .

t
- - .  - .  . .

- .  -
.  - .

i.

3.35331333
"

hotton part
\

PDE
,

5- project .

I

I

Note : crucial that the quark lines stand for

on . shell quarks .
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At one . loop level
,

the top part :

1 1 1

•
1

• •
1

• •
1

•

\ \ \

it

} ,

i3mmmm
a

1 1 I

P I 1 1

( e )
Cal Lb )

l \

•
'

• •
1

•
keen \ dop

^
1

1
th .

C. of 1 a ,b
,

c )

l 1

1
,

( c ) (d)

With the projection from the bottom :

* ( 8- )
; ; f% ( 81

,

Ft = 8 Pt
.

After The
projection and taking F #

= ( It
, o.O ,

o )
,

the initial quark linesstand for on - shell quarks .

• We will use the subtractive approach ( Collins 's )
,

it has a similarity to BHZP for U . V.
.
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Consider fig .la ) :

' What =

-lfdF+8(
( Ftfp )

•
1

• 4Nc

* 35ktv F.fm#fjze.aTrf8h8.lFt8 )

- ag-

÷
-

-

f- c. igsyp , a)
islets - h1 go

\
1

I ( § tf - hpeiz

a
!

(a) ipfffie.hdtissretajoif.fq.cn
,

The black box + gauge

links It = apt
.

Consider the momenta region k
"

~ ( i ,a2
,

x. a )
,

collinear to F or P
. Expanding in  a

,

the leading order is
:

MV 1

SdpWa
,e

=

qµ ,

"
8 ( CF -1812 ) Tr[ 8ns . ( F -1 f) out ]

Fatherlessness
.gr )

. edu
,

C- issnpth ) The f%( a ) }
.

The integration over k is divergent ,

Note is tree . level result
. |

collinear divergence !
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This collinear divergent contribution is

represented by the diagram :

• .

'

'
•

. \

¥ 1
v §

Wwa
, e

= Ho,

l
,"

In the tree - level
,

there is

'

the same contribution :

• .

'

'
• • .

'

'
•

.
1

.
1

-

It,
-

II.
contains . tt-

'

t.IEti 1 Fi
1

l

11111111114

1 1

& Including WAY at one -

loop results in a

double counting .

To avoid it
,

WAY

must he subtracted .

( subtractive approach)
.
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⇒ The contribution from Eig . (a) at one -

loop

is given by :

win - WAY

It is free from the collinear singularity

from the region where the gluon is collinear

to P ! !

Fig . ( e) :

•

i
•

WE
"

= alnefdP4fd@lahp8lcFtf.e5)

*

mrlmmuae
'

' Trflissreta ) ¥8.LY?ihl
- ag- ÷ -

-

f- yn g. ( g + q . a) go
into "hl

1

1

( I - h )
2

- is

:
( -

ifsje
Th ) 8- ]

y

'

( . za 81k
'

) ) fffp ( 8)

Consider An contribution from the collinear

region with k
"

~ ( i
,

it
.

d. N
,
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.

2 f

the collinear by divergent contribute of E
g.

( e ) :

WY.ee#fdEt8(ckt8i9Tr(ses.Cke81Noif

{ ¥,
tzasceii ) Tr[otiFiWhjE÷e tissrpty

. riptejlpiiiehtcissoeraifatifqptd
,

ka
"

= ( It . ht
,

o
,

°
,

° )
.

Again ,

there is a double counting .

For the collinear

gluon ,

there is the same contribution in  tree

level result
:

• .

'

'
• • .

'

'
•

.
1

.
1

- ¥ -

l

;

-

II.
contains . tt.

-

'

y -

ItsI
,

i
I #1

11111111114

1 I

Subtractionis needed
.
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⇒ The contribution from Fig. le ) at one - loop

WE - Wen!

Tt is free from The collinear divergence !

Only Fig. la )
,

( b ) an (e) contain the divergences

when the exchanged gluon is collinear to P
.

Doing the same for f.
g.

( b ) • .  •  .  . .

⇒ The contribution to Ww hasn't the

collinear divergences .

There are I. R
. divergences in each diagram .

