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Outline 
q  Why exclusive quarkonium process? 

q  Theoretical approach 
q  hierarchy in energy scales Q, mQ, mQv2 

q  logarithms and resummation 

q  Numerical results 
q  resummation effect 
q  comparison with previous results 
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Why exclusive quarkonium process? 
q  Higgs decays into J/ψ+γ is one of most promising channel that could 

measure the Yukawa couplings of the charm quarks at the LHC   

q  Current CMS,  ATLAS upper limits (95% CL) are ~102 times larger than 
SM values and they will be improved at high luminosity LHC. 
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Why exclusive quarkonium process? 
q  ηc+γ and χc+γ are measured by Belle and by BESIII 

q  background channel in XYZ decays 
q  benchmarking process w/ small samples before XYZ search 

Ø  Accurate theoretical predictions would be useful and it is a good place 
to test NRQCD predictions improved from previous lessons. 

Ø  from double quarkonium: large logarithms, v2 corrections 
Ø  from polarization puzzle: power corrections of mQ/pT 

We focus on ηc+γ production in e+e- annihilation improved by  
 log resummuation (NLL), αs corr (NLO),  
 and v2 and mQ/Q power corrections    

•  list LDMEs for inclusive and 
exclusive? 
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Hierarchy in energy scales 
q  3 energy scales : Q (or √s),  2mQ >> mQv2 

q  NRQCD allows separation between SD and LD 

q  SD contains two scales: 
    r spreads in wide ranges  

 
    r ~1 in BESIII (3-4 GeV)  
    r ≈0.1 in Belle (10 GeV)  
    r ≈0.001 in Higgs/Z decay (100 GeV) 

r ⌘
4m2

Q

Q2

Limitation of NRQCD approach
• We could have written the amplitudes in terms of NRQCD as

M(H) ⇠
X

n

Cn(Q,mQ)hH|On|0i
<latexit sha1_base64="8g2cBHKPVFsvrTiNuZV0qzNQpfw="></latexit>

short-distance coefficient
(perturbative         )

NRQCD long-distance (decay) matrix elements
(non-perturbative          )

• Limitations
& mQ

<latexit sha1_base64="baCL9GUAqTyvpS/erwEkRinGHAs=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexGQb0FvHhMwDwgWcLsZDYZMo9lplcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFjc2t7p7hb2ts/ODwqH5+0rU4NZS2qhTbdiFgmuGIt4CBYNzGMyEiwTjS5n/udJ2Ys1+oRpgkLJRkpHnNKwEm9/gicJ7EcNAflil/1F8DrJMhJBeVoDMpf/aGmqWQKqCDW9gI/gTAjBjgVbFbqp5YlhE7IiPUcVUQyG2aLk2f4wilDHGvjSgFeqL8nMiKtncrIdUoCY7vqzcX/vF4K8W2YcZWkwBRdLopTgUHj+f94yA2jIKaOEGq4uxXTMTGEgkup5EIIVl9eJ+1aNbiq1prXlfpdHkcRnaFzdIkCdIPq6AE1UAtRpNEzekVvHngv3rv3sWwtePnMKfoD7/MHDemREg==</latexit>

. mQv
<latexit sha1_base64="+S53w708Vtold80gfaULDsQAZzM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvHhMwDwgWcLspDcZMrO7zswGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWM7ud+a4xK8zh6NJMEfUkHEQ85o8ZKfleg1ppLInv1ca9YcsvuAmSdeBkpQYZar/jV7ccslRgZJqjWHc9NjD+lynAmcFbophoTykZ0gB1LIypR+9PF0TNyYZU+CWNlKzJkof6emFKp9UQGtlNSM9Sr3lz8z+ukJrz1pzxKUoMRWy4KU0FMTOYJkD5XyIyYWEKZ4vZWwoZUUWZsTgUbgrf68jppVsreVblSvy5V77I48nAG53AJHtxAFR6gBg1g8ATP8Apvzth5cd6dj2VrzslmTuEPnM8ftISSBg==</latexit>

- Large logarithms                        are unavoidable in perturbative expansions ofCn
⇥
↵s log(Q

2/m2
Q)

