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Reference : there are many good references for this topic

Massless spinor helicity
-

-

:

1.) A brief introduction to modern amplitude methods - Lance Dixon ( Tasc 2013 )

2.) Constructing Scattering amplitudes - Ruth Britto

3.) Scattering Amplitudes - Henriette E luang ,
Yu - tin Huang ( arXiv : 1308 . 1697 )

4.) T ASI lectures on scattering Amplitudes - Clifford Cheung ( arXiv : 1708.03872 )

Massive spinor helicity- -

!

1.) Scattering Amplitudes for all masses and skins - N
.
Ar Kani - Hamed

,
TC Huang

Y 't Hwang
arXiv 1709 . 04891

There are many more references
,
I have only listed the ones that

I think are pedagogically good .



What I hope to cover in these lectures
- -

:

1.) Introduction to '

spinors

2.) Massless spinor helicity formalism :

a) Traditional spinor helicity methods

b.) Modern Approach ( Amplitude Bootstrap )

3.) Massive spinor helicity methods .

:

⇒ Loop Amplitudes :

Hopefully , by the end of these lectures you should have a broad

Overview of the subject as well as a foundation to build on further
.



Motivation t Few Introductory remarks
- -

.



Motivation :-

Traditional Techniques developed because
- To glean information about skin
- Dirac algebra too complicated in some cases

- Include skin information in decays of particlessimplify }
wave analysis .

Calculation - Unitarily calculations require helicity amplitudes
LD Partial

Modern Techniques
- -

:

- Simplification of Calculations
- Understand the structure of a theory by observing how its amplitudes behave

.

q e gg
- Lagrangian - less formalism ?

↳ we are not there yet .

{ gemberse machinery of DFT makes understanding some results difficult

this provides an alternate loathe to understanding - simpler .

gtg → gtg 4 diagrams gtg → og 710
'

diagrams .

gtg
→ gtgtg 25 diagrams # 2

I A- ( I '
,

. . . . .

nt ) -
- o

.

gtg → gtgtgtg
220 diagrams -



Quantum Theory of Gravity. III. Applications of the 
Covariant Theory

Bryce S. DeWitt
Phys. Rev. 162, 1239 – Published 25 October 1967

https://journals.aps.org/pr/abstract/10.1103/
PhysRev.162.1239

Compare with DeWitt's calculation & graviton scattering as another example :

graviton . - graviton scattering
2 3 2 3

¥751 . ¥fm
,

I I
1777000

terms O ( 2500 ) terms in vertex

Cu terms ) 28 terms if
you group

g # as symmetric .

as symmetric combinations .

combinations

- In spite

, mvqkootons
:

.

'

A- ( I -

; ztt , z
-

j ytt) = 5137124342
.

→ simple form of amplitude .

s t u

-



- The spinor Helicity method : → represent all objects with spinors and

perform Explicit calculations with it .

- Why is this advantageous .

?

- Short answer : - No redundant degrees of freedom ( aka gauge freedom)
- For Example Photons have 2 d. of . however they are represented

by Four vectors
- Additional constraints needed to remove additional d. of .

- quantization also complicated - Gupta - Bleuler formalism
.

- On the other hand Photons have a representation in terms
of spinors with no redundant d. of

.

- The Lagrangian formalism introduces redundant degrees of freedom
,⇒ cumbersome calculations

Fields are integration variables for action S and
S can be invariant wunder field redefinitions

Ape → Amt 2nd → Gauge ivwari

how → hpwt quo ,
+ 2 , Om - Diffeomorphism

invariance
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The Lorentz Group
-

!

so @ i )

- Let us recall hour SoCs , D is isomorphic to SLC 2
,
⑧ )

SL ( 2
,
E ) : Group of 2×2 matrices withe Det ( m ) = I

52C 2
,
e ) : can also be thought of as the complex i tied direct product at

SUCH ④ Su

- Lorentz group leaves Xmxm = gaw thx
"

= E - x2 - ya - E invariant
.

