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Background & Introduction
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E.g. Pi-eta, KKbar, Pi-eta' scatterin
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Gluon Quark Data "measured" by lattice:

finite-volume energy levels
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Lattice simulation data:

finite-volume spectra in meson-meson scattering
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An example:
Isoscalar S-wave pi-pi scattering
_311 { [Briceno,Dudek, Edwards,Wilson, PRL'17]
i EEEIZ%1
n %EEH%E
£ Length of
L finite box
16 20 24

WEME (FALIRTERF)

Chiral EFT and Lattice Energy Levels @ 2018 F{EIIT4, K&



Luscher's Approach:

connect the discrete spectra in finite box to the scattering amplitudes

in the infinite volume

Elastic scattering case: tan¢(gq) = —
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[Luscher, NPB ‘91]
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Zoo(1;9%)

Phase shifts \

LLuscher's Zeta function
( function of L, parameter free)

 For the elastic case, one has the one-to-one
correspondance between the phase shifts and
energy levels.

* The one-to-one correspondance will be lost
In the inelastic case.
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[He,Feng,Liu,JHEP'O5] [Wilson,Briceno,Dudek,Edwards, Thomas, PRD ‘15]
[Lang,Leskovec,Mohler,Prelovsek, Woloshyn, PRD'14] [Fu,PRD'12]

[Gockeler,Horsley,Lage, Meissner,Rakow,Rusetksy, Schierholz,Zanotti,PRD'12] ......
A widely used approach in the inelastic scattering case:

Luscher function + K matrix

detll+ip-t-(14+iM)| =0

/

Kinematical || matrix:
factor polynomial + pole Luscher's finite-volume
terms functions (complex objects)

* Free parameters in K matrix are determined by the finite-volume
spectra. Then one can determine amplitudes in infinite volume.

« K matrix does not automatically respect the QCD symmetries,
such as the chiral symmetry. It could be problematic for chiral
extrapolation.
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Our approach:

Step 1: Put chiral perturbation theory (ChPT) In finite volume.

Step 2: The free parameters in ChPT, which are indepdent of
guark masses and volumes, are fitted to the finite-volume energy
levels obtained at (un)physical quark masses.

Step 3: Perform the chiral extrapolation and give the predictions
In infinite volume with physical quark masses, including phase
shifts, inelasticities, resonance poles, etc.

| will mainly focus on the pi-eta, K-Kbar and pi-eta' coupled-
channel S-wave scattering and a,(980) in this talk.

Preliminary results for the D-pi, D-eta and Ds-Kbar scattering
will be also presented.
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Status of lowest QCD scalars

fo(500)/o : precise wr scattering data + dispersive technique +
chiral EFT. Well determined pole positions !

[Xiao,Zheng, NPAO1] [Caprini,Colangelo,Leutwyler,PRLO6]
[Garcia-Martin, et al., PRD11]

fo(980):  =n scattering data + (dispersive technique,Unitarized

chiral EFT). Confirmed pole in the complex energy plane !
[Garcia-Martin, et al., PRD11] [Oller, Oset, Pelaez, PRD99]

K*o(800)/k: =K scattering data+ (dispersive technique,Unitarized

chiral EFT). Confirmed pole in the complex energy plane !

[Zheng, Zhou, et al., ] [Descotes-Genon, Moussallam, EPJC06]
[Pelaez, Rodas, PRD16]

ay(980):  Absence of the nn scattering data.

Still controversial: resonance pole or cusp effect ?
[Oller, Oset, PRD99] [Albaladejo, Moussallam, EPJC16] [6uo, Oller, PRD11]
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Alternative way: Lattice QCD

The first lattice calculation for nn scattering:
[Dudek,Edwards,Wilson, PRD16]
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* Many finite-volume energy levels are obtained in CM & moving frames
« Lattice box is big enough (m_L > 3.8)
* Only one large m_ is used in the simulation (m_= 391 MeV)
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Unitarized ChPT
and its finite-volume effects
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Three relevant coupled channels: nn, K-Kbar, nn’