⇤n
<latexit sha1_base64="0cyjsjst5LRnylJO2mP35s5onLA=">AAACD3icbVC7TsMwFHXKq5RXgZElogKVpSQFCdgqsTC2En1ISRo5rpNadR6yb5CqqH/Awq+wMIAQKysbf4PbZoCWI9k6Oudc2fd4CWcSDONbK6ysrq1vFDdLW9s7u3vl/YOOjFNBaJvEPBY9D0vKWUTbwIDTXiIoDj1Ou97odup3H6iQLI7uYZxQJ8RBxHxGMCjJLZ/anPpg2ZgnQ+xKm8dBtdWvn4euus9swYIhOH0VrBg1YwZ9mZg5qaAcTbf8ZQ9ikoY0AsKxlJZpJOBkWAAjnE5KdippgskIB9RSNMIhlU4222einyhloPuxUCcCfab+nshwKOU49FQyxDCUi95U/M+zUvCvnYxFSQo0IvOH/JTrEOvTcvQBE5QAHyuCiWDqrzoZYoEJqApLqgRzceVl0qnXzItavXVZadzkdRTRETpGVWSiK9RAd6iJ2oigR/SMXtGb9qS9aO/axzxa0PKZQ/QH2ucPGmWcBw==</latexit>

Cn(Q,mQ)
<latexit sha1_base64="Q1fWa8Dud6ycejVy8N69np65MRg=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLJbBfVW6MVjC/YD22XJptk2NMkuSVYopf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dtfWNzazu3k9/d2z84LBwdt3ScKkKbJOax6oRYU84kbRpmOO0kimIRctoOR7WZ336iSrNYPphxQn2BB5JFjGBjpcdaIEuNSxE0LoJC0S27c6BV4mWkCBnqQeGr149JKqg0hGOtu56bGH+ClWGE02m+l2qaYDLCA9q1VGJBtT+ZXzxF51bpoyhWtqRBc/X3xAQLrccitJ0Cm6Fe9mbif143NdGtP2EySQ2VZLEoSjkyMZq9j/pMUWL42BJMFLO3IjLEChNjQ8rbELzll1dJq1L2rsqVxnWxepfFkYNTOIMSeHADVbiHOjSBgIRneIU3RzsvzrvzsWhdc7KZE/gD5/MHDeSP1A==</latexit>

- Ambiguity in the scale of      whether to set around       or        ↵s
<latexit sha1_base64="6LNtfe3gUmQ46lqqHplcG7EQ58k=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhjLZbtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRordXookhH2db9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8XgY/5</latexit>

mQ
<latexit sha1_base64="vdFllPXv93XyFG4bavAAnqzo/IM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0oqLeAF48JmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/PbT1QbpuSjnSQ0FHgoWcwItk56EP1Gv1T2K/4caJUEOSlDjnq/9NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfZSQxNMxnhIu45KLKgJs/mpU3TulAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTGN2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuhCC5ZdXSataCS4r1cZVuXabx1GAUziDCwjgGmpwD3VoAoEhPMMrvHnce/HevY9F65qXz5zAH3ifPyoHjbA=</latexit>

Q
<latexit sha1_base64="Qu5KrdkITStFHS5i4zXVM9/7zuA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vms1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKm2jNA=</latexit>

Since             , large uncertainties arise in fixed order calculations!Q � mQ
<latexit sha1_base64="vdA/RR3M4pjnh5JCLynFklH6Cb4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgnorePHYgv2AdinZNLsNTbLbJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLOtHHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E4/u533miSrNYPpppQn2BI8lCRrCxUrfZjyIkBs1BueJW3QXQOvFyUoEcjUH5qz+MSSqoNIRjrXuemxg/w8owwums1E81TTAZ44j2LJVYUO1ni3tn6MIqQxTGypY0aKH+nsiw0HoqAtspsBnpVW8u/uf1UhPe+hmTSWqoJMtFYcqRidH8eTRkihLDp5Zgopi9FZERVpgYG1HJhuCtvrxO2rWqd1WtNa8r9bs8jiKcwTlcggc3UIcHaEALCHB4hld4cybOi/PufCxbC04+cwp/4Hz+AFoaj30=</latexit>

• Solutions

- Equivalently, we refactorize the heavy quarkonium LCDA by virtue of NRQCD:

- Refactorize the NRQCD short-distance coefficients using light-cone factorization:  