• Transformations that leave . the inner product invariant are

a.) rotations ( so ) : x2ty2= const

b ) Boosts : th - z2 = const



A lie group is a group whose elements O
'

= (fol ) ,
o

-
= ( ! ! )

days.ge:6?asFtuF?--
on in - ÷

/ o
. =L; ;)

Lorentz transformation N= e-
Emm TM

= e
- II - I - IE

Pauli matrices

Ji = 42 C- idk Tik
,
k i

= Tio #

( Rotations ) ( Boosts ) .

For spinors we will consider one particular representation
Ji = oik ; where o = Pauli matrices .

Algebra :

[ Ja , Tb ) = i Ease Tc ,
⑤ a , Kb ) = i fake Kc

,
[ Ka

, KD = • i Ease ke

Let Tat = Jati ka j then algebra in new base 's

[ Tat , Jst ] = i Ease Tat
g
[ Tat

, Jb
- I = 0

,
⑤ a-

, Jj ) = i Ease Je

- Algebra so ki ) is isomorphic to complex ified BU ④ Sued

- Hence representations of so 6. I can be labelled by casimir of Sue )
,
ie

.

'
k integers

( j
-

,
it )

.



( j -

,
j t)

(o ,
o ) : Lorentz Scalar

Ck ,
o ) : 4L ( Left handed spinor ) ; dimension of refs .

= zjti = 2 } We are going
to focus on

( o ,
' k ) : Yr ( Right handed spinor) .

' dimension of refs = 2jt1 = 2 these
.

Cq , k ) : Lorentz scalar ⑦ Lorentz vector

§④thanae¥ndTywmdd
% : Ft -

- o
,
F -

= Eye ( exe ) matrices K T
direction
of motion

F = It + I -

= I -
2

IT =
- ⑤ t

- E ) = ioz → Not hermitian ( Non compact group
- No finite dimensional unitary refs)

Ya → Naya = exp { C- if - E) Ez } Ye } Notice signs on z parallel and antiparallel

4k → Ark = exp { fiotzf.org yr
to boost direction

.



J : SO ) transformations we will focus
on Weyl spinors

K : Boosts
- at j #
to
,
o ) : scalar

(42,07 : 4L ( left handed spinor ) : Dimension of represent on Ljti = Zd

@ , 427 : Yn ( Right handed spinor ) : 2ft =3

-

'

'
( %)

a Hr ) g : Dot stresses that the index belongs to a different representation .

Representation of
% : Ft = o

,
F -

= Eye ( exe ) matrices

F = It + F -

= I
2

IT =
- ⑤ t

- E ) = ioz → Not hermitian ( Non compact group
- No finite dimensional unitary refs)

4h → Naya = exp { C- if - E) Ez } Ye } Notice signs on z parallel and antiparallel

% → Ape 4k = exp { fio + I ) . E } yr
to boost direction

.



NOTATIONS .

( dotted & undo Hed)

Ears = ears = - ears .
- fo, lo)

(spider " anti ski) gµ×=yq-µ±m , produce .
.

Fla KB
→ spinor 412=924

←
.anhsfinor#

- spinors can be fields or numbers
- i - e real

, complex or grass main numbers

- For our purpose it is enough to take them to be complex .

-

Using the dotted and undo Hed notation can be
messy

so we make our

notations simpler .



Notation : ( BRA KEI)

ya -

- H
,
da -

- sp Jin -
- t] ,

=D

a. what is

t.IT?wM/=-u*EE/=t#uts/=-a*cz*

I = pm is equivalent to a Lorentz vector
,
and is a direct fondue tot two spinors

( bi - spinor ) .

- pad transforms under A he → su ④ su ⇒ SLC 2. e)

Let us write down explicitly a representation for fai
.

-

pm -

- Cfo
,
I ) one (I , E) Writing pm in SLC 2

, e) refs

know-

foot . t.in# hit ) 9=4 :) E- (of:) oof : : )
titty fo - pg ) → Hermitian 2×2

( para) , - ka.