They are cancelled in the sum
,

because we

sum all final states
,

as disscueed in Sect
.

a
.

There are collinear divergences when the exchanged

gluon is collinear to the final quark .

They are cancelled as I. R
. one 's
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3.1
.

Conclusion :
The perturbative officiant function .

Cq in WW at one - loop is finite !

At one . loop ,

there are gluonie contribution

• .

'

'
•

• .

'

'
•

i
. .

if
-

.

'

-

f-
| ,

es i3 ; {
-

of}.

i
.

.

i.I I

,
I

\
l

' collinear contribution

Gluon PDF :

is already included

in tree - level#
fsyp ( z ) = -

zlp, f # e-
ii. 8

diagram

< hcpll ( Gthcnnlvtlxnis ))h( vlois ) GTYOITIHCPD
,

V : in adjoint representation .

One can show Cg is finite at one
-

loop .
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One can

go iteratively beyond one - loop ,

and show the factorization :

F. ( x. d) = × Ea Stxdgs Cal ×g
,

d. ii ) fakes ,
my + .

.

= x
Ea Ca @ fqa ( 1 + 01*1 )

,

The operators used to define PDF are twist . z operators .

Theoretical predictions ? µ
→ a

,
as →  ° .

Evolution :
DG (

Api
B

's
orhen scaling .

in Emi"d÷i .EE?::mEiIM
.

8 =±g
,

Pablo ) : splitting
kneral

.

Pas can he calculate with perturbative theory ,

known at three -

loop
level

.
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'

Fi ( x
,

a
'

) = Za Ca ( ti
,

02 ) 0 fqp ( m2 )
,

Ca depend on ln I

,
cabin ,

a
'

) = Calf )
,

Taking m2=Q2
, F. ( ×

,
02 ) =

Za Caci ) a f% (04
,

a2 .

dependence
is determined by DGLAP

.

Bjortaen scaling : Fnlx ,
02 ) = f. ( x )

,

Scaling violation is predicted .

The prediction agrees
with experiment .

=)

Experiment of unpolarized DIS has

told as :

@ .
Partons are fuarks and gluons

!2!
. Scaling

violation from experiment

is predicted correctly .

!3! Extract PDE 's for other usages .

"

Classical test of acts
"
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Theory VS
. Experiment
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polarized DIS with proton :

The proton is polarized ,

a spin vector s

The decomposition :

WW ( p
, g) = tgau +  HE) f. ( x ,a2 ) + PIT fzcx ,

a2 )

+ i Ent 82
[ sp 8. ( x

,
d )

p . f

+ ( P . f Sp
- f. s Pp ) fz ( ×

,
02 ) ]

,

Two - additional structure functions .

g. ,
can he measured with longitudinally

polarized proton .

Its factorization

is similar to that of F ;
with

.

twist - 2 operators .

experimental study of 8. :

"

spin crises
"



3
.

3

6
82 : can he measured with transversely

polarized proton .

Its factorization

is with twist . 3 operators , complicated .

*

Momentum sum rule

Spin sum
rule

:
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Universality of PDF 's :(very important )

!1! red - Yan process : ( DY )

halpa ) this ( PB )
. 8& + X

ett
,

Plan = ( Pat ,o , 0,0 )
,

PB

"

= ( 0,135,0 ,
o )

One can do the analysis as done before .

his I

11111111111

^

\

v

hi
,

⇒ gives a factor

•°n%sy: .ph
. ,

tissnhtal

141111%1111

1 ms
ha 1

•• •

^

By
1

v

. a
'f*

,

tissnhta )

←
' -

l

a

14111111114

atpal
1
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t.ie
has a physical meaning ,

+ is : final state interacts

This leads to that PDE defined in DIS

is with the
gauge

link Vcx
,

as )

pointing to the future
. .

- is
:

Initial state interaction

This leads to that PDE defined in DY

is with the
gauge

link Vcx
,

. al

pointing to the past .

PDF in DY :

vcx ,
. est =P exp { -

i8sf°adx Gtlxnexl }
,

f%col|py
= 's B.e-

ixpatz

( half an ) Vlxh
,

-

a) 5
'

V
+

( o
,

- as ) 8101 |hA )
±,
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symmetry of Parity + Time - reversal

⇒ fsypttl
py

=

f4p↳l
pzs

or non . Abelian

Stoke
theorem

<

>

••a.
<

>

• •

- as

axn
×

.