Cn(Q,mQ) ⇠ TH(x,Q, µ)⌦ �(x,mQ, µ)
<latexit sha1_base64="AfEvsPZF3LvNgFN1Qmc+fDZx/q8=">AAACHXicbZDLSsNAFIYnXmu8VV26CRahQilJLai7QjddNtAbNCVMppN26FzCzEQspS/ixldx40IRF27Et3F6WWjrDwM/3zmHM+ePEkqUdt1va2Nza3tnN7Nn7x8cHh1nT05bSqQS4SYSVMhOBBWmhOOmJpriTiIxZBHF7WhUndXb91gqInhDjxPcY3DASUwQ1AaF2XI15Hm/wEL/yg4UYXYjrOUfCn4hYKkhQhOGlR0kQ2Ko6ZrzMJtzi+5czrrxliYHlqqH2c+gL1DKMNeIQqW6npvo3gRKTRDFUztIFU4gGsEB7hrLoVnam8yvmzqXhvSdWEjzuHbm9PfEBDKlxiwynQzqoVqtzeB/tW6q49vehPAk1ZijxaI4pY4Wziwqp08kRpqOjYFIEvNXBw2hhEibQG0Tgrd68rpplYredbHkl3OVu2UcGXAOLkAeeOAGVEAN1EETIPAInsEreLOerBfr3fpYtG5Yy5kz8EfW1w+fVZ8n</latexit>

�(x, µ)|original = f(µ)�(x, µ) =
X

n

�n(x,mQ, µ)hH|On|0i
<latexit sha1_base64="XjhOp69wFWYlQMFZmBzqq1VZou0="></latexit>

part of short-distance coefficients to NRQCD LDMEs

⌘c

�⇤

ü  v =relative velocity  
between quark and anti-quark 
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Log Log Log … 
q  SD at NLO contains log of r and it is large for small r. 

q  Logarithms are a generic feature in QFT at high energies  and come from 
soft and collinear regions. 

[14, 15]. In Higgs or Z boson decay into J/Â + “ processes [26–29], the next-to-leading-
logarithmic (NLL) accuracy resumming –n+1

s logn r was achieved and the Abel-Padé method
which enables to handle divergences appearing in computing the relativistic correction to the
rates, was developed as well. Using the method, we make the prediction for ÷c,b + “ in lepton
colliders at NLL+NLO plus the leading v2-correction accuracy.

The rest of the paper is organized as follows. In Sec. 2 we explain the theoretical formula
to achieve NLL+NLO accuracy and provide all the ingredients for that order. Section 3
presents numerical results for the cross section and for the Z-boson decay rate into this
process and Sec. 4 compares our result at the Belle energy to the previous results and to
Belle’s recent limit [30]. We finally summarize in Sec. 5.

2 Theoretical formula

The LC approach allows us to capture and to resum all logarithmic terms (singular), while
non-logarithmic terms (nonsingular) can be computed by NRQCD fixed-order perturbation
theory. We can express our full cross section as a sum of singular and nonsingular parts as
in [31, 32].

‡(r; µ, µ0, µns) = ‡sing(r; µ, µ0) + ‡ns(r, µns) , (2.1)

where sing and ns in the superscripts and subscripts denote singular and nonsingular, respec-
tively. In the singular part the scattering amplitude is factorized into a hard scattering kernel,
an LCDA, and an NRQCD LDME. Each of them depends on a relevant energy scale such
as µ ≥

Ô
s, or µ0 ≥ mQ.1 The renormalization group (RG) evolution between those scales

enables us to resum large logarithms appearing in the fixed-order cross section and details
of the evolution will be presented in coming subsections. On the other hand, if we turn o�
the resummation by setting all the scales being the same, it reduces to the singular part of
the fixed-order cross section: ‡fixed-sing(r; µ) = ‡sing(r; µ, µ). The singular part of fixed-order
cross section is given by

‡fixed-sing(r; µ) = lim
ræ0

‡fixed(r; µ) = ‡0

5
1 + –sCF

4fi
csing + Èv2

Ícsing

v2

6
, (2.2)

where the coe�cients are 2

csing = ≠
2
3

Ë
(9 ≠ 6 log 2) log r + 9(3 + log2 2 ≠ 3 log 2) + fi2

È
,

csing

v2 = ≠
4
3 . (2.3)