In this case, it is essential to generalize from SU(3) to U(3) ChPT

oo dn  wt K+ oA R L ™ K
T " AT st K
K~ ‘K’U _%HH K~ KY \_T%!’,lg + 7%7;[}
Leading order:
2 2 F2 5 —
— H
Lo = I(u’uu ) + Z()@r) + ?M{) In“det u| || eadstoa
massive 1,
— —/
ng = Co1n + Semn ,
‘ — —/
Mo = —S¢7 + CoT] .
~1
3M2 — 2A% 4 \/9ME — 12MZA? + 36A7)°
sinff = —(\/l-l-( 0 +\/ 320A4 0 i ) ) ﬁzzm%(—m?.r
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Instead of using higher order local counterterms,

resonance saturations are assumed in our study.
Ls = ca(Ssupu™) + cm(Sex+) + caS1{upu” ) + cmS1(x+ )

."Gv
2+/2

L"V — <VHV[UM?U1}]>:~

|[Ecker, Gasser, Pich, de Rafael, NPB'89]

One important local U(3) operator is also considered:

—No— (U x — x"U)Indet v°
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Meson-meson scattering: n — an, tn — KKbar, ain — an' ......

Self enerqgy :

O .1
+ + o

Goldstone decay constant :

S

+ A~ + AAN——

Scattering amplitude

S
Xij +>C><+ +>ﬁ< +X + crossed
(a) (b) (c) (d) (e) (f)

e
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Leading order amplitudes:
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Unitarization: Algebraic approximation of N/D (a variant

version of K-matrix)
_ N(s)
1+ G(s) N(s)

* The s-channel unitariy is exact. The crossed-channel dyanmics

TJ(S)

IS included in a perturbative manner.
« Unitarity condition:  ImG(s) = —p(s)

o] 152 [t

 N(s): given by the partial wave chiral amplitudes

! 1 [+
S.1 . . N
V_E',Di}{ﬁl[—}ﬂzq-}z(ﬁ) = i/—1 dcos @P;(cos rp}vglgﬁﬂz%@, t(s,cos¢))

FEME (FTHLIHTER %) Chiral EFT and Lattice Energy Levels @ 2018 F{ERFiT4, K&



Finite-volume effects

Two types of finite volume dependence of scattering amplitudes:

* Exponentially suppressed type o< exp(-m,L) : s, t, u channels

e Power suppressed type o< 1/L3 : only s channel

We ignore the exponentially suppressed terms, indicating

that finite-volume effects only enter through s channel.

N(s)

) = 15760 Wie)

|.e. We only consider the finite-volume corrections for G(S).
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A puzzle (at least to myself)

Cut structure of two-body partial wave amplitudes in infinite volume

Singularity in finite volume <O,(t) O,(0)>

—_— ) —) ——0—0-0-0-0-00-00-0-0-0-0—>
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4
G(S)—’i/(dq , ! — s = P?

21m)% (g2 — m3 +i€)[(P — q)%2 — m3 + i€

Sharp momentum cutoff to regularize G(s)

w1 + w9

|ﬂ<qmax 13 (ltﬂ) - 2?1)1'(1)2 E2 — (w1 () 21”7
st — | a), Tt
( ) v; = \/|g7|2—l—m?: s = F?
G(s) in a finite box of length L with periodic boundary condition
|71 <gmax
-1 Lo
G=— >, Iy, 7 = 7 nel
il

Finite-volume correction AG [Doring, Meissner, Oset, Rusetsky, EPJA11]

AG = é o chtoff

STt rlal<amas d3 1 wi(q) +w2(q)
{L3 Z / }2w1(q)w2(q) E? — (w1(q) +w2(q))?
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Finite-volume effects in the moving frames
Lorentz invariance is lost in finite box. One needs to work out the
explicit form of the loops when boosting from one frame to another.

R LR — —%k "
transforming qi=1,2 tO qi—1.9 — | CM quantities

PO g-P q° =
=g+ ||——-1)|—=——1|P
i =i+ |(F-1) - %

—

moving frame with total four-momentum P* = (P°, P) s = E? = (P%)? — |P|?

Impose on-shell condition q; 0 = \/|fi’i*|2 +m;
{_] —*
) P 0 =
in _ 1‘1 ;_{]q’t — qz p— \/‘q,l‘z - ?’Tl?

