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Gravitons

• We don’t know how to unify gravity with the other forces (Strong and 
Electroweak forces) in a consistent way.

• In fact we do not have a consistent formalism that can unify gravity 
and quantum field theory itself.

• However, we do have a low energy effective approach to quantize 
gravity – Great practical use , e.g. Gravitational wave calculations.

• Gravitons (the force carriers of gravity) are massless spin-2 particles –
Why?

• So how do we quantize gravity – Simply promote the metric to a field.



Setting the stage.

• Our starting point is the Einstein Hilbert action 𝑆 = ∫ 𝑑4𝑥 ℒ4𝐷

Λ: Cosmological constant
For Simplicity we will set the 
4D cosmological to zero. 
In reality, evidence suggests
otherwise.



The weak field expansion

• Expand the curved metric (g) about a flat background metric

• We assume 𝜅 ℎ𝜇𝜈 is small  - a perturbative expansion in 𝜅 is called the 
weak field expansion. 

• We substitute this into the Lagrangian



• Expansion of the inverse metric:

• Expansion of determinant of metric:



Degrees of freedom

• How many degrees of freedom does a symmetric rank -2 Lorentz 
tensor have? i.e. how many polarization states are possible for ℎ𝜇𝜈?

• We know that for a massless particle there can be only two 
polarization states. 

• So we have too many degrees of freedom – diffeomorphism 
invariance (general coordinate invariance)ℎ𝜇𝜈 → ℎ𝜇𝜈 + 𝜕𝜇𝜃𝜈 + 𝜕𝜈𝜃𝜇

• What should we do to get back the correct degrees of freedom?

• DeDonder (Harmonic) Gauge condition 

• We end up with D(D-3)/2 degrees of freedom in D-dimensions.



Connecting to Newtonian gravity
• Vary the metric and determine the equations of motion –

Alternatively use the Euler-Lagrange equations.

• Expanding in lowest order to the DeDonder Gauge
Stress Energy Tensor –
the conserved current to 
Which gravitons must couple



• Acceleration of a point mass in the presence of a mass distribution:

• From the geodesic equation we get  

• Comparing

Consistent with Newtonian Gravity.



The expanded lagrangian



• The graviton propagator

• Coupling of matter to a graviton

• Calculate the matrix element for the scattering of two massive
particles

• Take the non-relativistic limit

• Consistency with Newtonian Gravity.



Unitarity

• Linearized gravity is an effective theory of gravity with operators of 
dimension > 4. The obvious question to ask is : What is the range of 
validity of the theory?

• To answer this question formally we ask at what point does the 
theory stop being unitary?

Taking the matrix element for identical 2 body initial and final states
and Inserting a complete set of states (including an integration over phase space)



Sum is over all possible inelastic channels

Now perform a partial wave decomposition with Wigner-D functions which obey orthogonality relations

Invert above relations to obtain partial waves 𝑎𝑗

𝜌 is an identical particle 
facctor



• Substituting

• Into

• We get RHS is positive definite
𝐿𝐻𝑆 ≥ 0

Unitarity condition for 2 → 2 scattering

For a superposition of states



Example: Higgs mass 

• Look at j=0 partial wave of  WW scattering

Higgs, unitarizes WW scattering

After cancellation of above two terms, the leading order term is

Note stronger constraints obtained when we include scattering of other coupled channels (like ZZ, Zh …)



Unitarity of Linearized Gravity
• Scattering amplitudes for S-channel exchange of graviton

T. Han, S. Willenbrock 2005



Graviton triple vertex
Source:arXiv 1506.00974 

Of course for massless gravitons 
We can simply use Recursion Relations



Graviton-Graviton scattering

• Energy dependence for the amplitude

• Linearized gravity is a valid EFT as long as we stick to energies below 
𝑀𝑃𝑙

∼
𝑠

𝑀𝑃𝑙
2



Massive Spin-2



Massive 4D Gravitons
• Can gravitons have a mass term? (Fierz/Pauli (1939), van 

Dam/Veltman/Zakharov (1970), Boulware/Deser (1972))

• Other mass terms are possible – this one avoids Ostrogradsky
instability of the Hamiltonian



Uniqueness of the spin-2 lagrangian

• Recall how we got the kinetic term of massless spin-2 particle by 
expanding the metric in the Einstein-Hilbert action.

• We will see from pure QFT arguments, why a spin-2 field must have 
kinetic terms like this.



• Consider the spin-1 lagrangian – the most general Lorentz-invariant and 
local action one can write down is.

• Decomposing into Longitudinal and transverse modes

• To avoid Ostrogradsky Instabilities (i.e. higher order derivative terms):  𝑎1
= −𝑎2 . Note 𝑎3 = 0, since it is equivalent to 𝑎1 term up to some 
boundary term.

• We recover the Maxwell lagrangian!



• Similarly for Spin-2 fields we may write

• In order to avoid higher derivative terms we must have

• Kinetic term is invariant under 

• Using the DeDonder gauge condition gives us back

• And also reduced 10 dofs to 2 dofs, required for a massless graviton.

Lichnerowizc operator



• The general form a mass term is

• This breaks diffeomorphism invariance.

• Just like we do for gauge theories, one can restore diffeomorphism 
invariance by introducing Stuckelberg fields

• In order to avoid higher derivative terms for 𝜒 we must set A=1 and 
we recover the  Fierz-Pauli lagrangian.

• Higgs mechanism for gravity?



Massive graviton : Polarization and Propagator

Notice that the propagator is singular in the limit 𝑚 → 0. Unlike massive spin-1, there is no smooth high energy 
limit for massive spin-2. This is known as the vDVZ discontinuity and is related to the violation of unitarity in theories of 
Massive gravity.