1There is the non-perturbative scale of the order mQv
2, which is not explicitly denoted because LDMEs is

not evolved in practice but rather determined at the scale mQ or 2mQ as in conventional NRQCD approach.
2 If one expresses the mP in ‡0 in terms of mQ and v

2, then one finds that

2mP

#
1 + Èv2Ícsing

v2

$
= 4mQ


1 + Èv2Í

#
1 + Èv2Ícsing

v2

$
¥

Ë
2Ô

mQ

1
1 ≠ 5

12 Èv2Í
2È2

,

which agrees with d
(0)
s and d

(v2)
s in Eq. (2.26) of Ref. [23].
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q  No problem with small log, the ordinary perturbative series works 

q  For a large log, resummed perturbation with log-power counting 

ü  valid in both small and large r regions 

Leading Log 
Next to LL 
NNLL 

Log Log Log … 

↵s L ⇠ 1

7 

Log Log Log … 

� = 1 + ↵s + ↵2
s + · · · ↵s < 1

�sing = 1 + ↵sL+ ↵2
sL

2 + · · ·
+↵s + ↵2

sL+ · · ·
+↵2

s + · · ·

� = �
sing + (v2 corr.) + (power corr. of O(r))

LO NLO NNLO 
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Example: An event shape distribution  
q  We can get an idea about resummation effect by comparing results 

 before and after resummation in this example. 
q  event shape (τa) cross section contains Log[τa]    c.f. Log[r] 

q  large logs are under control after resummation  
q  NLO perturbative uncertainty is not reliable without resummation 

38

FIG. 6: Cumulant cross section in τa
1 at Q = 80 GeV and

x = 0.2. Colored bands show theoretical uncertainties around
central values (lines) to LL (dotted line, green band), NLL
(dashed line, blue band), and NNLL (solid line, red band) ac-
curacy and the horizontal dashed line is the total cross section
at fixed x,Q2.

VIII. RESULTS

In this section we present our numerical results for the
three versions of DIS 1-jettiness: τa1 , τ

b
1 , and τc1 . We

plot the cross sections accurate for small τ1 resummed
from LL to NNLL accuracy, and also the singular terms
at fixed order O(αs) (NLO) for comparison. (We esti-
mate the size of the small missing non-singular terms by
comparing to the known O(αs) cross section integrated
over all τ1.) We start by describing the τa1 spectrum in
detail, and then compare the features of the τb1 and τc1
cross sections relative to the results for τa1 . We choose
s = (300 GeV)2 as in the H1 and ZEUS experiments.
For the PDFs, we use the MSTW2008 [110] set at NLO
and include five quark and antiquark flavors excluding
top. To be consistent with the αs used in the NLO
PDFs we use the 2-loop beta function for running αs

and αs(mZ) = 0.1202.
We present results for the cumulant cross section σc(τ1)

defined in Eq. (183) and the dimensionless distribution

dσ̂

dτ1
=

1

σ0

dσ

dτ1
=

d

dτ1
σc(τ1) . (224)

Note that both the cumulant σc(τ1) and the differential
distribution dσ̂/dτ1 are differential in x and Q2. How-
ever, for notational simplicity we made their x and Q2

dependences implicit in this section.

A. τa
1 cross section

In this subsection, we present results for the cumulant
cross section σc(τ1) and differential cross section dσ̂/dτ1
for the “aligned” 1-jettiness τ1 = τa1 .
Fig. 6 shows the τa1 cumulant cross section, defined

by Eq. (183), at Q = 80 GeV and x = 0.2. In or-

FIG. 7: Weighted differential cross section in τa
1 at Q =

80 GeV and x = 0.2. Colored bands show theoretical uncer-
tainties around central values (lines) at fixed order αs (dot-
ted line, gray band) and resummed to NLL (dashed line, blue
band) and NNLL (solid line, red band) accuracy.