+ a

The area inside the close contour is zero ! !
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Physical picture of !1! IS =

space
- time structure if DIS :

rewrite :

Who =  zj In [fd4xei£× <h( PHT ( Juan J %) ) IHCPD)

Forward scattering :

,

hteradion
. point .

>

'

runo.gl
, I,< >

,

x
"

X = 0 X

Typical × -

range ,

interact range ,
or observation range

is given 8. X ~ d
.

We take the frame :
The initial proton is in  rest

,

P° = M
,

§ = 0
.

The virtual photon moves in The -8 - direct
:

fm = ( 80
, 0,0 ,

83 ) = ( 890,0
,

-1831 )
,

ft =  jlg ( f
°

- 1831 )
,

f- =  ft ( 80+1831 )
.
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02 → as

,

or Q
?

> > M2
,

ZP . f =zmf° =  ¥32 ⇒

f°=
&

a s > Q
,

ZMXB

A 2=-82 =
- ((892-18312)>0 ⇒ 1831 > 80

.

For 8h
,

80 ~ 1831 > > Q
•

f- ~

.
nff°

,

ft = ¥ ~ - Hoo = - r÷mXB
,

The typical rank :

x.
~qt~ .hn FTT

.li

+1xtnl
= ¥2 a ,÷

,
f. AZ

A
: Aaep

,

or M
, soft scale

,

proton size R ~ ±
.

×
'

=  Fla teoffe

Ioffe time
.

Transverse range :

X2 > °

⇒ × ? < zxtx
-

~ ¥ < < Th
.causality
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7- z

← g&

mum

D= axe
~

Ya
.

ax± small
,

dominant contribution

is from the case of finding one - Parton ,

The
pro babbity to find two partons

is
power suppressed my Ya

,

part of high . twist

effect
.

Interaction time
: partons inside a hack on in  rest

,

The interaction time between partons : ( soft )
.

top
~  In ~ R

.

The time range
between two interaction points :

tins
- for =  Rm a ÷,

.

⇒ The potion interacts with a free Parton ,
.

Physical reason why
the factorization can be done

.
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An interesting observation :

x.~ ¥~  an II. nr

If XB is small enough
,

X
'

> R or ×
-

⇒ R
.

At least
,

one interaction point is not located

insider the hadron
.

How can the interaction

happens outside the hadron ?

Hot topic ! ! Small . x physics

Section end
.
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.

4
. ACD Factorization in et e- → h + x

et e- → FCE ) → h ( P ) + ×

f
2

> 0
,

82 > > 112
,

.

A ~ Aaus

Similarly to DIS
,

we define the hadonic

tensor
:

Wm = fd4xe
' £×

Ex Col Jncx ) 1h
,

× )

< hx 15%110 )
,

Taking a frame :

P
"

= ( Pt
,

0,0
,

o )
,

8
"

= ( 8t
,

85 o
,

o )

The analysis is
very

similar to that of DIS
,

with the difference of jet functions or

"

black box
"

.The same power counting

At leading order
:
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h
1

h h
1

h

I |

I \

I + 1

• ' '

'
✓

←
a }a ,

✓

t.tk?

→ I
→

I

who<
I

•mv who<
I

•mv

I 1

A Fetor :

.hit
.

tissn )

The sum of exchanges of gluons can be done with

gauge links V ( x. as 1
.

This leads to the definition

of Parton fragmentation Functions ( EE 's )
.

Quark FE :

Dha (a) =

a
! fdxetdht sad E×Tr( rt

( ol Vtco ,os 1 81011ha) ,× )

( x. hail Ian ) Vcxnesllo ) )
,

pt
ht =

-

Z ,
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.

it descrihs that a quark with the momentum ht

fragments into a haakon with the momentum 2kt =P ?

181£ I
,

8 > ° for quark FF
,

zco for anti quark FF
.

