Wigner Distribution
W(x,rk,)

Transverse Momentum
Dependent PDF f(x,k;)

Generalized Parton Distr.
H(x,S,t)
o
X
Form Factors
F1(Q)!F2(Q)
(rerree |:f
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Transverse profile for the
quark distribution: k; vs b,

Quark distribution calculated from GPD fit to the DVCS data from HERA,
a saturation-inspired model Kumerick-D.Mueller, 09,10
A.Mueller 99, McLerran-Venugopalan 99

"
"N
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Gluon distribution

0.10

xG 3(X.kb_()5

GPD fit to the DVCS data from HERA,

One of the TMD gluon distributions

at small-x

09,10

Kumerick-Mueller

A
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Deformation when nucleon is
’rrcmsversely polarized

-0.5 0.0

067
04
02

0}

bylfm)

-02+;

—04!

-06¢

up O
X

Quark Sivers function fit to the SIDIS Lattice Calculation of the IP density of
Data, Anselmino, et al. 20009 Up quark, QCDSF/UKQCD Coll., 2006

: A
n’:}
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Generalized Parton Distributions

Mueller, et al. 1994; Ji, 1996, Radyushkin 1996

m Off-diagonal matrix elements of the
quark operator (along light-cone)

rdX o

1 =y A 1Q r i ll'll n .':. an) A \"

(. E. )= = | == b | —=n) fPe G dan b | = '
F..I\J‘ £, 1) > v/ 2:.rt P ¥, ( 2?2) HPe 127 (271) P;‘.»
— H,(z.£,1) %F{P’) AU(P) + E,(z,£,1) %F[P") = 2"1“\‘ U(P) .

m I't depends on quark momentum fraction
x and skewness &, and nucleon

momentum transfer t
0 7 §=—n'(P';P)/2

“7—<” t=A? = (P—P')?
= I+E/ \I—{ —

- = 7/16/18 90
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Access the GPDs

m Deeply virtual Compton Scattering
(DVCS) and deeply virtual exclusive
meson production (DVEM)




'_
DVCS kinematics vs DIS

Y*(q) v*(q) v*(q)
X X
p— % ~p p
(a) (b

Y(q’)
x-§ E+x 7/ E-x
D’ z\
(©)

x+ &/

)

\ €

g 1

1 L »
)\I _Anti-quark ERBL Quark
.r_DGLAP 2116/18 DGLAP g,



" A
Zoo of TMDs & GPDs

U | L T U | L T
U| fi hi | U|H Er
L gir | g L H
T|f 1LT gr | ,hllT

= NOT directly accessible
= Their extractions require measurements of x-sections and

——~__ asymmetries in a large kinematic domain of x, {, QZ (GPD) and x,,
rrerrer I 2



Example: quark GPDs

m Unpolarized

1 [dz™  p+,- -
Fi= —/ Dl P2 (0 |g(—L )yt q(L 2)| p)

zt=0,2z=0
+°‘A
2}1’+ {Hq(x & Da(p )y u(p) + E9(x, & )i p') 2 u(p)]
m Polarized
g L[z
Fi=3 22_7[6"’“” " (Pla(=3 27" sa(3 2)| P) 220,20

M*

=P [Hq(x & 0a(p )y ysu( p) + E9(x, & )a(p') u(p)]

cecee) '“\ 7/16/18 94



" S
Forward limit

m Reduce to the normal PDFs

Hi(x,0,0) =q(x), H9(x,0,0)= Ag(x) for x > 0
Hi(x,0,0) = —g(—x), H9(x,0,0)=Ag(—x) for x <0

cecee ';;\ 7/16/18 95



"
Sum rules

m [ntegral over x lead to form factors

/1 dx Hi(x, &, t) = F{ (1), /1 dx E(x, &, t) = FJ(¢)

—1 —1

. 04
104% 4,
2m

E><p’|67(0)v"c1(0)|p> =u(p’) {F Lyt + Fi(1) ] u(p)