FIG. 8: Differential cross section in τa
1 at Q = 80 GeV and

x = 0.2 in the peak region, NNLL with nonperturbative shape
function taken into account (NNLL PT+NP, dashed, orange),
and without NP shape function at fixed-order αs (NLO PT,
dotted, gray) and resummed (NNLL PT, solid, red).

der to illustrate perturbative convergence the results re-
summed to LL, NLL, and NNLL accuracy are shown.
The bands indicate perturbative uncertainties by vary-
ing the scales µH,B,J,S given by “profile functions” as
described in Sec. VIIC 1, and there is excellent order-by-
order convergence, and beautiful precision at NNLL or-
der. The cumulant cross section increases monotonically
from the small τa1 region and begins to saturate near for
large τa1 where the integral defining this cumulant be-
comes that for the total cross section. There is a small
gap between the total cross section at O(αs) (dashed
horizontal line) and our NNLL cumulant at large τa1 , re-
flecting the small size of nonsingular terms not taken into
account in this paper. Note however that these terms are
important at the level of precision of our cumulant cross
section, and hence they will be considered in the future.

Log singularity in 
NLO  
cured in NLL, NNLL  

Good     
convergence 
from NLL to NNLL  

Singular behavior due to divergence in local QFT  
Renormalization leaves log of τ~λ  

28 

Large Log under control 
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Theoretical approach 
q  Ordinary NRQCD factorization  

 

q  Light-cone approach and refactorization 

•  Hard-scattering kernel produces a pair of collinear quark and anti-
quark  with fractional momentum 0<x<1 at scale Q 

•  LCDA is the probability amplitude for the quark pair scattering at 
scale mQ and later bounding into quarkonium at scale mv2. 

•  factorization valid up to the leading power in mQ/Q 

M ⇠ TH(x,Q)⌦ �H(x,mQ)
X

n

�n(x,mQ)hH|On|0i

 

 
 
 
 Limitation of NRQCD approach

• We could have written the amplitudes in terms of NRQCD as
M(H) ⇠

X

n

Cn(Q,mQ)hH|On|0i
<latexit sha1_base64="8g2cBHKPVFsvrTiNuZV0qzNQpfw="></latexit>

short-distance coefficient
(perturbative         )

NRQCD long-distance (decay) matrix elements
(non-perturbative          )

• Limitations
& mQ

<latexit sha1_base64="baCL9GUAqTyvpS/erwEkRinGHAs=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexGQb0FvHhMwDwgWcLsZDYZMo9lplcISz7DiwdFvPo13vwbJ8keNLGgoajqprsrSgS34PvfXmFjc2t7p7hb2ts/ODwqH5+0rU4NZS2qhTbdiFgmuGIt4CBYNzGMyEiwTjS5n/udJ2Ys1+oRpgkLJRkpHnNKwEm9/gicJ7EcNAflil/1F8DrJMhJBeVoDMpf/aGmqWQKqCDW9gI/gTAjBjgVbFbqp5YlhE7IiPUcVUQyG2aLk2f4wilDHGvjSgFeqL8nMiKtncrIdUoCY7vqzcX/vF4K8W2YcZWkwBRdLopTgUHj+f94yA2jIKaOEGq4uxXTMTGEgkup5EIIVl9eJ+1aNbiq1prXlfpdHkcRnaFzdIkCdIPq6AE1UAtRpNEzekVvHngv3rv3sWwtePnMKfoD7/MHDemREg==</latexit>

. mQv
<latexit sha1_base64="+S53w708Vtold80gfaULDsQAZzM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvHhMwDwgWcLspDcZMrO7zswGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWM7ud+a4xK8zh6NJMEfUkHEQ85o8ZKfleg1ppLInv1ca9YcsvuAmSdeBkpQYZar/jV7ccslRgZJqjWHc9NjD+lynAmcFbophoTykZ0gB1LIypR+9PF0TNyYZU+CWNlKzJkof6emFKp9UQGtlNSM9Sr3lz8z+ukJrz1pzxKUoMRWy4KU0FMTOYJkD5XyIyYWEKZ4vZWwoZUUWZsTgUbgrf68jppVsreVblSvy5V77I48nAG53AJHtxAFR6gBg1g8ATP8Apvzth5cd6dj2VrzslmTuEPnM8ftISSBg==</latexit>

- Large logarithms                        are unavoidable in perturbative expansions ofCn
⇥
↵s log(Q

2/m2
Q)