The gluon EE
:

Dyson
=

-

a.
www.fdxeiaht
( 01 Genco ) Ttlois ) 1h47 ,

× >

< x. HCPYT ( an
,

a) Gt
µ

( in ) Io )
.

The EE
'

also depend on H
.

Their evolutions

are in the form of DGLAP
.

The
leading

order

of  notations are The same as those of PDE
.

The differences appear
at two -

loop .



4. 4.

statement of QCD factorization :

do let e- → hex )

da

= EH Ha ltg ,

a ?/i ) Dqatguy

.{ it och }

a

Egocete
.

→ 881 (Deygto ) + Dqgcal)

8
: Energy fraction

.

- { it OKs 1 + 0 (Ea) }
.

z = Yeh
,

a 2=82
.

Ha : porturbative coefficient functions , finite !!

Universality of EE 's ?

PI - symmetry does not apply ,
ie

e

PT 1h ,x)o•
= 1h

, ×%n A 1h ,
× ) no

.
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TMD Factorization for SIDIS

Semi . Inclusive DIS ( SIDIS ) :

eck ) + hacpl → ech
'

) + HBCPH ) + X
,

kinematics
:

One . photon .
. exchange

8th
' h

'

,
82 → - •

898 ) + hacp ) → hrs (Pe ) + X

}×
"

,

{
A

ummm

',h*

gywwwwlg8& , y&

HB
I

Current fragmentation ,

i Target fragmentation

region region

.PM=
( Pat

, 0,0 ,

o )
,

"

fracture functions
"

fn = ( ft
,

8- ,o ,
0 )

,
8-1<0

. we don't consider

Pk⇐(Ihl
,

Pei
,

pet
, ,p . )

.

this region .
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. A ~ Aocp

,
Mh -

-

Three kiinematieal regions .

soft scale
.

a
.

Pei
.

~ 02 > > N
,

Collinear factorization

do ~ H of OD {1+01*1}
a x

PDF FF

H : perturbative coefficient function ,

finite
.

b .

Q 's > Pin > > 112
,

Collinear factorization ,

still
.

But : large log 's but¥a in H
,

re summation is needed
.

C
.

Q
?

> > pen ~ 112
,

no collinear factorization .

small Phi
:

sensitive to transverse momenta

of partons
, neglected in collinear

factorizat .

Trans .e
- Momentum - Dependent factorisation

TMD for C .

and b
.



5. 3
.

8 . diretion

ha 848 )
.

>
←

hlp ) • urnnv

P
"

= ( Pt
,

0,0 ,

o )
,

L 8th = ( ft
,

8-
, o.O )

k '
"

The parton inside h has the momentum

h
"

= ( kt
,

hi
,

the ) ~ ( 1,112
,

^.^ )
,

The outgoing Parton has also the transverse

momenta Is;  
= I

sf we don't oherseve £i
,

i.e.
th

'

is

integrated ,
We can make the approximation

by setting
£

, =o
.

This brings an error at

the order hiyaz  ~ 11%2 a I
.

like DIS
.

If we do observe the
'

,
it implies that we

detect %
, of the Parton inside the hadron

.

⇒ Here we can not set the °

.

! !
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Difficulty for defining FMD PDF
:

h ( P )
,

Ph = ( Pt
,

o
,

o
,

o )

We re - write the collinear PDF

ffyplxl
=f¥

,

e-
 

'

'  ' ' h+
Chl I ( an ) V

+

Canis ) 5
'

V G. a) funk >

ht=×P+
= fd2h± fans e-

IF 'k

< hl I (E) Vt 1§
,

as )8t Vases ) fc ° ) 1h ?

§
"

= ( o
, G-

,
E)

,

8- =a
,

k
"

= ( ht
,

o
,

£
, )

,

Define TMD PDF

fqpc x. E) = ftp.p e-
iFk

< hl I l§ ) V+C§
,

as )8t Vases ) fc ° ) 1h >

But
:

The definition
is

inconsistent ! !

?
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The
gauge

link
:

.

✓ ( es
,

as ) =P exp { - i8sfPdaG+ Cnn + es ) }

Under gang transformation :

VYF
,

es ) Vlo , a) ⇒

ul F) VYF.es ) vile
,

es
-

as )u( o.es
'

ay no
, a)na

-
=\ A ! !