1 1
/ dx Hi(x, &, t) = g%(2), / dx E9(x, &,t) = gh(t)

—1 —1

ys A#

b (P'1q(0)y"ysq(0)| p) = a( p") {gﬂ(l‘)y“ys +gp(1) 7 ] u(p)
cecer ';;| 7/16/18 96




W
Form factors have been used to

constrain GPDs:

Simon et al. ~—&— a Hoehler etal. ~——

P Price etal. --&--1 - MpHp  Janssens etal. --&--

Bergeretal. +-w- _| Berger etal. -1 |
Hanson et al. +-7-1 1 Bartel etal. +-%—

polarization data +--@--t 1 Walker etal. r2—

Litt etal. —B—

Andivahis et al. -3¢

GE

0.1 |

0.1 Sl etal + @
0.01 - 0.01 |tom
0.001 " . === ::i;“_ 0.001 .'
: | \' / - _“‘:533_-;::;: E
|l /,V |
. [
0.0001 L 0.0001

Ge(Q% = F1(Q%) - F2(0%),

274042
G\ (0% = F\(Q%) + Fy(0?Y), T=Q%/4M

Ih=U(P) |7 F1(Q%) + i(oumg” [2M) F(Q%)| U(P)

~

N\
Frreerrerer ﬂ
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" I
Polynomiality:

m Moments (x) are polynomial in skewness

1 n
/ dxx"H9(x, &, t) = Z (2é)iAZ+1,i(t) + mod(n, 2)(26)"“(],‘11“(1)
! i=0

cven

1 n
/ dxx"E(x,&,0) = 3 (6B, | (t) — mod(n, 2)2E)" 1Y, (1)
1 i=0

cven
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" S
One particular example: Ji sum
rule

ﬁH+E)xdx=Jq=1/2AZ+LZ Ji,96

1

Ay (t) + By(t) = / dxx[H,(x,¢,t) + Eg(x, ¢, 1)]

—1
m Define the gravitational form factors

_ _PWig")* g,
<p'|T;f‘é|p> =Aq,g(t)uP(“yv)u + B, 4(¢)u u
2m

reeee '7"‘ 7/16/18 99



Evolutions
M
(a) (b)
A_\ .::| (c) (d) 100



Example: non-singlet case

DQFNS(X,g, Qz) . aS(Qz) : dy X ‘i: € 2
D1n Q2 = o : 7PNS (;,;,;) Fys(y,§, Q7)

x2+1—2&°
"1 —x +ie)(1 — &2)

m Reduces to DGLAP evolution at ¢=0

PNS(an,E) =C

reeee '7"‘ 7/16/18 101



" S
Experiments: DVCS and BH

reecee (a) (b) (¢)
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" JE
BH amplitude depends on form
factors

_ 1
3= K u
L= ulk) S T v ie

| 1
+ ok —£* u(k)p(P'U,L(OHP)

(P'|7,(0)|P)=U(P")| y,F1(A?%

5 10, AV
+Fy (A2 y(P)

) ! 7116118 103




Hand-back diagram for DVCS

q q

2, ol

1
1
THY = “v/ dx
) (x—s+ie+

) ! 7116118

+crossing diagram

1

x+&—1€

)Zequ(x, S,t, Q2)
q

104



m [n the end, the differential cross section
will depend on the BH, DVCS, and their
iInterference

T? = |713H|2 + |Tpvcs |2 +TDVCS7§<H + TSVCS’EBH

reeee ';"‘ 7/16/18 105



"
Azimuthal angular distribution

0

Toul’> = —— —
x2y2(1 + €2)2A2Py () P2 (o)

2
X ch + Z c,],?H cos (n¢) + S{BH sin (@) } ,
| n=1

6 | 2
e .
1 Toves | = g’ + Z[C,IL)VCS cos(ng) + s>V sm(nqb)] }

y2Q2 | o —
:I:e6 3 w
B xBy37>1<¢)7>2<¢>A2{ 2; cy cos(ng) +s,, Sm<n¢>];,
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" I
Extract the GPDs

m The theoretical framework has been
well established
Perturbative QCD corrections at NLO