⇤n
<latexit sha1_base64="0cyjsjst5LRnylJO2mP35s5onLA=">AAACD3icbVC7TsMwFHXKq5RXgZElogKVpSQFCdgqsTC2En1ISRo5rpNadR6yb5CqqH/Awq+wMIAQKysbf4PbZoCWI9k6Oudc2fd4CWcSDONbK6ysrq1vFDdLW9s7u3vl/YOOjFNBaJvEPBY9D0vKWUTbwIDTXiIoDj1Ou97odup3H6iQLI7uYZxQJ8RBxHxGMCjJLZ/anPpg2ZgnQ+xKm8dBtdWvn4euus9swYIhOH0VrBg1YwZ9mZg5qaAcTbf8ZQ9ikoY0AsKxlJZpJOBkWAAjnE5KdippgskIB9RSNMIhlU4222einyhloPuxUCcCfab+nshwKOU49FQyxDCUi95U/M+zUvCvnYxFSQo0IvOH/JTrEOvTcvQBE5QAHyuCiWDqrzoZYoEJqApLqgRzceVl0qnXzItavXVZadzkdRTRETpGVWSiK9RAd6iJ2oigR/SMXtGb9qS9aO/axzxa0PKZQ/QH2ucPGmWcBw==</latexit>

Cn(Q,mQ)
<latexit sha1_base64="Q1fWa8Dud6ycejVy8N69np65MRg=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLJbBfVW6MVjC/YD22XJptk2NMkuSVYopf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dtfWNzazu3k9/d2z84LBwdt3ScKkKbJOax6oRYU84kbRpmOO0kimIRctoOR7WZ336iSrNYPphxQn2BB5JFjGBjpcdaIEuNSxE0LoJC0S27c6BV4mWkCBnqQeGr149JKqg0hGOtu56bGH+ClWGE02m+l2qaYDLCA9q1VGJBtT+ZXzxF51bpoyhWtqRBc/X3xAQLrccitJ0Cm6Fe9mbif143NdGtP2EySQ2VZLEoSjkyMZq9j/pMUWL42BJMFLO3IjLEChNjQ8rbELzll1dJq1L2rsqVxnWxepfFkYNTOIMSeHADVbiHOjSBgIRneIU3RzsvzrvzsWhdc7KZE/gD5/MHDeSP1A==</latexit>

- Ambiguity in the scale of      whether to set around       or        ↵s
<latexit sha1_base64="6LNtfe3gUmQ46lqqHplcG7EQ58k=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhjLZbtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRordXookhH2db9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8XgY/5</latexit>

mQ
<latexit sha1_base64="vdFllPXv93XyFG4bavAAnqzo/IM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0oqLeAF48JmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63t7a+sbm1Xdgp7u7tHxyWjo5bRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/PbT1QbpuSjnSQ0FHgoWcwItk56EP1Gv1T2K/4caJUEOSlDjnq/9NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfZSQxNMxnhIu45KLKgJs/mpU3TulAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTGN2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuhCC5ZdXSataCS4r1cZVuXabx1GAUziDCwjgGmpwD3VoAoEhPMMrvHnce/HevY9F65qXz5zAH3ifPyoHjbA=</latexit>

Q
<latexit sha1_base64="Qu5KrdkITStFHS5i4zXVM9/7zuA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vms1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+k0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AKm2jNA=</latexit>

Since             , large uncertainties arise in fixed order calculations!Q � mQ
<latexit sha1_base64="vdA/RR3M4pjnh5JCLynFklH6Cb4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgnorePHYgv2AdinZNLsNTbLbJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLOtHHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdQOsKWeStgwznHYTRbEIOO0E4/u533miSrNYPpppQn2BI8lCRrCxUrfZjyIkBs1BueJW3QXQOvFyUoEcjUH5qz+MSSqoNIRjrXuemxg/w8owwums1E81TTAZ44j2LJVYUO1ni3tn6MIqQxTGypY0aKH+nsiw0HoqAtspsBnpVW8u/uf1UhPe+hmTSWqoJMtFYcqRidH8eTRkihLDp5Zgopi9FZERVpgYG1HJhuCtvrxO2rWqd1WtNa8r9bs8jiKcwTlcggc3UIcHaEALCHB4hld4cybOi/PufCxbC04+cwp/4Hz+AFoaj30=</latexit>

