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Ø …...	
Ø Can	we	quantitatively	understand	quark	and	gluon	
confinement	in	quantum	chromodynamics	and	the	existence	of	
a	mass	gap?	

	
Quantum	chromodynamics,	or	QCD,	is	the	theory		
describing	the	strong	nuclear	force.	Carried	by		
gluons,	it	binds	quarks	into	particles	like	protons		
and	neutrons.	Apparently,	the	tiny	subparticles		
are	permanently	confined:	one	can’t	pull	a	quark		
or	a	gluon	from	a	proton	because	the	strong	force		
gets	stronger	with	distance	and	snaps	them	right		
back	inside.	
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束缚态，场论 

		

Mass	scale…me	 Mass	scale…mp=1GeV	

Trace	anomaly	
Ø  All	renormalisable	four-

dimensional	theories	
possess	a	trace	anomaly;	

Ø  The	size	of	the	trace	
anomaly	in	QED	must	be	
great	deal	smaller	than	
that	in	QCD.	

Ø  QCD	trace	anomaly	
expresses	a	significant	
mass-scale.	

(J.M.Cornwall,	PRD26,	1453(1982))	

Figure 1: Solid (blue) curve: predicted process-independent
running-coupling. The shaded (blue) band bracketing this curve
demarcates the theory error. The prediction is compared with
the world’s data on the process-dependent e↵ective charge de-
fined via the Bjorken sum rule, ↵g1 . The dashed (red) curve is
the e↵ective charge obtained in the light-front holographic model
canvassed in Ref. [6]. Further details are provided in Ref. [7].

It is important to note that all renormalisable four-dimensional theories possess a trace anomaly.
Hence, in this, QED and QCD are alike. However, years of comparing systems bound by electro-
magnetism with those produced by the strong interaction indicate that the size of the trace anomaly
in QED must be a great deal smaller than that in QCD. This disparity may be understood by noting
that, with reference to the generating functional for one-particle irreducible Schwinger functions,

Z
d4xGµ⌫Gµ⌫ ⇠

Z
d4xd4y Aµ(x)D

�1
µ⌫ (x� y)A⌫(y) , (3)

where D�1
µ⌫ is the fully-dressed gauge-boson 2-point function (Euclidean propagator). Eq. (3) shows

that if any mass-scale is to become associated with the trace anomaly, then it will be exhibited in
the gauge-boson vacuum polarisation. Textbooks show that the photon vacuum polarisation does
not possess an infrared mass-scale, ⇧QED(k2 = 0) = 0, and serves merely to produce the very slow
running of the QED coupling, i.e. any dynamical violation of the conformal features of QED are
very small and hence the trace anomaly is negligible. In contrast, owing to gluon self-interactions
(gauge sector dynamics), a Schwinger mechanism is active in QCD [4], so that

k2⇧QCD(k
2)
��
k2=0

⇠ ⇤2
QCD (4)

and the QCD trace anomaly expresses a mass-scale that is, empirically, very significant. (Such a
connection between the trace anomaly and a gluon mass-scale was first shown in Ref. [5].)

The intricate nonperturbative nature of gauge-sector dynamics in QCD has numerous conse-
quences. Important amongst them is the generation of a process-independent e↵ective charge [7],
↵̂PI(k2), depicted in Fig. 1, whose existence depends crucially on the emergence of a gluon mass-
scale in QCD. The near-agreement between ↵̂PI(k2) and ↵g1(k

2) is a novel discovery, which can be
understood both mathematically and physically. It reveals that the Bjorken sum is a fairly direct
means by which to gain empirical insight into a “Gell-Mann–Low e↵ective charge” in QCD.

There is a flip-side to Eq. (2), viz. one can replace the proton state by the pion:

h⇡(q)|Tµ⌫ |⇡(q)i = �qµq⌫ ) h⇡(q)|Tµµ|⇡(q)i
chiral limit

= 0 , (5)

because the pion is a massless Nambu-Goldstone mode. Does this mean that the scale anomaly
vanishes trivially in the pion state, i.e. each term in the expression of the operator vanishes when
evaluated in the pion and thus gluons contribute nothing to the pion mass? The answer is NO. In-
stead [8], Eq. (5) owes to cancellations between di↵erent operator-component contributions; and the
cancellation is exact in the pion channel because of dynamical chiral symmetry breaking (DCSB).

The combination of Eqs. (2) and (5) expresses a peculiar dichotomy, which insists that no
answer to the question “Whence the proton’s mass?” is complete unless it simultaneously solves
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束缚态，场论 

		

Field	theory	Successful:	
•  Nonrelativistic	quantum	

mechanics	to	handle	
bound	state;	

•  Perturbation	theory	to	
handle	relativistic	effects	

Field	theory	not	Successful	yet:	
•  Unlimited	growth	of	the	running	

coupling	constant	in	the	infrared	region;	
•  Confinement;	
•  Dynamical	Chiral	Symmetry	Breaking;	
•  Possible	nontrivial	vacuum	structure	
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强子束缚态问题 

Constituent	quark	
model->	intuitive	
understanding	of	
many	low	energy	
observables.	
	
Minimum	number	
of	constituents	
required	

Feynman’s	parton	
model->	intuitive	
understanding	of	high-
energy	phenomena.	
	