However, GPDs depend on x,&,1, it is much
more difficult than PDFs (only depends on
X)

There will be model dependence at the
beginning

reeee '7"‘ 7/16/18 108



One example: H(x,x,1)

0.40
0.35
0.30

:‘? 0.25

"
s 020

T
W 0.15
0.10

0.05

0.00

~
A

A
reecrec|

_

T

me H1/ZEUS+HERMES+CLAS+HallA
== (H1/ZEUS)+HERMES+CLAS
=+=1 (H1/ZEUS)+HERMES+CLAS+HallA

t=—0.28 GeV’
Q° =2 GeV’

HERA

HERMES JLab

7/16/18

D. Mueller, et al, 09, 10

Small-x range constrained
by HERA, uncertainties

at large-x shall be very much
reduced with Jlab 12 GeV
COMPASS, and the planed
EIC

Of course, there are also
other GPDs, in particular,
the GPD E

109



" S
Power counting of Large x
structure

m Drell-Yan-West (1970)

F\(¢*) a===(=1/4%)" «— vW,(x) 551 (1=-x)*"

m Farrar-Jackson (1975)
W™~ (1=x)* and v W,?~ (1= x)
m Brodsky-Lepage (1979)

~ (1-1!:)3 i G ~ (1-x)5

Cqt/pt q¥/pt
m Brodsky-Burkardt-Shmidt (1995)
fit the polarized structure functions.

cecersd) .:.-‘ 110



"
Large-x power counting for
the GPDs
w;p>

1 rdAi — A A
H,(x,&, 1) =5/ 5-¢ gih* <7r P"t,{'q (—an)yi&,{'q (5?1)

ﬁxﬁ.rvm
a7 w L1 T




"
Where is the T—dependence

(x+&) (x—§)

m”é\o.

1 l—x ]_-|- l_;; —
k2 (1 +£) 4(1 +£)2£2

I_N

1 l—x [1+(l—x)2(l—§2)t

%P T R-gl T a-oR

* In the leading order, there is no #-dependence
* Any t-dependence is suppressed by a factor

(1-x)f




"
Power counting results for
pion GPD

min the limit of

(l_ 2

H(n,6,1) o =2

N l N
Hj(x,¢,1) = T (z)

m We can approximate the GPD with
forward PDF at large x,



GPDs for nucleon

>
&
(&
o
RO
o N
g ko g

= L d/\ e { P X —é'n 4 é'n,
Mo =g [ 3 (P (g e (5m) |24
Helicity nonflip  #,, = M, = H,(z,&,¢) - 5262 (5.6,1) |
. AT 4 1AY
HeliciTy ﬂlp Hyp = _HH. = 211,1( 62) ( 3 t)

~

A
\
Frreerrerer ﬂ

,



" S
Helicity non-flip amplitude

m The propagator

! L= 2 _*
PR g O A

m Power behavior

i\| .;;-‘ Forward PDF



Helicity flip amplitude

* Since hard scattering conserves quark helicity, to get the
helicity flip amplitude, one needs to consider the hadron
wave function with one-unit of orbital angular momentum

In the expansion of the amplitude at small tfransverse
momentum /, additional suppression of
(1I-x F will arise

1 1

(kg = .II3P = J_L)z (-‘.‘4,2 — .L'3P)2

gL
(L4 €)2k%,

A
\
Frreerrerer ﬂ

,



- Two kinds of expansions

Propagator: (1 —x)*(L+£2)/(1— €%’

Wave function: (L—x)°/(1—¢%)°

* The power behavior for the helicity flip amplitude

Hyp ~ (AT +:A7)