• Solutions

- Equivalently, we refactorize the heavy quarkonium LCDA by virtue of NRQCD:

- Refactorize the NRQCD short-distance coefficients using light-cone factorization:  

Cn(Q,mQ) ⇠ TH(x,Q, µ)⌦ �(x,mQ, µ)
<latexit sha1_base64="AfEvsPZF3LvNgFN1Qmc+fDZx/q8=">AAACHXicbZDLSsNAFIYnXmu8VV26CRahQilJLai7QjddNtAbNCVMppN26FzCzEQspS/ixldx40IRF27Et3F6WWjrDwM/3zmHM+ePEkqUdt1va2Nza3tnN7Nn7x8cHh1nT05bSqQS4SYSVMhOBBWmhOOmJpriTiIxZBHF7WhUndXb91gqInhDjxPcY3DASUwQ1AaF2XI15Hm/wEL/yg4UYXYjrOUfCn4hYKkhQhOGlR0kQ2Ko6ZrzMJtzi+5czrrxliYHlqqH2c+gL1DKMNeIQqW6npvo3gRKTRDFUztIFU4gGsEB7hrLoVnam8yvmzqXhvSdWEjzuHbm9PfEBDKlxiwynQzqoVqtzeB/tW6q49vehPAk1ZijxaI4pY4Wziwqp08kRpqOjYFIEvNXBw2hhEibQG0Tgrd68rpplYredbHkl3OVu2UcGXAOLkAeeOAGVEAN1EETIPAInsEreLOerBfr3fpYtG5Yy5kz8EfW1w+fVZ8n</latexit>

�(x, µ)|original = f(µ)�(x, µ) =
X

n

�n(x,mQ, µ)hH|On|0i
<latexit sha1_base64="XjhOp69wFWYlQMFZmBzqq1VZou0="></latexit>

part of short-distance coefficients to NRQCD LDMEs
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q  The light-cone approach was known since 1980 for light mesons 
q  The heavy-quarkonium LCDA is refactorized 

q  LDMEs are only non-perturbative part and the rest are calculable in 
pert. theory 

M ⇠ TH(x,Q)⌦ �H(x,mQ)

X

n

�n(x,mQ)hH|On|0i
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Resummation by RG evolution 
q  RG eq of LCDA (called ERBL eq) was also known since 1980’s 

LCDA is expanded using eigenfunc. and each coeff. is evolved from mQ to Q. 

q  alternating between large +/- values makes the sum NON-convergent! 

 

• Since the scale evolution improves the convergence of series, let us 
consider the no-evolution case: µ = µ0

<latexit sha1_base64="p5K+AAzDn5vQqkNbaHWt3ymC8WU=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0qqAeh4MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhYngxnreN1pZXVvf2CxsFbd3dvf2SweHTROnmrIGjUWs2yExTHDFGpZbwdqJZkSGgrXC0e3Ubz0xbXisHuw4YYEkA8UjTol10mNXpjeuel6vVPYq3gx4mfg5KUOOeq/01e3HNJVMWSqIMR3fS2yQEW05FWxS7KaGJYSOyIB1HFVEMhNks4Mn+NQpfRzF2pWyeKb+nsiINGYsQ9cpiR2aRW8q/ud1UhtdBRlXSWqZovNFUSqwjfH0e9znmlErxo4Qqrm7FdMh0YRal1HRheAvvrxMmtWKf16p3l+Ua9d5HAU4hhM4Ax8uoQZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkDXY6QFw==</latexit>

�n(µ)
��LL = �n(µ0)


↵s(µ)

↵s(µ0)