Constituent	picture;	
Probabilistic	
interpretation	of	
distribution	functions	

QCD	vacuum	is	very	complicated	medium	
Individual	quarks	and	gluons	are	lost	in	the	sea	

	
	

Both	the	constituent	quark	model	and	the	parton	
model	are	put	in	peril	by	QCD	with	a	complicated	

vacuum	structure.	
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The	Problem	with	QCD 

我唯一知道的事，就是我什么都不知
道——苏格拉底 

	
粒子物理和核物理之桥梁，交叉学科	
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Emergent phenomena, 方法和哲学 

•  Confinement	and	DCSB	are	emergent	phenomena	
							Not	revealed	by	any	amount	of	staring	at	Lagrangian	for	quantum	chromodynamics;	
								They	determine	the	character	of	the	QCD’s	spectrum,	the	structure	and		interactions	of	bound	states	
	
•  Can	one	understand	confinement	and	DCB	in	terms	of	properties	of	the	degrees-of-

freedom	used	to	formulate	QCD?	
					E.g.,	is	it	pointless	to	attempt	to	predict	the	nucleon’s	form	factor	on	a	domain	that	is	not	yet	accessible?	

If	YES:	
Must	rely	on	the	vase	array	of	
effective	field	theories,	
developed	for	different	
systems,	in	order,	to	express	
and	understand	the	
consequences	of	confinement	
and	DCSB,	without	identifying	
their	source	

If	NO:	
Must	develop	nonperturbative	calculational	methods	to	
define	and	tackle	QCD	
1)  Lattice-regularized	QCD	
2)  Continuum	methods	in	quantum	filed	theory	
3)  Combination	of	all	the	above	

Currently,	each	approach	has	strengths	and	weaknesses	
So	3)	is	probably	the	best:	
Combine	all	available	methods	to	fullest	extent	reasonably	
possible.	
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Dyson-Schwinger	Equations	

Ø It	has	long	been	known	that	from	the	field	equations	of	
quantum	field	theory	one	can	derive	a	system	of	coupled	
integral	equations	interrelating	all	of	a	theory’s	Green	
functions:	

						
					Dyson,	F.	J.	(1949),	“The	S	Matrix	In	Quantum	Electrodynamics,”	Phys.	Rev.	75,	1736.	
					Schwinger,	J.	S.	(1951),	“On	The	Green’s	Functions	Of	Quantized	Fields:	1	and	2,”		
Proc.	Nat.	Acad.	Sci.	37	(1951)	452;	ibid	455.	
	
Ø It	is	an	intrinsically	nonperturbative	complex,	which	is	vitally	
important	in	proving	the	renormalisability	of	quantum	field	
theories.	At	its	simplest	level	the	complex	provides	a	generating	
tool	for	perturbation	theory.	
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QCDs Dyson-Schwinger Equations

ETC!
Image courtesy of Gernot Eichmann
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QCDs	Dyson-Schwinger	Equations	
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DSEs的三个境界 

Story	of	π	
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•  Pion	is	Massless...	

Why	Pion-----Messager	of	QCD 

• 	In	October	1934,	Hideki	Yukawa	predicated	the	existence	of	a	“heavy	quantum”	
meson,	exchanging	nuclear	force	between	neutrons	and	protons.		
• 	It	was	discovered	by	Cecil	Powel	in	1949	in	cosmic	ray	tracks	in	a	photographic	
emulsion.	
• 	Pion	was	nicely	accommodated	in	the	Eight	Fold	way	of	Murray	Gell-Mann	in	1961.	
• 	Yoichiro	Nambu	associated	it	with	CSB	in	1960. 
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Pion’s	dichotomy 
Goldstone	boson	and	Bound	State 
Maris,	Roberts	and	Tandy,	Phys. Lett. B420(1998)	267-273 

Ø  Pion’s	Bethe-Salpeter	amplitude	
	Solution	of	the	Bethe-Salpeter	equation	

	
	
	
Ø  Dressed-quark	propagator	

Ø  Axial-vector	Ward-Takahashi	identity	entails(chiral	limit)	

•  Given	the	dichotomy	of	pion	the	fine-tuning	should	not	play	any	role	in	an	explanation	of	pion	properties;	
•  Descriptions	of	pion	within	frameworks	that	cannot	faithfully	express	symmetries	and	their	breaking	

patterns(such	as	constituent-quark	models)	are	unreliable;	
•  Hence,	pion	properties	are	an	almost	direct	measure	of	the	dressed-quark	mass	function.			

< Condensate� in�Hadron >=

⇢
f
2
H

@m
2
H

@m

� 1
3

�m
@

@m

⇢
f
2
H

@m
2
H

@m

� 1
3

(1)

< Condensate� in�Hadron >! f⇡⇢⇡ ! trG (2)

< Condensate� in�Hadron > |fH/m;MH/m ! 0 (3)

< Condensate� in�Hadron >! trGm �m
@trGm

@m
(4)

Z
d
4
q

(2⇡)4
(5)

S(0) /
@m

2
H

@m
(6)

f⇡E(k;P |P
2 = 0) = B(k2) + (k · P )2

d
2
B(k2)

d2k2
+ ... (7)

E(k;P |P
2 = 0) =

1X

n=0

En(k
2)(k · P )n (8)

B(k2) /
1

k2
(9)

En(k
2) /

1

k2+n/2
(10)

B(k2) =

Z
d!