G function in the moving frame

‘91| <(@max d3 _’* E | ‘<Q'max 7 = fﬁﬂ ic le :
~MV __ —k [ — /
/ ) S5 = GYY = o Z I(lg7 (q)l) LBy ew

g1

Finite-volume correction AGMY: | AGMV — MV _ qeutoff

SN (LI K2%) i p— [Doring, Meissner, Oset, Rusetsky, EPJA12]




Mixing of different partial waves in finite volume

.. ) ; 2 T
The mixing is absent in Py .
lt.-f S 9]9Ym 9, D)Y 1,1 9, h) = 4§ "5’mm’
the infinite volume: / {Q_/G Sin0d0Yem (0, )Y (0, 6) = Oee

The mixing appears in finite-volume case, due to the absence of the
general orthogonal conditions.

Finite-volume correction to G function: AGYY = GV _ Geuteft
|§*|{Qmax I
47 1 E |7*|
~MV N
G N\ L (k) Yenl@) 107
Final expression for the G function: | G,,,, = Gfinitevolume | A GMV

To determine the energy levels in different frames with only S and P waves:
A1+ (0,0,0) . d{:‘t[I + NQ(S) . égg] =0
T, (000):  det[] + Ny(s) - (Ggy + 2Gog)] =0

Al (0,0,l) dCt[f _l_ Nﬂ:l : M‘ﬂq]i] — ”1 Ny — No 0 . MoAll B ( éDON Ni\/ﬁélﬂ? )
’ 0 N/ —iV3G1  Goo + 2Ga
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Results and Discussions

for pi-eta, KKbar, pi-eta' scattering
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Fits to lattice finite-volume energy levels

[Dudek,Edwards, Wilson, PRD16]

My = 391.3+£0.7 MeV , mg = 549.5+£0.5 MeV , m,, = 587.2+1.1 MeV , m,y = 929.845.7 MeV

Our estimate of the leading order n-n

' mixing angle at unphysical masses

) = (—10.0 -

-0.1)° (gPhys = —16.2° )

We also need to estimate F, at the unphysical meson masses.

1 2 ﬂ?% 'HI,%{ m%{ ' ' FE—MIL(IZ bo
F’JT — F{l — W [anﬂ. In er + 9 In '(1.2 110 |- FETEES'—AH

N [4Ed Cm(m2 + 2m2) ~ 8cactm (m% — m?r)] } or

F2M2, 3F2M3,

[Guo, Oller, PRD'11]
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Leading order Fit (only LO amplitudes are included in the N(s) function.)

[ZHG Liu,Meissner,Oller,Rusetsky, PRD'17]

001A 011A 111A
1300 ———— z—— 1300 ) 1300 g
o E
000A 002A "3 = " n!
1300 — . . :‘3,&' . . . 1300 . 5 . éil . & a s EEE Eg .
[u] . a VA & @ B B
I*s 8 b B 1250 | % o1 1250 = g Pf | 1250 " |
1250 L 1280 @ B | & & & =
a g@ 7 B 5] =] g
. ® g B A a B B =
N T I T
’ * s | 1200 u {1200 o B 1 1200} 5 ol
= { @ ic] | B cR =]
1150 1150 R 1 " a] B B a
®oa E . & L
- ] ; 8 @é E{ d fl:;_I
L1100 1100 12 a as 6 B k. 1 g
- |"*eesesssecesvee o aaaaisasﬁiasg%ﬁso-?a %% 1150 % B 150 [ fme 6,
o oy
1050 1050 T & 0 . @é = vvé R vo
a t =1 6 S, ¢
a Slihe, @ vl:!ﬁ
g ha @l 0y
1000 1000 i 1100 1100 k' 1 1100 | 70
i % Eaé "0
g agiaﬁﬂﬂismﬂ gTusas B8 88 B8 @ ga v@@ E QEJ
sofo 8 ®* alates o "o “eeq
- S
A 1050 5%@@@ é 1050 8 1050 JLattce 1—e—
: - t—Fit
° 1.8 2 22 24 28 28 3 3.2 %00 1.8 2 22 24 26 28 3 3.2 @ é@a E SF |I_| o
L(fm) L(fm) “Sog, Fo L
18 2 22242628 3 3.2 18 2 22242628 3 3.2 1.8 2 22242628 3 3.2
L(fm) L(fm) L(fm)

Remark: there is only one free parameter in the fits, I.e. the
common subtraction constant !