- GPD E

Eq(x;ﬁ:t) ~

. GPD H Forward PDF




"
Summary for the GPDs’ power
prediction

m No f-dependence at leading order
m Power behavior at large x

1
Hi(2,6,1) = — ngf(r) ~(1-x)

_\| Jf‘ Log(1-x) should also show up



TMD Parton Distributions

m The definition contains explicitly

N Collins-Soper 1981,
the gauge links e ope

Belitsky-Ji-Yuan 2002

—_ l dg_dng_ —z’(ﬁ'_k‘k—&l-l_ﬁ)
flak) = 5 [ 555k

X(PS[P(e™,€L)LL (€))7 Lo(0)%(0)|PS)

m The polarization and kt dependence
provide rich structure in the quark and

gluon distributions
Mulders-Tangerman 95, Boer-Mulders 98

eee ¢ \ 7/16/18 119
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"
Transverse-momentum-dependent
(TMD) Parton distributions

m Generalize Feynman parton distribution q(x)
by including the transverse momentum.

q(x k+)

= At small kt, the transverse-momentum
dependence is generated by soft non-
perturbative physics.

m At large k;, the k-dependence can be
calculated in perturbative QCD and falls like
powers of 1/k:°

r*;Z‘}l |||‘ 1 ;r(a) SSSSSSS Spin Theory



" A
Transverse momentum
dependent parton distribution

m Straightforward extension

Spin average, helicity, and transversity
distributions

m Transverse momentum-spin correlations
Nontrivial distributions, S-XP+

In quark model, depends on S- and P-wave
interference

) ! 7116118 121



" A
Transverse momentum
dependent parton distribution

Straightforward Leading Twist TMDs Y |
CXTenS|On -> : Nucleon Spin | 0—- | : Quark Spin
1 Spin average, | Suack oolaraatic
helicity, and
transversity
distributions o
P+-spin correlations ul f£=(0) ht=(D) = (L
. - Boer-Mulder
= Nontrivial s
distributions, L g, = - (=~ hyt=(2m = (1
STXPT S Helicity
1 In quark model, % N ) N . ”1T=@ - @
dependson S-and| 2| 1| fit=() = (o) |g 1-0 - () Transversity
\' T N N /}\
P-wave Sivers h"l=é) - (@)

,":j\nﬁ.ir{ference 211518 122




Alex Prokudin
X f;(x, kt, St) @EIC-Whitepaper

-0.5

0 0.5 -0.5 0 0.5
ky(GeV) ky(GeV)

Quark Sivers function leads to an azimuthal asymmetric
distribution of quark in the transverse plane

i A
reererer ’m
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Where can we learn TMDs

m Semi-inclusive hadron production in
deep inelastic scattering (SIDIS)

m Drell-Yan lepton pair, photon pair
productions in pp scattering

m Dijet correlation in DIS
m Relevant e+e- annihilation processes

) ! 7115/18
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» BN
Semi-inclusive DIS

Collins:

Sivers:

A

sin(¢+ao S)
Uur

Z(ICI Ggq(l)

A

sin(é—a
(¢ (’S)_xh'

Uur

2.q.q qflT

r)-Di(z)

Eq,q €qq ) Dq(z)

125

7/15/18

U: unpolarized beam
T: transversely polarized
target



Two major contributions

m Sivers effect in the distribution

sTT Kk,
s o s xi)

m Collins effect in the fragmentation

(zk+pr)

(k,S7)

~prXSt

m Other contributions...

) ! 7116118
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Universality of the Collins
Fragmentation

Yy
s . 2 G N
Si «. %P]
PA : PB

ep-->e Pi X e*e--> Pi Pi X pp--> jet(->Pi) X

Metz 02, Collins-Metz 02,

Yuan 07, | Exps: BELLE, BESIII,

Gamberg-Mukherjee-Mulders 08,10 HERMES, JLab
 Meissner-Metz 0812.3783 STAR at RHI1CZ ,

= Yuan-Zhou, 0903.4680



Collins asymmetries in SIDIS

= HERMES: 7" L4 COMPASS: h”
| j } j Summarized in the
EIC Write-up

o
-

2 (Sin(0+0)ur
o

LA

>

e

e

L.