2 ⇢(!2)

k2 + !2
(11)

E(k;P ) =

Z
d�

Z
dz

⇢(�, z)

k2 + zk · P + �
(12)

h(2x� 1)2i (13)

1



Lei	Chang	(NKU) 

Dynamical	Chiral	Symmetry	Breaking 

•  Is	a	crucial	emergent	phenomenon	in	QCD	
•  Expressed	in	hadron	wave	functions	not	in	

vacuum	condensates	
•  Contemporary	theory	indicates	that	it	is	

responsible	for	more	than	98%	of	the	
visible	mass	in	the	Universe;	namely,	given	
that	classical	massless-QCD	is	a	conformally	
invariant	theory,	then	DCSB	is	the	origin	of	
mass	from	nothing.			

•  Dynamical,	not	spontaneous	
–  Add	nothing	to	QCD	,		

	No	Higgs	field,	nothing!		
	Effect	achieved	purely		
	through	quark+gluon		
	dynamics.	
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Dyson-Schwinger	Equation	scope	

Bethe-Salpeter	Equations	for	meson	bound	state	
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candidate 

RGI INTERACTION

TOP- 
DOWN

BOTTOM- 
UP

ab-initio 
computation  
of interaction

infer 
interaction 
by fitting 
data

main ingredient 
in D/B SE

Gap equation’s interaction kernel
RGI	interaction	
	
	

D.Binosi	

Ø  Top-down	approach	–	ab	initio	computation	
of	the	interaction	via	direct	analysis	of	the	
gauge-sector	gap	equations	

Ø  Bottom-up	scheme	–	infer	interaction	by	fitting	
data	within	a	truncation	of	the	matter	sector	
DSEs	that	are	relevant	to	bound-state	
properties.			



Lei	Chang	(NKU) 

0 2 4 6 8 10
Q(q) = 2K(p) (GeV)

0.001

0.01

0.1

1

τ 5
(p

2 ,q
2 ,p

2 ) (
G

eV
-1

)

Figure 10: The renormalised form factor τ5 at the symmetric point as a function of the gluon
momentum q. The data shown are those surviving a cylinder cut with radius 2 units of spatial
momentum in q. Also shown is the one-loop form of (4.1).

an analytical, nonperturbative expression for this and the other form factors in the purely

transverse part of the vertex [18]. We will also compare our lattice results to the one-loop

τ5, which in Euclidean space is given by
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(4.1)

We find that the nonperturbative τ5 is several orders of magnitude larger than the one-loop

form, and there is no sign of the lattice data approaching the perturbative form even for

the most ultraviolet points we can trust, around 5 GeV. We take this as an indication that

very strong nonperturbative effects affect this form factor. It is also worth noting that the

one-loop contribution to both τ5 and λ′1 at the symmetric point are an order of magnitude

smaller than the one-loop contributions to form factors at the asymmetric point.

In order to get a dimensionless measure of the strength of this component relative to

the tree-level vertex, we have scaled τ5 with the gluon momentum q. We show this together

– 10 –

J.	Skullerud,	etal,	hep-ph/0303176	

Lei	Chang	and	C.	D.	Roberts,	Phys.	Rev.	Lett.103	(2009)	081601;	
Lei	Chang,	Yu-xin	Liu	and	C.	D.	Roberts,	Phys.	Rev.	Lett.106	(2011)	072001	
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FIG. 1. Upper panel – fγ (GeV−1) in Eq. (25) cf. η∆B(p2, p2),
both computed using Eqs. (15), (17). Lower panel – Anoma-
lous chromo- and electro-magnetic moment distributions for
a dressed-quark, computed using Eq. (26). The dashed-curve
in both panels is the rainbow-ladder (RL) truncation result.

Plainly, κ(ς) ≡ 0 in the chiral limit when chiral sym-
metry is not dynamically broken. Moreover, as a con-
squence of asymptotic freedom, κ(ς) → 0 rapidly with
increasing momentum. Our computed distribution is
depicted in Fig. 1. It yields Euclidean mass-shell val-
ues: ME

full = 0.44GeV, κacmfull = −0.22 , κaemfull = 0.45 cf.
ME

RL = 0.35GeV, κacmRL = 0 , κaemRL = 0.048.
We explained how dynamical chiral symmetry break-

ing produces a dressed light-quark with a momentum-
dependent anomalous chromomagnetic moment, which is
large at infrared momenta and whose existence is likely to
have many observable consequences. Significant amongst
them is the generation of an anomalous electromagnetic
moment for the dressed light-quark with commensurate
size but opposite sign. The infrared scale of both mo-
ments is determined by the Euclidean constituent-quark
mass. This is two orders-of-magnitude greater than the
physical light-quark current-mass, which sets the scale
of the perturbative result for both these quantities. For
the hadron physics practitioner, there are two additional
notable features; namely, the rainbow-ladder truncation,
and low-order stepwise improvements thereof, underesti-

mate these effects by an order of magnitude; and both the
τ4 and τ5 terms in the dressed-quark-gluon vertex are in-
dispensable for a realistic description of hadron phenom-
ena. Whilst we used a simple interaction to illustrate
these outcomes, they are robust.
Our results should stimulate and provide the basic in-

put for a reanalysis of the hadron spectrum and hadron
elastic and transition electromagnetic form factors with
these novel effects taken into account. Furthermore,
given the magnitude of the muon “gµ−2 anomaly” and its
assumed importance as an harbinger of physics beyond
the Standard Model [20], it might also be worthwhile
to make a quantitative estimate of the contribution to
gµ − 2 from the quark’s DCSB-induced anomalous mo-
ments. These contributions appear in the hadronic com-
ponent of the photon polarization tensor.
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the quark. There are two diagrams in this case: one sim-
ilar in form to that in QED; and another owing to the
gluon self-interaction. One reads from Ref. [6] that the
perturbative result vanishes in the chiral limit. However,
nonperturbative studies of QCD’s gap equation [7] and
numerical simulations of the lattice-regularized theory [8]
have revealed that chiral symmetry is dynamically broken
in QCD. Does this affect the chromomagnetic moment?
Dynamical chiral symmetry breaking (DCSB) is a re-

markably effective mass generating mechanism, which
can be explained via the dressed-quark propagator