-

- C
"

)



- we want Is to be solutions of the dirac equation

$ 4=0 or in

fat Ja. = o pad ya = o



→ compact

SL (2
,
e ) LL → unitary → rotation

tax =P then It p k
k = (eone ;) → Boost -

non - compact

°

.

. def I = I def IP is lorentz invariant
.

- we will only be concerned with massless spinors and therefore
mass less momenta

.

-

'

. det IP = O

- Linear algebra : 2×2 matrix with det O can be written as

a product of two vectors '

let da -
- (Fu ) Ii -

- Cb
,
bad

bad = det Caidin ) -
- farabi

,

aiqbyz ) = arbab - a , bark -

- o



Explicit decomposition of d
- -

:

I --¥* I:D = ;÷* Goo
- t

'

,

- Heir

to = dpfthE# Z -

- e :$ - pure phase for real
momenta

.

For real momentum : 29 = It
( those of the little group)
Important we will come back

For complex momentum : Jay It
,

. .

to this
-

X - x

Lorentz-Invarianbjfsdt-2.TT
qxi-xaxak.qr-tygmof.ofsp.IT" A =

'

kEapE.qjVTndxexh-kGtDfxDbni-DEPbia-Dsp@xy.faT.g
-

ol

' KEBAB

[ xD = tape e- if



Notation
-

:

pm - (fo , I ) (paeony , = ( Potts to - its

tomtits fo -

b)
This transforms as FYI : in this ref lo is alway H so no need of $ notation

LL IP Ltt ; Note LL → det LL - I ooo LL is a representation of siege )
LL : Lorentz transformation .

det P = fo - 132 - fi - tf - =m§° ( we will only betaking about massless
momenta )

For a 2×2 matrix with data we can decompose it as an outer product

of two vectors

Perot : y = Ca
,

b
,
) X -

- Caa bae)

i. EX = ( 9k 9 ba ) .

.

.

def ate = a
, ohhh - debark -0

has bibs



EEKliatdeeo-mfositioeof.sk#ons.:ot*i=miiik--
g÷ ftp..it;) To ;e÷÷ Arik ,

to - H

→ Check that this gives you fan.

Po =ftgtHzt#

eio → phase ( related to little group phase ) ;

for real valued momentum da ¥5 a)
t

j this is not true for complex momenta -

-

Weyl
Dirae Helicity )

T Rullo) Rock -"
¥
:
÷t÷÷÷t÷÷

: ftp.i-i-i
. "

Ji
-

t

Imp : You may use Weyl or Dirac spinors easily immolation
.

This is alternate shame .



Relation to dirae spinor

4 = ( Y÷, ) Tu = (YI , Turd ) i simplify notation remove
-

and Lir .

Inner product
-

:

c- a. xp -

- Gx > Had → antiagmmety) :: tudou.redcdandwbfif.se/dmuotae9esm7nt• . r most cases
,

C- M J , Ip.

= [ pit ) =
- [ 5Th) ) - Nice * make connection with theory

TD ⇒ f) d) so or d) ⇒ ( inner product 0 if ID - Also for some complicated situations

may be useful
.

Relation to 4 momenta-

@ a) = ftp.qeiol [ xD -

- 12kt e - id
Schouten identity

-

o -
- Lij ) Lk e) tfik ) t lie>Gk)

( 2x > [ xD = ap.ge
- c'ydicinj€

( Tx ) = o -

- XD pan. .

- d. Ii -

-
b)do Eti -0

§ Lij )[ jk ) = 0



Example :B e' -

e- → petar CAH outgoing momenta )

in ( r
-

Es - at
.li#mEj=L-ie7GrmD-igosessovD1aomni2;3sov

'd to Cheyney ) -

- O

=ie2 413> [ 24 ) use

← -

LE NE gmomaio.si -

- 2e sirs

Mi -

-

4.se#iDGi3C2uKu2S=4ge7t2
-

D-iracalgebra.looksimfkr-B.at#ngneeuolherthannot

thot 4e£€tuY - wehoweusedfierttranshormation.se
.