HE

E e
N
T HH

-

N —.—

g

[ %5
:+I>—

e
L
Ve
E —.—
y

g
ey
(% =l
.=
i
it
——
——
—

2 (sin(0+0g)r
o

— ]
FENLH
Y
.
i
-
.
.-
.l
T
e
H—t
HH
4-.-»—-5
-

: et I
—— :
— it

——d
f
“H
e
=
«l_&_':;
-
——
—
Q—D—‘I
—P—IF

-0.1 -= HERMES: 7 } * — —aCOMPASS h
| T A [ [ 1 i1 I

5 | HERMES: K* I I
—ga,on_- - { -
Pl bl
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Collins effects in ete-

0.05

0.04 —

Kang et al (2015)

0.03 04— Anselmino et al (2013)

Ay, )

0.02 —

Collins functions extracted from the
Data

BarBar Coll. 2014

A
rereer ‘m
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" A
Sivers effect is different

m It is the final state interaction
providing the phase to a nonzero SSA

m Non-universality in general
m Only in special case, we have
“Special Universality”

Brodsky,Hwang,Schmidt 02
Collins, 02;

Ji,Yuan,02;

’\l A Belitsky,Ji,Yuan,02




TMD Parton Distributions

m The gauge invariant definition

fla k) = = / e i kT —€1 kL)

2 (2m)3

X(PS[$(¢™,€0)LE (€))7 Lo(0)1(0)|PS)

= In Feynman gauge

Belitsky, Ji, Yuan (03)



B
Where does the gauge link come
from?

m Factorizable multiple gluon interactions

q q q
H‘H k+q %% L«,ﬂ
- -

- - > »-
kl k1 } gk‘Q k1 l 3’«‘2 g’%

(a) (b) (c)

132



Example: FSI in DIS

d*kg _ & i(K— Kq)
%q'/@ k (27T)4u(/€)(—297 Ta) (k — kg)z + ier
X (n|(0)Aga(kg)|P)

The leading contribution comes from A+, and
— taking the leading term with £k~ — oo, we have

“+ o0 ) 00
dkT AT (k) = de— A1 (e~
I b ol R G

\ 4

A kg

This is just the leading order expansion of the
exponential gauge link

Summing all final state gluon interactions will lead to the
final gauge link in the parton distribution definition

‘\| \ 133

KKKKKKKKKKK



Initial state interaction in Drell-Yan

d*kg _ oy i Kg)
(27_‘_)47)(]{')(_7’9’7 Ta) (]C _I_ k'g>2 _I_ zer
q X (n|Y(0)Aga(kqg)|P)

Ko The leading contribution comes from A+, and
taking the leading term with k=~ — oo, we have

o0 1 — 00
dk T AT (ko) = de— A1 (e~
| e (h) = |~ dg~at ()

k

This leads to the gauge link in Drell-Yan
process goes to -1, instead of +1 in DIS

Consequence is the Sivers functions change
sigh for these two processes

cecersd) .:.-‘ .



" I
In light-cone gauge

m Additional gauge link is needed to ensure
the gauge invariance of the definition
AL = Pexp (—ég /O Tde, AL = oo,sl))

Which can also be derived from the previous
diagrams

cecersd) .:.-‘ .



" I
Sivers asymmetries in SIDIS

0.1= HERMES: * A COMPASS: h*

2| | SH R Jiab Hall A *He da
f | %ﬁi%ﬁ i*ﬁ;i} - *;; {
RS LA LD E15 IR AP AL -
0'2'I|I+HEI!-‘¢MIES:K*l P

§§. | % P Non-zero Sivers ¢
g : }i{ | “H { :m}* b} Observed in SIDI!
§} it | PSTLENN Y
g | TR '
R I LN AL A *.# __________ } __________

“.;;'2 - ““.;; o “xq()f2l l ‘0141 l lOfG' l ‘0{8‘ ‘z lllll 0 15' - ';l;' l(glesv)