S(p; ζ) = 1/[iγ · pA(p2; ζ) +B(p2; ζ)] , (7)

where ζ is the renormalization mass-scale and the
dressed-quark mass function M(p2) = B(p2; ζ)/A(p2; ζ)
is renormalization point invariant. In the chiral limit,
M(p2) is identically zero at any finite order in perturba-
tion theory. However, DCSB generates mass from noth-
ing. Thus, in chiral-QCD, M(p2) is strongly momentum-
dependent and M(p2) ≈ 0.5GeV. DCSB is the origin of
constituent-quark masses and intimately connected with
confinement in QCD [10].
QCD dynamics, and DCSB in particular, also have a

material effect on the quark-gluon vertex:

Γa
µ(pf , pi; k) =

λa

2
Γµ(pf , pi; k) , (8)

where {λa|a = 1, . . . , 8} are the color Gell-Mann matri-
ces. Γµ(pf , pi) can be expressed via twelve independent
Dirac-matrix-valued tensors, each multiplied by a scalar
function. It has long been known via Dyson-Schwinger
equation (DSE) studies [9] that at least three of the
tensors are materially modified from their perturbative
forms in strongly interacting theories; namely, λ1,2,3 in

iΓµ(pf , pi; k) = λ1(pf , pi; k)iγµ

+2ℓµ [iγ · ℓ λ2(pf , pi; k) + λ3(pf , pi; k)] + [. . .]. (9)

These terms constitute the so-called longitudinal vertex
and are constrained by the Slavnov-Taylor identity, a
non-Abelian form of the Ward-Takahashi identity.
Contemporary simulations of lattice-regularized QCD

[11] and DSE studies [12] agree that

λ3(p, p; 0) ≈
d

dp2
B(p2, ζ) (10)

and also on the form of λ1(p, p; 0), which is functionally
similar to A(p2, ζ). However, owing to non-orthogonality
of the tensors accompanying λ1 and λ2, it is difficult to
obtain a lattice signal for λ2. We therefore consider the
DSE prediction in Ref. [12] more reliable.
Perturbative massless-QCD conserves helicity so the

quark-gluon vertex cannot perturbatively have a term
with the helicity-flipping characteristics of λ3. Equa-
tion (10) is thus remarkable, showing that the dressed-
quark-gluon vertex contains at least one chirally-
asymmetric component whose origin and size owe solely

to DCSB. A recent advance in understanding the Bethe-
Salpeter equation (BSE) has enabled practitioners to es-
tablish that λ3 has a big impact on the hadron spectrum
[13]; e.g., it generates a very strong spin-orbit interaction.
We will take this reasoning further. As explained

above, massless fermions in gauge field theories cannot
possess an anomalous chromo/electro-magnetic moment
because the term that describes it couples left- and right-
handed fermions. However, if chiral symmetry is strongly
broken dynamically, then the fermions should also posses
large anomalous magnetic moments. Such an effect is ex-
pressed in the dressed-quark-gluon vertex via a term

Γacm5

µ (pf , pi; k) = σµνkν τ5(pf , pi, k) . (11)

That QCD generates a strongly momentum-dependent
chromomagnetic form factor in the quark-gluon ver-
tex, τ5, with a large DCSB-component, is confirmed in
Ref. [11]. Only a particular kinematic arrangement was
readily accessible in that lattice simulation but this is
enough to learn that, at the current-quark mass consid-
ered: τ5 is roughly two orders-of-magnitude larger than
the perturbative form; and

∀p2 > 0 : |τ5(p,−p; 2p)| >∼ |λ3(p, p; 0)| . (12)

The magnitude of the lattice result is consistent with
instanton-liquid model estimates [14, 15].
This large chromomagnetic moment is likely to have

a broad impact on the properties of light-quark systems
[15, 16]. In particular, it can probably explain the long-
standing puzzle of the mass splitting between the a1- and
ρ-mesons in the hadron spectrum [10]. Herein, however,
we will elucidate another novel effect; viz., the manner in
which the quark’s chromomagnetic moment generates a
quark anomalous electromagnetic moment. The method
of Ref. [13] makes this possible for the first time.
Following Ref. [13], one need only specify the gap equa-

tion’s kernel because the quark-photon vertex BSE is
completely defined therefrom. The gap equation is

S(p)−1 = Z2 (iγ · p+mbm) + Z1

∫ Λ

k
g2Dµν(p− k)

×
λa

2
γµSf(q)

λa

2
Γν(k, p), (13)

where: Dµν is the gluon propagator; Γν is the quark-

gluon vertex, Eq. (8);
∫ Λ

k :=
∫ Λ

d4k/(2π)4 is a Poincaré
invariant regularization of the integral, with Λ the reg-
ularization mass-scale; mbm(Λ) is the Lagrangian bare
mass; and Z1,2(ζ2,Λ2) are renormalization constants.
The kernel can be rendered tractable by writing [5]

