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Parton model

I Feynman’s parton model:
�âf�C1�$Ä�§âf�±�w�´d�
vk�p�^

�Ü©f�¤§Ü©f���§�Ú�f"

I Parton distribution function f (x):
3âf¥é���Äþ©ê�x�Ü©f�VÇ"

I Ïfzµ

σ =
∫

dxadxbfa/A (xa) fb/B (xb) σ̂ (1)
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PDF31I�Ie�L�

I PDF–parton distribution function

q(x, µ2) =
∫ dξ−

4π e−ixp+ξ−〈P|ψ̄(ξ−)γ+e−ig
∫ ξ−

0
dη−A+(η−)

ψ(0)|P〉

(2)

I ξ− �1I�I§ξ− = ξ0−ξ3
√

2

I 〈P|´Äþ�Pµ = (P0, 0, 0,P3)�rf�

I µ2´�zIÝ

I A´Ä:L«��f|
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LatticeO�PDF�(J

I du1IPDF¹k�m§Ã{3�:þO�"

I Lattice�±O�PDF�moment an =
∫ 1
−1 dx xn−1q(x)"�´du

&Ò±9ØÓ�moment�m·Ü�¯K§�:þ�UO�$��
A�moment,Ã{¼�PDF��Ü&E"
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Quasi-PDF�JÑ

I 2013c§G�ÀJÑ
quasi-pdf1

q̃(x, µ2,Pz) =
∫ dz

4π e−izxPz 〈P|ψ̄(z)γze−ig
∫ z

0
dz′Az(z′)

ψ(0)|P〉 (3)

I quasi-pdf¥��Iz´a��§Ïd�±3�:þ��?1O�"

1Xiangdong Ji. “Parton Physics on Euclidean Lattice”. In: (2013). doi: 10.1103/PhysRevLett.110.262002.
eprint: arXiv:1305.1539.
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Quasi-PDF�PDF�éX

I 3�Äþe§quasi-pdf�±ÏL�Äþk�nØ£LaMET¤2��

�Ôn�pdfþ�§=

q(x, µ) =
∫ 1

−1

dy
|y|C

(
x
y ,

µ

Pz

)
q̃ (y,Pz , µ) + O

(
M 2

P2
z
,

Λ2
QCD
P2

z

)
(4)

I q̃ (x,Pz , µ)��z�quasi-pdf§q(y, µ)�Ôn��z�pdf"

I ��XêC�d�6O�3��§8c¦^�´��O��(J"

2Xiangdong Ji. Parton Physics from Large-Momentum Effective Field Theory. 2014. eprint: arXiv:1404.6680.
3Constantia Alexandrou et al. “Reconstruction of light-cone parton distribution functions from lattice QCD

simulations at the physical point”. In: (2018). doi: 10.1103/PhysRevLett.121.112001. eprint: arXiv:1803.02685.
6 / 24

arXiv:1404.6680
http://dx.doi.org/10.1103/PhysRevLett.121.112001
arXiv:1803.02685


�:O�

I Ú½µ

3�:þO�à�Ý
�§²L�z4�Fp�C�§���

z�quasi-pdf§2²Lmatching!�þ?�§��pdf"

hlat (z,Pz ,Λ) = 1
2Pz

〈
P

∣∣∣∣∣ψ̄(0)γz

(∏
n

Uz(nẑ)
)
ψ(z)

∣∣∣∣∣P
〉

(5)

I hbare renormalization−−−−−−−−−−→ hr fourier transform−−−−−−−−−−−→ q̃r(x, µ2,Pz) matching−−−−−−→
q(x, µ2) target mass correction−−−−−−−−−−−−−−→ qfinal(x, µ2)

I �J�à�Ý
�§·��3�:þO�ü:Ún:¼ê

hbare 0�τ�t∼
C 3pt(tsink , t, 0; ~P)
C 2pt(tsink , 0; ~P)

(6)

4Constantia Alexandrou et al. “Systematic uncertainties in parton distribution functions from lattice QCD
simulations at the physical point”. In: (2019). doi: 10.1103/PhysRevD.99.114504. eprint: arXiv:1902.00587.
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∆âf�5�

I ·�O��´∆+âf�PDF"∆âf´f��§g^ÚÓ 
^Ñ´ 3

2 ,Ïd´Ó ^o�"�þ�1232MeV,Ì�PC"�
�πN

I 3�:þ·��±�EXe�Î5�)∆+f��

Jσα(x) =
1√
3
εabc

[
2
(

uaT
(x)Cγσdb(x)

)
uc
α(x) +

(
uaT

(x)Cγσub(x)
)

dc
α(x)

]
(7)

I T�Î¬�)g^� 1
2Ú

3
2��§�´g^

1
2��Uþ'�p§�

z�Ø$"
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'é¼ê��E

I ü:¼êÚn:¼ê©O�µ

C 2pt
σρ (P,P; ts, 0) = Pαβ

∑
x

e−iP·x
〈

0
∣∣∣Jσα (x, ts) J ρβ(0, 0)