7/16/18 136




DIS and Drell-Yan

m Initial state vs. final state interactions
: R Ry

Drell-Yan [, |

ISI FSI

Sivers|py = —Sivers|pyg 2 HERME ‘
S
m “Universality”: QCD prediction
_\| .::‘ 137



" I
TMD predictions rely on

m Non-perturbative TMDs constrained from
experiments

m QCD evolutions, in particular, respect to
the hard momentum scale Q

Strong theory/phenomenological efforts in the
last few years

Need more exp. data/lattice calculations

7/16/18 138



" S
Collins-Soper-Sterman Resummation

m Large Logs are resummed by solving the
energy evolution equation of the TMDs

0
dlnQ

fk1,Q) = (K(qL,p) + G(Q,n)Rf(kL,Q)

m K and G obey the renormalization group

eq.
0 K o— o — 0
dlnp WK_aln,u

G

‘—\I '?'i‘ Collins-Soper 81, Callins-Soper-Sterman 85
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" S
Solving the evolution equations

FE) (@, b,¢% = pQ% pp = Q) =, e Sert Q) "SKe @I F (0,(Q); p)
X

= . a/ilw/ 1) ® fiz, 1) ,

Sudakov form factor (perturbative)
2

Non-perturbative input

m Universal C-function
Cofa (@) = b4 |8(1 = 3) + 5>Cr(1 - 3)|

m Scheme-dept. 7icc (4 (Q)) =1+ 0(a?)

FMY (0s(Q);0) =1+ ;”—;OF (lnp - lnT"’ - % - 2)
~ aS
]—“qLat' (as(Q)) =14+ —Cr (—2)

2T

) ! 7116118 140



Unpolarized quark distribution




" JE——
Describe well the exp. data

Sun-Issacson-Yuan-Yuan, 2014

LI I D A D L N

g [T T T T T 0 SRR RN RARN RSN AR RS RRRE %'25 -

AN E288 13 E288 é 5T CDF RUNII ;

i 5<Q<6(GeV) ! 6<Q<7(GeV) T . Z BOSON .

251 ] 08 E b / E

i ] 08 3 " ]

2 . o E a 1

i ] ' 1 15— .’ —

- 1 0.6 4 - { -4

1.5 B -/ E

) ] 0.5 - "/ i

i 1 e ; o/ . .

- Drell-Yan 1 .; Drell-Yan i | e,

[ b b b b by v bwws oo e b by by s by Loy E -~ |’ Tevatron k“*«_‘ -

0 0.2 04 0.6 0.8 1 1.2 1.4 0 0.2 0.4 06 0.8 1 1.2 1.4 = —

p, (GeV) P, (GeV) _‘i .
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"
Sivers asymetries in SIDIS with

EVOI uti()n Sun, Yuan, PRD 2013

Prokudin-Sun-Yuan, in progress
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Predictions at RHIC

010

Sun, Yuan, PRD 2013

\S = 500Gey  S'vers asymmetry | Additional theory
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Transition from Perturbative region
to Nonperturbative region

m Compare different region of P+

ep—oe'n X
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Nonperturbative TMD Perturbative region
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Perturbative tail is calculable

m Transverse momentum dependence

q(:c, kJ_) |kL>>AQCD = (k2 )n
1

/

Power counting,
Brodsky-Farrar, 1973

1

Y

dx’
/?fz(x’) X Hyyi(z; 2")

Integrated Parton Distributions
Twist-three functions

J
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A unified picture (leading pt/Q)

Transverse
momentum
dependent

.

A

Collinear/

longitudinal

7
\

)PT

AQCD

<<
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Py

<< Q

Ji-Qiu-Vogelsang-Yuan,2006

Yuan-Zhou, 2009

147



"
Compared to the collinear
factorization

m Simplification
Of the cross section in the region of p«Q,
only keep the leading term

m Extension

To the small pt region, where the collinear
factorization suffer large logarithms

Resummation can be done
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