Z1g
2Dρσ(t)Γσ(q, q+t) = G(t2)Dfree

ρσ (t)Γ̃σ(q, q+t) , (14)

wherein Dfree
ρσ is the Landau-gauge free-gauge-boson

propagator, G is an interaction model and Γ̃σ is an Ansatz
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Pion’s	dichotomy 
Goldstone	boson	and	Bound	State----On	the	light	front 

Valence	quark	picture	
		Definitive	of	a	hadron	–	it’s	how	we	tell	a	proton	from	a	neutron	
		Expresses	charge;	flavour;	baryon	number;	and	other	Poincaré-invariant	macroscopic	
quantum	numbers	
			Parton	physics	involves	time-dependent	dynamics	
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Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a

2 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a

equal-time	dynamics																	vs																light-front	dynamics		

t ≡ x0 t ≡ x+ = x0 + x3
Dirac	1949	
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•  Scale	evolution	quite	slow		
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We present the first lattice-QCD calculation of the pion distribution amplitude using the large-
momentum e↵ective field theory (LaMET) approach, which allows us to extract lightcone parton
observables from a Euclidean lattice. The mass corrections needed to extract the pion distribution
amplitude from this approach are calculated to all orders in m2

⇡/P
2
z . We also implement the Wilson-

line renormalization which is crucial to remove the power divergences in this approach, and find that
it reduces the oscillation at the end points of the distribution amplitude. Our exploratory result
at 310-MeV pion mass favors a single-hump form broader than the asymptotic form of the pion
distribution amplitude.

PACS numbers: 12.38.-t, 11.15.Ha, 12.38.Gc

I. INTRODUCTION

Hadronic lightcone distribution amplitudes (DAs) play an essential role in the description of hard exclusive pro-
cesses involving large momentum transfer. They are crucial inputs for processes relevant to measuring fundamental
parameters of the Standard Model and probing new physics [1]. The QCD factorization theorem and asymptotic free-
dom allow us to separate the short-distance physics incorporated in the hard quark and gluon subprocesses from the
long-distance physics incorporated in the process-independent hadronic DAs. While the short-distance hard quark and
gluon subprocesses are calculable perturbatively, the hadronic DAs are intrinsically nonperturbative. To determine
them, we must resort to experimental measurements, lattice calculations or QCD models.

The simplest and most extensively studied hadronic DA is the twist-2 DA of the pion. It represents the probability
amplitude of finding the valence qq̄ Fock state in the pion with the quark (antiquark) carrying a fraction x (1� x) of
the total pion momentum. The pion lightcone distribution amplitude (LCDA) is defined as

�⇡(x) =
i

f⇡

Z
d⇠

2⇡
e
i(x�1)⇠�·P

h⇡(P )| ̄(0)� · ��5�(0, ⇠�) (⇠�)|0i (1)

with the normalization
R 1
0 dx�⇡(x) = 1, where the two quark fields are separated along the lightcone with �

µ =

(1, 0, 0,�1)/
p
2, and x (1 � x) denotes the momentum fraction of the quark (antiquark). The twist-2 pion DA can

be constrained from experimental measurements of e.g. the pion form factor [2], and then as an input can be used
to test QCD in, for example, ��⇤ ! ⇡

0 from BaBar and Belle [3, 4]. Some experiments proposed [5] at J-PARC
might also be of use. At large momentum transfer, the pion DA is well known to follow a universal asymptotic
form [6]: �⇡(x, µ ! 1) ! 6x(1� x). However, there have been some debates over the shape of the pion DA at lower
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Measurement of the π+ Form Factor 

•  At	low	Q2,	Fπ	can	be	measured	directly	via	high	
energy	elastic	π+	scattering	from	the	atomic	
electrons	

Ø  	CERN	SPS	used	300	GeV	pions	to	measure	form	
factor	up	to	Q2=0.25GeV2	

					(Amedolia	et	al,	NPB277,	168	(1986))			

Ø  These	data	used	to	constrain	the	pion	charge	
radius:	rπ=0.657±0.012	fm		

Measurement of the p + Form Factor

� At low Q2, Fp+ can be measured directly via high 
energy elastic p+ scattering from atomic electrons

[Amendolia et al, NPB277,168 (1986)]

– CERN SPS used 300 GeV pions to measure 
form factor up to  Q2 = 0.25 GeV2

– These data used to constrain the pion 
charge radius: rp = 0.657 ± 0.012 fm

� At larger Q2, Fp+ must be measured indirectly using the “pion cloud” of the proton 
in exclusive pion electroproduction: p(e,e’p+)n
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– At small –t, the pion pole process dominates the 
longitudinal cross section, L

– In the Born term model, Fp
2 appears as

[In practice one uses a more sophisticated model]
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•  At	larger	Q2,	Fπ	must	be	measured	indirectly	using	the	“pion	cloud”	of	the	proton	
in	exclusive	pion	electroproduction:	p(e,	e’	π+)n	

Ø  	at	small	–t,	the	pion	pole	process	dominates	the	
longitudinal	cross	section,	σL	

					(L.	Favart,	et	al,	Eur.	Phys.	J.	A	52	(2016)	158)			
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O↵-shell persistence of composite pions and kaons
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In order for a Sullivan-like process to provide reliable access to a meson target as t becomes
spacelike, the pole associated with that meson should remain the dominant feature of the quark-
antiquark scattering matrix and the wave function describing the related correlation must evolve
slowly and smoothly. Using continuum methods for the strong-interaction bound-state problem, we
explore and delineate the circumstances under which these conditions are satisfied: for the pion, this
requires �t . 0.6GeV2, whereas �t . 0.9GeV2 will su�ce for the kaon. These results should prove
useful in planning and evaluating the potential of numerous experiments at existing and proposed
facilities.

