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General formulas

Track function:
𝑓 𝑥 = Σ𝑖=0

𝑀 𝑎𝑖𝑔𝑖 𝑥

𝑎𝑖 are unknown parameters. They are estimated by minimizing 𝜒2 defined as:
𝜒2 = (𝑦 − 𝐺𝑎)𝑇𝑊 𝑦 − 𝐺𝑎

In which:

𝑦: measured values.

𝐺: 𝑔𝑚(𝑥𝑛)

𝑊: weight matrix

To minimize 𝜒2, we have
𝑎 = (𝐺𝑇𝑊𝐺)−1𝐺𝑇𝑊𝑦

Now we have relation between 𝑎 and 𝑦. What we want is the relation between 
covariance matrices 𝐶𝑎 and 𝐶𝑦. After some calculation and applying the generalized 

Gauss-Markov theorem, we have
𝐶𝑎 = (𝐺𝑇𝐶𝑦

−1𝐺)−1



Covariance matrix 𝑪𝒚

In general, 𝐶𝑦 has the form

(𝐶𝑦)𝑚𝑛 = 𝜎𝑛
2𝛿𝑚𝑛 + ෍

𝑗=0

𝑀𝑖𝑛 𝑚,𝑛 −1

𝜎𝛼𝑗
2 (𝑥𝑚 − 𝑥𝑗)(𝑥𝑛 − 𝑥𝑗)

• First term: intrinsic detector resolution, not correlated

• Second term: multiple scattering, highly correlated and energy dependent

We consider them separately for simplicity, and use 𝑅𝑚𝑛 to denote the first term and 
𝑀𝑚𝑛 to denote the second term. The total resolution is

𝜎𝑡𝑜𝑡𝑎𝑙 = 𝜎𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐 ⊕𝜎𝑚𝑠



Calculating 𝝈𝒛𝟎

For simplicity, let’s assume the incident angle of the particle is almost perpendicular 
to the measurement surface. The fitting function is

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥

The 𝐺 matrix is

𝐺𝑇 =
1 1
𝑥0 𝑥1

1 1
𝑥2 𝑥3

…
1
𝑥𝑛

𝐶𝑎,𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐 = 𝐺𝑇𝑅−1𝐺 −1

𝜎𝑧0,𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐 = Δ𝑓 0
2
= 𝑔 0 𝑇𝐶𝑎,𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐𝑔 0 𝑇

in which 𝑔 𝑥 = 1 𝑥 . We can do similar calculation

for 𝜎𝑧0,𝑚𝑠.



Calculating 𝝈𝟏/𝒑𝑻
The circle is approximated by 

𝑓 𝑥 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2/2

The 𝐺 matrix is

𝐺𝑇 =

1 1 1
𝑥0 𝑥1 𝑥2
1

2
𝑥0
2

1

2
𝑥1
2

1

2
𝑥2
2
…

1
𝑥𝑛
1

2
𝑥𝑛
2

𝐶𝑎,𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐 = 𝐺𝑇𝑅−1𝐺 −1

𝜎1/𝑝𝑇,𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐 =
Δ𝑎2
0.3𝐵

=
𝐶𝑎 22

0.3𝐵
We can do similar calculation for 𝜎1/𝑝𝑇,𝑚𝑠.



Results

𝜎𝑧0 𝜎1/𝑝𝑇