∣∣∣ 0〉
(8)

C 3pt
σ0ρ (P,P; ts, τ, 0)=P̃αβ

∑
x,y

e−iP·x
〈
0
∣∣∣Jσα(x, ts)O(y, τ ; z)J ρβ(0, 0)

∣∣∣0〉
(9)

I Ù¥µ

O(y, τ ; z) = ψ(y, τ)γ0Wz(y,y + z)ψ(y + z, τ) (10)

Wj(y,y + z) = Uj(y)Uj(y + êj) · · ·Uj(y + (z − 1)êj) (11)
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n:'é¼ê

I À�ØÓ�Lorentz�Iσ ρ,Ñ�±��(J§�´Xê±93�
:þ�&Òk�UØÓ"

I 8c§·�æ^�ÝK�Î� 1
4 (1 + γ0)§éσ§ρ��m©þ?1

é�¦Ú5

h(P, z) τ,ts�1=
∑3
σ=1 C 3pt

σ0σ
(
P̃,P; ts, τ, 0

)∑3
σ=1 C 2pt

σσ (P,P; ts, 0)
(12)

5C. Alexandrou et al. “Determination of the y(1232) axial and pseudoscalar form factors from lattice QCD”.
In: (2013). doi: 10.1103/PhysRevD.87.114513. eprint: arXiv:1304.4614.

10 / 24

http://dx.doi.org/10.1103/PhysRevD.87.114513
arXiv:1304.4614


n:'é¼ê

I �
�Ø�ëÏã�K�§·�O�
q̃u − q̃d

Figure: n:¼ê�ëÏã
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momentum smearing

I duquasi-pdfI�òfboost����p�Äþþ§ù¬���
:þ'é¼ê&Ò�P~,Äþæ�6�±Uõù�¯K"

Smomψ(x)= 1
1 + 6α

(
ψ(x) + α

∑
j

Uj(x)e−iξ~P·~ejψ (x +~ej)
)

(13)

6Gunnar S. Bali et al. “Novel quark smearing for hadrons with high momenta in lattice QCD”. In: (2016). doi:
10.1103/PhysRevD.93.094515. eprint: arXiv:1602.05525.
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|�9ÚOþ

β = 1.726, cSW = 1.74, a = 0.096fm

323 × 64,L ≈ 3.1fm

aµ = 0.003
mπL = 3.95
mπ = 0.255GeV
m∆+ = 1.39(5)GeV
mN = 1.08(2)GeV

Table: Parameters of the ensemble used in this work.

P3
2π
L ≈ 0.40GeV 4π

L ≈ 0.81GeV 6π
L ≈ 1.21GeV

Nconf 151 461 474
Nmeas 906 8472 42660

Table: The statistics in our calculation
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Results: Bare matrix elements
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Bare matrix elements

Figure: stout=10eØÓÄþà�Ý
��é'ã
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Renormalization Factor

Figure: ØÓstoutëêe�zÏf�é'ã
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Renormalized matirx elements
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Renormalized matirx elements

Figure: stout=10eØÓÄþ�zÝ
��é'ã
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Quasi-PDF�PDF

Figure: �ã�Äþ©O´0.40,0.81,1.21GeVe�quasi-PDFã§mã
��
matching��PDFã
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�þ?�7

Figure: �ã�Äþ1.21GeVe�PDF9�
�þ?��é'ã¶mã
�0.40,0.81,1.21GeVe�
�þ?���PDFã

7Jiunn-Wei Chen et al. “Nucleon Helicity and Transversity Parton Distributions from Lattice QCD”. In: (2016).
doi: 10.1016/j.nuclphysb.2016.07.033. eprint: arXiv:1603.06664.
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Truncation of the Fourier Transform

I �Kþ§Fp�È©I�lKÃ¡È��Ã¡§�:Jø�´

k�lÑ�z"·�I��û½È©�þ�zmax"n�/§ATÀ

�Ý
��¢ÜÚJÜÑP~�0��z"

q̃ (x,Pz ,Λ) ≡
∫ ∞
−∞

dzPz
2π eixzPz hlat (14)

Re [hren] = Re[Z ] Re
[
hbare]− Im[Z ] Im

[
hbare] (15)

Im [hren] = Re[Z ] Im
[
hbare]+ Im[Z ] Re

[
hbare] (16)
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ØÓz�äe�PDF9�þ?�

Figure: �ã�Äþ1.21GeVeØÓz�ä�PDFã§mã��
�þ?
���PDFã
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o(�Ð"

I o(µ

·�Äg|^�:O�é∆+�PDF?1
&Ä§
3mπ = 255MeV�|�þO�
Äþ©O�0.40§0.81§
1.21GeV��/

I Ð"µ

&Ä�pÄþe�PDF
©Û-u��K�

©Ûk�NÈ�A
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