1. Introduction. The notion that a nucleon possesses a
meson cloud is not new [1]. In e↵ect, this feature is kin-
dred to the dressing of an electron by virtual photons in
quantum electrodynamics [2] or the existence of dressed
quarks with a running mass generated by a cloud of glu-
ons in quantum chromodynamics (QCD) [3–7]. Natu-
rally, any statement that each nucleon is accompanied
by a meson cloud is only meaningful if observable conse-
quences can be derived therefrom. A first such suggestion
is canvassed in Ref. [8], which indicates, e.g. that a calcu-
lable fraction of the nucleon’s anti-quark distribution is
generated by its meson cloud. Mirroring this e↵ect, one
may argue that a nucleon’s meson cloud can be exploited
as a target and thus, for instance, the so-called Sullivan
processes can provide a means by which to gain access
to the pion’s elastic electromagnetic form factor [9–13],
Fig. 1(a), and also its valence-quark parton distribution
functions (PDFs) [14–16], Fig. 1(b).

One issue in using the Sullivan process as a tool for ac-
cessing a “pion target” is that the mesons in a nucleon’s
cloud are virtual (o↵-shell) particles. This concept is
readily understood when such particles are elementary
fields, e.g. photons, quarks, gluons. However, providing
a unique definition of an o↵-shell bound-state in quantum
field theory is problematic.

Physically, for both form factor and PDF extractions,
t < 0 in Figs. 1, so the total momentum of the ⇡

⇤ is
spacelike.1 Therefore, in order to maximise the true-
pion content in any measurement, kinematic configura-
tions are chosen in order to minimise | � t|. This is
necessary but not su�cient to ensure the data obtained
thereby are representative of the physical pion. Addi-
tional procedures are needed in order to suppress non-
resonant (non-pion) background contributions; and mod-
ern experiments and proposals make excellent use of, e.g.
longitudinal-transverse cross-section separation and low-
momentum tagging of the outgoing nucleon.

1
We use a Euclidean metric: {�µ, �⌫} = 2�µ⌫ ; �5 = �4�1�2�3,
tr[�5�µ�⌫�⇢�� ] = �4✏µ⌫⇢� ; �µ⌫ = (i/2)[�µ, �⌫ ]; a · b =P4

i=1 aibi; and Pµ spacelike ) P 2 > 0.

1

FIG. 1: Triangle diagram for the form factor.

FIG. 2

I. MOMENTUM ASSIGNMENT

The definition of the form factor is shown in Fig. 1, where

k1 = k � P

2
, (1)

k2 = k +
P

2
� Q

2
, (2)

k3 = k +
P

2
+

Q

2
. (3)

Because of the momentum conservation, the triangle diagram has two independent momenta P and Q with

Pi = P � Q

2
, (4)

Pf = P +
Q

2
. (5)

The components of P and Q are defined as

P = (0, 0, P3, iP4), (6)

Q = (0, 0, Q3, iQ4), (7)

FIG. 1. Sullivan processes, in which a nucleon’s pion cloud
is used to provide access to the pion’s (a) elastic form factor
and (b) parton distribution functions. t = �(k � k0)2 is a
Mandelstam variable and the intermediate pion, ⇡⇤(P = k �
k0), P 2 = �t, is o↵-shell.

Notwithstanding their ingenuity, such experimental
techniques cannot directly address the following ques-
tion: supposing it is sensible to speak of an o↵-shell
pion with total-momentum P , where P

2 = (v � 1)m2
⇡,

m⇡ ⇡ 0.14 GeV, so that v � 0 defines the pion’s virtu-
ality, then how do the qualities of this system depend
on v? If the sensitivity is weak, then ⇡

⇤(v) is a good
surrogate for the physical pion; but if the distributions
of, e.g. charge or partons, change significantly with v ,
then the processes in Figs. 1 can reveal little about the
physical pion. Instead, they express features of the entire
compound reaction. Since there is no unique definition
of an o↵-shell bound-state, the question we have posed
does not have a precise answer. However, as will become
clear, that does not mean there is no rational response.