⇒ No gauge
invariance ! !

Tnfaet ,
in nonsingluer gauge ,

like Feynman

gauge ,

UBI
,

es
.

=  as 1) = f
.

In other
gauge ,

transverse gauge links at Gies

need to be added
.

Singular gauge :
n . G = 0

.
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.

Light - cone singularity :

it we calculate f% ( × ,kI ) at one
-

loop
,

1 1

3g
1

1

P
1

v if
1

,

1

L a ) ( b )

fqga.ee. )|- sci
. x ) 84%1 So

'

T.by
,

a

*

° 4 divergent

fgfqcx ,

E. My ~ ( x
,

I
, ) 1

1 - ×
,

X → 1

Cotti near PDF

Saiki. [ fqq|a + f%|b ]
=

"

finite
"

The divergence : Light - cone singularity .

related to gauge
links

.
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.

÷
⇒

n.es
've =

a .ie.

⇒ ÷

kt → o
,

divergent .

One possible way
to regularize the divergence :

Gauge link off light - cone
:

Uh = ( Ut
,

w
,

o
,

o ) instead of nk=Co
,

i. °
,

o )

Def :

Vales
,

a) = pexpfigsfoohxu . Glxuees ) }
,

Fox ,
k

. ) = ftp. e

' Bik

< hl III ) VIII.as )8t Valois) soul 1h >

,

U
't

→ 0

,

but finite
.

f depends on µ
,

g. [ = MMPI =  ⇒ ( ptp

f- depends on the energy of the hadron ! !



£7 .

Evolution of TMD PDF
,

H II fcx.h.i.ie , Eu ) = 28
,

f- ( x. k.i.ie , Gul

8f : Anomalous dimension of the quark

field in the axial
gauge n .G=o .

8=1 = IIs C
,

+ 0125 )
.

It is much more simple than DGLAP
.

The reason :

fd2h+ f ( x ,k± ) has more V.V
.

divergences ,

more V. i. subtraction
.

⇒

fd2h+ fcx , ki
. ) * fsfp ( × 1 ! !
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The evolution of Eu :
Collins 's -

Soper Ef . ! !

It takes simple form in b-
space ,

b
"

= C b
'

,
b2 )

.

fcx.b.ie.esu1-fd2k.etbi@fcx.hnn.esu1Gnahqnfcx.b

, then ) = ( Klm , b) + Gln , Gul) fcxib
, then )

klnibltgln.eu ) = - teen
Eib2e2%I

4
1

math K = - 5
,<

= - M at G
,

8k
: Cusp

anomalous dimension

8k =  ¥24

CS equation ⇒ Css resummatiou

very important !
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similarly ,

we can define TMD FE 's
.

hlph )
,

Pan = ( °
,

Pei
,

0,0 )
,

!1!

4 :

✓ ✓ (es
,

. a) = pexpfissfasdx v. Glxutes )}
,

V
"

= ( vt
,

v
.

, 0,00 )
,

Vt > > V
-

.

C kinematics )
.

TMD EE :

Icahn =  Is SET e-
'

that Ex Tr

< olrtvvcolfcollhx) chxl ECFIWE) 10 >
,

here
: §n= ( est

,
0,61

,

k "=( 0
, tzpa

,

-

so'PI±)
,

T

£ depends on µ ,
es ; =

4

ftp.2 expand
. .



f. 10

Factorization :

Breit frame

ha ( P ) + 878 ) → has ( Pa ) + X

f2 = . Q2 → - as

, Pegs < < I

Det :

× =÷p8g2 =  ⇒ = - ¥
,

×B
.

z =  Tygh = ¥
,

Penn = 81
"

Phu

The hadronic tensor
:

WWCP
,

8
, Pa ) =  

zlfd@qei8ixxzQha.l
Jth ) lhax > ( × hB|J% ) 1ha

. >

=
- at 810 F ( ×

, 8. Pen
,

Q )

+
"

Power suppressed
"

glib = 8N - nklo - nulk
,

can he defined adamantly .
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factorization . at tree - level
:

HB
#

1
i

.

.hB
1

.

1
I
1 . .

8 n 1 v 8& ^ 1 v

i.