FHEME (ALK F) Chiral EFT and Lattice Energy Levels @ 2018 PE#fit4:, K&



000A 002A

dN 1300 % 1300 o - f

e ; =1 =1 _12 e, 9 i
B Gl C1D7H(S) myszn + €2D7(8) gy k| e Yoy, C Ta% .
b Ty, . b,
w00 —, . . . . . 1200 o 1200 . } T
—— s
NE —— 1150 1150 e = z
00 |
1100 1100
"¥eneaan seaubass speesashenonboee
u 1050 1050 T
E 1000 1000 ; P
i ; éaaéasaminm aTHEEE “""‘_‘ » e
a.a 050 |69 ° 950 BeL;t-hgﬁ'_;_'
" Fran
& FeL v
200 900
B 18 2 22 24 26 28 3 32 18 2 22 24 26 28 3 a2
= L(fm) L(fm)
001A 011A 111A
1300 - 1300
4 ta = )
: gh 1250 ® g fg ) n !
p B
oL . . . . . 1250 | § R YOI T 1S L
=00 =0 w00 w50 =] T \ "B ? 'é " 8 =3
a
) : ity BN N h
(4 Q.I'Iir}' ' 1 p 1 2 1200 a ; g ° o 1200 | me
. e — U - u W - v _ - b <] é
i — L " i =] . @ =]
o(5) = 5 421AD )y + 4D AN AN
k. & 1150 8, n Vg 79
1150 % gégg - X g@a . 1150 | ° EEE‘ %aa
140 éa ‘3:; T vé@ Jvé & Ué
r r . r r = -@a} P, by ] -
o "5 100} vH. *994
o 1100 L f g V%ﬁ 1100 | g,
120} E E’sa ‘@@ } By
E &
2. aa g&g,
1050 |- ¥6g, 1 10s0} % oso| Lattice —e—i
100 | 4 Gﬁgc Best-Fit o
éasi FrH
Bagy FrL
18 2 22242628 3 3.2 18 2 22242628 3 32 18 2 22242628 3 3.2
L(fm) L(fm) L(fm)

Next-to-Leading order Fit ( Both
loops and resonance exchanges are

included in the N(s) function.) Similar
fit quality from the two cases.
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Phase shifts and inelasticities S =1+ 2i\/p(s) - T(s)- /p(s)
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Phase shifts and inelasticities at physical meson masses
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Pole positions and residues at physical meson masses

Resonances are uniquely characterized by their poles and residues in the
complex energy plane.

Resonance RS Mass (MeV) Width/2 (MeV) |Residue|i’,;2 (GeV) Ratios

LO

a(980) 1 103747 441§ 3.8103 1431003 (KK /) 0.055001 (' /)
NLO

ay(980) v 101915* 24107 28705 1.8403 (KK /mn) 0012900 (' [ 7n)
ap(1450) \4 139739 62137 17403 1.4154 (KK /nn) 0.910% (an' /)

[ZHG Liu,Meissner,Oller,Rusetsky, PRD'17]
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Preliminary results for

the D-pi, D-eta, Ds-Kbar scattering
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Reproduction of the finite-volume energy levels

[Moir,Peardon,Ryan, Thomas, Wilson, JHEP'16]
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[ZHG, et al., in preparation]
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Reproduction of the finite-volume energy levels
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[Moir,Peardon,Ryan, Thomas, Wilson, JHEP'16]

[Lang,Leskovec,Mohler,Prelovsek,Woloshyn,PRD"14]
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Reproduction of scattering lengths

[L.Liu,Orginos,F.K.Guo,Meissner, PRD'13]
[Lang,Leskovec,Mohler,Prelovsek,Woloshyn,PRD"14]
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Preliminary results of the D-pi phase shifts and inelasticities
at physical meson masses
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[ZHG, et al., in preparation]
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Summary

« The chiral approach illustrated in this talk provides an
efficient way to study the finite-volume energy levels.

e It can build a bridge to connect the lattice eigenenergies in
finite box obtained at unphysical masses with the physical
observables, such as phase shifts, inelasticities, at physical meson
masses.

* We have successfully applied this approach to the pi-eta, K-
Kbar and pi-eta' coupled-channel scattering.

« Similar study in other systems is in progress.
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Thanks for your attention!
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