2. Pions: on- and o↵-shell. All correlations with pion-
like quantum numbers, both resonant and continuum,
are accessible via the inhomogeneous pseudoscalar Bethe-
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Sullivan	process,	in	which	a	nucleon’s	pion	cloud	is	used	to	provide	
access	to	the	pion’s	elastic	form	factor	

Experimental	studies	over	the	last	decade	have	given	confidence	in	the	
electroproduction	method	yielding	the	physical	pion	form	factor----Tanja	Horn	
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Measure pion elastic form factor in space-like region 

(G.R.	Farrar	and	D.R.Jackson,	PRL43	(1979)	246;	
	P.	Lepage	and	S.	Brodsky,	PLB	87	(1979)	359)	

Performing	asymptotic	valence-quark	
distribution	amplitude	6x(1-x)	
																Q2F=0.15					at	Q2=4GeV2	
A	factor	2.7	smaller	than	the	empirical	value	
0.41GeV2	quoted	at	Q2=2.45GeV2	
A	factor	3	smaller	than	the	case	of	BSE		

Hard scattering amplitude 

Parton Distribution Amplitude 

l  What the exact perturbative behavior in QCD; 
l  The most interesting question then, as far as Jlab is able to address, is the description of form 
factor in the gap between the soft and hard regions; 
l  DSE prediction...Maris-Tandy(2000) 
l  What the valence quark structure in the pion with the present experimental scale? 
l  Connect the valence quark distribution and pion electromagnetic form factor. 
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Pion	electromagnetic	form	factor	at	spacelike	momenta	
Lei	Chang,	et al., 
arXiv:1307.0026	[nucl-th],	Phys. Rev. Lett. 111 (2013) 141802 

•  Direct,	symmetry-preserving	
computation	of	pion	form	factor	
predicts	maximum	in	Q2Fπ(Q2)	at	
Q2=6GeV2	

•  The	QCD	prediction	can	be	
expressed	as	

•  PDA	Broadening	has	enormous	
impact	on	understanding	Fπ(Q2)	

•  Find	consistency	between	the	
direct	pion	form	factor	
calculation	and	the	QCD	hard-
scattering	formula	–	if	DSE	pion	
PDA	is	used…15%	

	

Pion BS amplitude 

Quark-photon vertex 

Dressed quark propagator 
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Pseudo-pion	form	factor	
When	Lattice	meets	DSEs	

•  J.	Koponen	et	al(HPQCD):	
			arXiv:1701.04250	[hep-lat]	

Preliminary	DSE	result	for	s-massive	pseudo-π	
…	Internally	consistent	calculation,	producing	
s-massive	PDA	∝	[x(1-x)]0.8	to	1	

…	Independent	confirmation	of	reality	and	
impact	of	dilated	PDAs	on	meson	form	factors		

mss̅	 fss̅	
DSE						
2018	

0.69	GeV	 0.133				
GeV	

Lattice	
2017	

	0.6885(2)	 0.1281(39)	
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Pseudo-pion	form	factor	
When	Lattice	meets	DSEs	

•  A.	J.	Chambers,	et	al(QCDSF/UKQCD/CSSM	

Collaborations):		
						PRD	96,	114509(2017)	

mss̅	 fss̅	
DSE	 0.47	GeV	 0.11				GeV	

Lattice	2017	 	0.47	 0.11(39)	

QCD calculations in the region of overlap. The statistical
signal for the new Feynman-Hellmann approach is seen to
extend to much larger Q2 than has been accessible in the
past. Phenomenologically, theQ2 range we are now able to
access would allow for tighter constraints to be placed on
the distribution of charge and magnetization in the nucleon
at small impact parameter [50].
Figure 4 displays the extraction of the ratio GE=GM for

the proton as a function of Q2 and a comparison to
experiment [5–7]. Unlike early analyses of form factors,
which suggested a constant GE=GM, our results show a
general trend to fall off at larger Q2 (at this quark mass), as
seen in modern double-polarization measurements [3–7].
This is somewhat surprising given the unphysical simulated
pion mass of 470 MeV and suggests that the quark mass
dependence of this ratio warrants further study.

B. Electromagnetic form factor of the pion

Following an analysis similar to that for the nucleon, we
show the determination of the pion form factor and

comparison to experiment [16] in Fig. 5. The realized
statistical signal gives confidence that future lattice QCD
simulations will be able to provide important insight into
this transition between the perturbative and nonperturbative
regimes.

V. CONCLUSION

In this work, we have extended the Feynman-Hellmann
technique to access nonforward matrix elements. We dem-
onstrate that this provides for a dramatic improvement in the
ability to extract nucleon and pion form factors at much

FIG. 3. GE and GM for the proton from the Feynman-Hellmann
method and from a variational method described in Ref. [29]
employed on the same ensemble. The experimental parametriza-
tion is from Ref. [49].

FIG. 4. Ratio GE=GM for the proton from the application of the
Feynman-Hellmann method, from a variational analysis of three-
point functions [29], and from experiment [5–7]. Note this is not
scaled by the magnetic moment of the proton μp, as this would
require phenomenological fits to the low-Q2 data, which is not
the focus of this work.

FIG. 5. Scaled pion form factor Q2Fπ from the Feynman-
Hellmann technique and from experiment [16]. The solid lines
are the vector meson dominance at the relevant pion masses, and
the dotted lines are the asymptotic values predicted by perturbative
QCD (see [17] for a discussion of this value and its limitations).
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Lattice QCD calculations of hadronic form factors have
typically focused on the study of processes at low-
momentum transfer (see e.g. Refs. [19–24]), with only
limited studies at large Q 2 ≳ 3 GeV2 [25,26]. There is a
variety of reasons that have contributed to the difficulty
in accessing high-momentum transfer in lattice QCD.
Given that the form factors fall with Q 2, it is immediately
clear that one is attempting to extract a much weaker signal
from data sets obtained with finite statistics. Further, in
terms of the numerical computation, the signal-to-noise
ratio of hadron correlators rapidly deteriorates as the
momentum of the state is increased. This had commonly
led to the study of three-point correlators which are
projected to zero momentum at the hadron sink. In this
case, the possible momentum transfers are limited by the
maximum momentum available at the source. With limited
statistical signal, it is therefore difficult to assess the degree
of excited-state contamination, which can lead to signifi-
cant systematic uncertainty [23,25,27–29].
In the present work, we demonstrate the ability to access