Massive spin-s states must have 2s+1 dofs. Hence 5 polarization states



High energy behavior of massive gravitons scattering

• Naïve power counting: 

Propagator ∼
𝑠

𝑚2 + 𝒪(𝑚0)

Vertex ∼
√𝑠

𝑀𝑃𝑙

∼
𝑠6

𝑀𝑃𝑙
2 𝑚10

Vertex ∼
𝑠

𝑀𝑃𝑙
2

∼
𝑠

𝑚2

∼
𝑠5

𝑀𝑃𝑙
2 𝑚8



• If we do the full calculation we find

Unitarity violated at the scale Λ5 = 𝑀𝑃𝑙m
4

1

5

So for a 1 GeV graviton unitarity is violated at a scale ~6 TeV !

Is it possible to improve the high energy behavior of massive spin-2 particles?



• In order to answer that question let us simplify calculations by using 
the goldstone boson equivalence theorem for gravity. i.e. introduce 
Stuckelberg fields that restore diffeomorphism invariance and look at 
the high energy behavior of longitudinal mode scattering (scattering 
of the scalar modes)

𝐴𝜇 → 𝐴𝜇 + 𝜕𝜇𝜙,

𝜙 are the goldstone modes and we need only look at their scattering.

A generic interaction term can be written as 

Λ𝜆 is the scale of the EFT and is given by 

For interaction terms we need 

The smallest term is the scalar cubic

We recover our previous result
Arkani-Hamed, Georgi, Schwartz,2002



Is it possible to improve the high energy behavior of massive spin-2 
particles?

Consider some non-linear extension of spin-2 lagrangian (𝑞𝑖are some 
arbitrary coeffs.)

Substitute Stuckelberg fields  and calculate amplitude in terms of 𝑞𝑖. 
One can show that it is possible to chose 𝑞𝑖 so that amplitudes cancel 
all the way down to Λ3
See Schwartz (2003)

It is not possible to improve further than Λ3, even by including new 
scalar or vector fields to our theory (Hinterbichler 2018)

It is however possible to bring Λ3 → Λ1 by adding in additional 
massive spin-2 particles (Chivukula, Foren, KM, Sengupta, 2019)
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Motivation

• Hierarchy problem

• Flavor

• Dark Matter

• Unification ?

• Our motivation : study phenomenology of extra dimension models in a region of 

parameter space that has been neglected

• KK excitations of gravitons are studied only for the first massive mode in an effective 

field theory description - we would like to explore phenomenology of energy scales 

where probing at least two or more all the way to the cutoff of the theory

• Obvious question we must first answer - where is the cutoff of the theory, i.e. up to 

what scale is the theory unitary?



Graviton dofs
• Massless graviton represented by a symmetric traceless 

tensor with redundant degrees of freedom  (local 

diffeomorphism invariance) 

• In general a massless graviton in d dimensions has d(d-3)/2 

physical degrees of freedom 

• 4D  graviton has 2 degrees of freedom and 5D has 5 degrees 

of freedom.

• Mass term breaks diffeomorphism invariance - A 4D massive 

graviton has 5 degrees of freedom (2 spin helicity states, 2 

spin-1 helicity states and 1 spin-0 helicity states ) 

• A massless 5D graviton has the same dofs as a massive 4D



Unitarity in 2→2 graviton 

scattering

• Determine feynman rules of 3 point (~180 terms) and 4 
point (~2800 terms) vertices from lagrangian

• Plug in polarization vectors of gravitons 

• //Simplify //Simplify  //FullSimplify !

• Alternative: gravity amplitudes are constructible entirely 
from lower point amplitudes. Use recursion relations to 
determine the scattering amplitudes — can be easily done 
with pencil and paper!

• Unfortunately we don’t have a proper formalism for using 
recursion relations with massive gravitons as yet.



Naive expectation

→
𝑠5

𝑚8𝑀𝑝𝑙
2

𝜖𝜇𝜈
0 →

𝑘𝜇𝑘𝜈

𝑚2

Unitarity is violated at a scale  Λ5 = (𝑀𝑝𝑙𝑚
4) Τ1 5 ≪ 𝑀𝑝𝑙



A Toy model – The orbifolded 

torus





Compactification allows us to expand 

The fields in fourier modes over the 5D coordinates

Orthogonality of the fourier expansion imposes

5D diffeomorphism invariance implies we must choose a gauge condition. 

We can choose a gauge condition such that we are left with only 

one massless radion

One massless graviphoton

One massless graviton

And a tower of massive gravitons



Cosmological constant terms are necessary to 

ensure that the equations of motion are satisfied







Organizing the 5D Lagrangian



















Amplitude is 0 and everything cancels up to order s2

Radion diagrams start contributing at order s3



Unitarity analysis

For n coupled channels 
Λ2𝑛𝑚1

𝑀𝑝𝑙
2 𝑚1

=
Λ3

𝑀5
3

Λ = 𝑀5 < 𝑀𝑝𝑙



The Randall-Sundaram 

Model

















• For the RS model there is a new intermediate scale where 

the theory becomes strongly coupled 

• This also controls the radion and KK mode couplings



Outlook
• Strong scale of massless 4D gravity is at Mpl

• Strong scale of massive 4D gravitons is (m4 Mpl)(1/5) much smaller than Mpl

• Compactification of a higher dimensional theory leads to a tower of massive gravitons 

in the lower dimension theory - what is the strong scale ?

• Strong scale simply MD. For torus

• Strong scale Λ𝜋 = 𝑀𝑃𝑙𝑒
−𝑘 𝑟𝑐𝜋

• It is possible to improve the bad high energy behavior of massive spin-2 theories.

• We also know the cutoff for the EFT.

• We can start exploring phenomenological consequences.
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