,

• new +

.m•3qy.
,

. .

•nn

A V A V

1 1

1 1

ha 1 HA 1
.

1 \

summing all g
+

ggem

A Factor :

from the bottom
. a }

. ,q

tissnhta )

⇒ gauge
link Vu

,

replace hit → uk ! !

b.mr•
'̂ '

ha
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.

I

I
n summed

^ I v with the gauge

in33.
.

,
.

←m

link Vv
A

-  '

V

:

\
.

Important : to calculate the middle paves

f. I v

In the middle
in • new

part : a

\
v

kaM= Chat ,o,o,o )
ha 1

his =l°
,

his ,°,° )
.

on . shell amplitudes

⇒ gauge
invent

hA±
,

hrsi
. only included in the momentum

conservation
.
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⇒ Tree - level factorisation :

F ( ×
, 8. Pen

,
a) =fd2k*±d2kB± 82 ( stirs

,
tha

.

,

- Ieu )

fcx , had § ( 8
,

ha )

But this is not correct beyond tree - level
.

At one - loop :

i.
,

I
, "

#

in
^ I v 8&

?
I v

i.} ,

•

www.mft.nuA V A V

1 1

I 1

.

I I
.

( d)
( b I

Because the sum of final States Is incomplete ,

KLN theorem does not apply ! !
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.

following the analysis of DIS
,

one finds :

*

The
gluon collinear to ha or ha

,

with the momentum k
"

~ ( I
,

it
,

×
,

a )

is factorized into TMD PDF of ha
.

*

The
gluon collinear to hrs or his

,

with the momentum km ~ C i
,

I
,

×
,

x )

is factorized into TMD EE of his
.

The contribution from the soft gluon

with hh ~ ( a
, X. x. × ) is still there and

divergent ,
because no KLN

.

The soft gluon Fig . (a) and ( b ) can he factorized

AS

,
I

I
I =

mm
•

2g ,

m
mm

Psg
m

,

I
,

1
1

(a) ( b 1



£ .
 it

There are also extra soft - gluon - contributions

in TMD PDF and TMDFF
.

p
2

=

4 ( U . ✓ )
2

The soft factor ,

n2v2

SCE
. .ie ,p)=n÷Tra1 vii. a) Voices

,
E.)

Valois ) V
✓

( o
,

. a) 10 )
,

Diagram representation :

v
1

V
I

S
:

I

•
•

I

gluons exchanged 1
n

n

between double 1

,

lines
.

!1!

9 :

sick
, ,a,p ) = 5¥.ee#EfscE..u.esj

'

c-a) ! !
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The correct factorisation beyond tree - level
:

F ( x
, 8. Pen

,

a ) = H ( Q
,

H
,

Bu
,

Gu)

.fd2ka±d2kr±d2h± 848hL,
that the - Iq )

f ( x
, ha, ie , Bu) £ ( 8 , km ,n , Bu ) Tchs

,

a
, f )

Pertuvbative coefficient ,
finite .

H = 1 + O Hs )
.

In b- space :

F ( ×
,

t.J.cl ) = H ( Q
,

H
,

Eu
,
Eu ) 5

'

( b
,

M
, p )

fcx , b
,

µ , Eu ) § ( 8
,

b. K
, G)



5. if .

Collinear PDF 's
vs TMD PDF 's

Collinear PDE

's
: longitudinal motion of partons

,

one - dimension
.

TMD PDE 's :
Three - dimensional motion of partons

,

more about inner structure
.

At leading twist
, only 3 PDF 's of spin

. %

f # e-
i *

+

×

< h(p)|f ( an ) 8 ( o ) 1h ( pl )

=  ⇒ [ 5 8 ( x ) + rto
-

a 8< ( × ) - it He
,µ

8
, cxif

e

'
'

-
. .

"

X : helicity of h high twist

Is
: transverse spin of h

, 8th= EI
"

Siu
.
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At leading power or twist - a
,

there are

8 TMD PDE 's
.

! ! TMD EE 's

"

TMD Physics
"

Strong experimental programs
at FLab

, compass

and Belle
,

even BESI

↳ Collin 's effect
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