high-momentum transfer in hadron form factors in lattice
QCDusing an extension of the Feynman-Hellmann theorem
to nonforward matrix elements. This builds upon recent
applications of the Feynman-Hellmann theorem for had-
ronic matrix elements in lattice QCD [30–33]—see also
Refs. [34–41] for similar related techniques. Through the
Feynman-Hellmann theorem, one relates matrix elements to
energy shifts. In the case of lattice QCD, this allows one to
access matrix elements from two-point correlators, rather
than a more complicated analysis of three-point functions.
This greatly simplifies the process of neutralizing excited-
state contamination. As described below, the method most
naturally works in the Breit frame [Eðp0Þ ¼ EðpÞ], and
hence one maximizes the momentum transfer for any given
accessible state momentum jpj. Finally, the high degree of
correlations in the gauge ensembles makes it possible to
extract a weak signal from a relatively noisy state.
Although this method is introduced in the calculation of

electromagnetic form factors, the method is more broadly
applicable to other nonforward hadronic matrix elements.
The method could immediately be employed to determine
axial form factors of hadrons or nuclei at high momentum
transfer, for example. These quantities are particularly
relevant for high-energy neutrino-nucleus scattering experi-
ments. Extensions of the method recently published in
Ref. [42] use second derivatives of the energy to calculate
nucleon structure functions.

II. FEYNMAN-HELLMANN METHODS

Here we present briefly the extension of the Feynman-
Hellmann method to nonforward matrix elements. For
more detailed discussions of the Feynman-Hellmann
theorem in lattice QCD, see e.g. Refs. [31,41]. To extend
the Feynman-Hellmann analysis to nonforward matrix
elements, we first consider a simple quantum mechanical

situation. The familiar form of the Feynman-Hellmann
theorem reads

∂Eψ

∂λ ¼
D
ψ j ∂H∂λ jψ

E
; ð1Þ

where E is the energy eigenvalue of the state ψ . This
readily follows from first-order perturbation theory. In
the presence of spatially varying external fields, the
conventional theorem requires a slight modification. We
consider some first-order perturbation of the Hamiltonian,
H ¼ H 0 þ λV, which couples to a definite (real) spatial
Fourier component,

∂H
∂λ ≡ ~Vþ ðqÞ ¼ ~VðqÞ þ ~Vð−qÞ; ð2Þ

defined in terms of the complex Fourier modes ~VðqÞ ¼R
d3yeiq:yVðyÞ, for some Hermitian potential VðyÞ. Note

that periodicity of these fields on the lattice is ensured
by the choice of lattice Fourier modes (see Ref. [43]
for a discussion of more general implementations of
momentum-dependent background fields). The diagonal
matrix elements of this operator vanish in the basis of
definite momentum eigenstates

hpj ~Vþ ðqÞjpi ¼ 0; ð3Þ

and standard perturbation theory would suggest that there
is no shift of the energy level at first order in λ. The
exception to this rule is in the case of a degeneracy in the
unperturbed eigenstates E0ðpÞ ¼ E0ðp % qÞ. The familiar
solution in this case is to invoke degenerate perturbation
theory where one diagonalizes the space of the degeneracy
with respect to the applied external potential. The degen-
eracy condition dictates that one is considering Breit-
frame transitions. For demonstrative purposes, we choose
the simple case in which p ¼ % q=2, and hence at lowest
order in the field strength the system is diagonalized by
the states jq=2i% ∝ jq=2i % j − q=2i. The corresponding
eigenvalues are given by E0ðq=2Þ % λΔE þ Oðλ2Þ, where
the energy shift corresponds to the matrix element of
interest,

ΔE ¼ þ hq=2j ~Vþ ðqÞjq=2iþ ¼ hq=2j ~VðqÞj − q=2i: ð4Þ

Owing to the discretized spectrum (and momentum) on
the lattice, this quantum mechanical argument translates
in a straightforward fashion to hadronic matrix elements.
In the case of continuous momenta, the presence of the
periodic potential induces a gap in the dispersion curve, as
in conventional band theory.
To implement within a lattice QCD calculation, the

Lagrangian is modified to incorporate a spatially varying
external potential,

A. J. CHAMBERS et al. PHYSICAL REVIEW D 96, 114509 (2017)
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Muyang	Chen,	etal,	in	preparation	
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q+qbar:	Emergent	

c+cbar:	Higgs	conformal	

s+sbar:		
on	the	border	

Emergent	Mass	vs.	Higgs	Mechanism	

•  When	does	Higgs	mechanism	
begin	to	influence	mass	
generation?	

•  limit	mquark→	∞	
	φ(x)	→	δ(x-½)	

•  limit	mquark	→	0	
	φ(x)	∼	(8/π)	[x(1-x)]½	

•  Transition	boundary	lies	just	
above	mstrange	

•  Comparison	between	
distributions	of	light-quarks	and	
those	involving	strange-quarks	is	
obvious	place	to	find	signals	for	
strong-mass	generation	

Parton	distribution	amplitudes	of	S-wave	heavy-quarkonia	
Minghui	Ding,	et	al,	Phys.	Lett.	B	753	(2016)	pp.	330-335	