� �
(0)
n ��

(0)
0

2�0

<latexit sha1_base64="nDsDbA/WetcR2/cUGMd1WLJ9ebc="></latexit>

Note that the scale evolution in

is smaller than 1 because ↵s(µ) < ↵s(µ0)
<latexit sha1_base64="D0ZvSX+NajKc9wJag2yMNB5fHpc=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQbspMFVRwUXDjsoJthc4wZNJMG5pkhiQjlKErN/6KGxeKuPUb3Pk3pu0sauuBCyfn3EvuPWHCqNKO82MVVlbX1jeKm6Wt7Z3dPXv/oK3iVGLSwjGL5UOIFGFUkJammpGHRBLEQ0Y64fBm4nceiVQ0Fvd6lBCfo76gEcVIGymwjz3EkgEKVMXjafV6/hU41cAuOzVnCrhM3JyUQY5mYH97vRinnAiNGVKq6zqJ9jMkNcWMjEteqkiC8BD1SddQgThRfjY9YwxPjdKDUSxNCQ2n6vxEhrhSIx6aTo70QC16E/E/r5vq6NLPqEhSTQSefRSlDOoYTjKBPSoJ1mxkCMKSml0hHiCJsDbJlUwI7uLJy6Rdr7lntfrdeblxlcdRBEfgBFSACy5AA9yCJmgBDJ7AC3gD79az9Wp9WJ+z1oKVzxyCP7C+fgHuD5gZ</latexit>

• In this case, we know the analytic solutions:

M(0,0)
LC, no evolution =

Z 1

0
dxT (0)

H
(x, µ0)�

(0)
V

(x, µ0) =

Z 1

0
dx

�(0)(x� 1
2 )

x(1� x)
= 4,

M(0,v2)
LC, no evolution =

Z 1

0
dxT (0)

H
(x, µ0)�

(v2)
V

(x, µ0) =

Z 1

0
dx

�(2)(x� 1
2 )

24x(1� x)
=

4

3
,

<latexit sha1_base64="4qINeLq0IidqZdKWY5RTEM7fFbU="></latexit>

• However, the moment summation of the relativistic corrections 
does not converge at all:

where

M(0,v2)
LC, no evolution =

1X

n=0

T (0)
n (µ0)�

(v2)
n (µ0)

<latexit sha1_base64="W5hBPrPPSamf1AyUWDgDR1NvS2s="></latexit>
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<latexit sha1_base64="oxXBNFM4XKXeeY4wkbJoWfbk5UA=">AAACD3icbZDLSsNAFIYn9VbjLerSTbAo7aYkVVB3BTcuK/QGTRom00k7dDIJM5NCCX0DN76KGxeKuHXrzrdxmgbR1h8Gfr5zDmfO78eUCGlZX1phbX1jc6u4re/s7u0fGIdHbRElHOEWimjEuz4UmBKGW5JIirsxxzD0Ke7449t5vTPBXJCINeU0xm4Ih4wEBEGpkGecNz3WT8tWZVZ2wsSzKroTj0jGJv3aD/WMklW1Mpmrxs5NCeRqeManM4hQEmImEYVC9Gwrlm4KuSSI4pnuJALHEI3hEPeUZTDEwk2ze2bmmSIDM4i4ekyaGf09kcJQiGnoq84QypFYrs3hf7VeIoNrNyUsTiRmaLEoSKgpI3MejjkgHCNJp8pAxIn6q4lGkEMkVYS6CsFePnnVtGtV+6Jau78s1W/yOIrgBJyCMrDBFaiDO9AALYDAA3gCL+BVe9SetTftfdFa0PKZY/BH2sc3nAyadw==</latexit>

n
<latexit sha1_base64="BeQAVkUtfA8dWlVUAAUo/nYC4nk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmrJfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1aqM7Q==</latexit>

The LL and NLL accuracies are achieved by solving the ERBL equation with one- and
two-loop kernels respectively. The kernel is known up to two loops in the NDR scheme and
we use the NDR results to achieve NLL accuracy.

V (x, y; –s(µ)) =
Œÿ

n=0

3
–s(µ)

4fi

4n+1

V (n)(x, y) , (2.21)

where the one-loop coe�cient is given by

V (0)(x, y) = 2CF

51 ≠ x

1 ≠ y

3
1 + 1

x ≠ y

4
◊(x ≠ y) + x

y

3
1 + 1

y ≠ x

4
◊(y ≠ x)

6

+

, (2.22)

and the two-loop expression can be found in Refs. [40–43]. The eigenfunction of the one-loop
kernel V (0)(x, y) is Gn whose eigenvalue is ≠“(0)

n /2:
⁄

1

0

dy V (0)(x, y)Gn(y) = ≠
“(0)

n

2 Gn(x), (2.23)

where Gn is the product of the Gegenbauer polynomial C(3/2)

n and its weight [44]:

Gn(x) = x(1 ≠ x)C(3/2)

n (2x ≠ 1). (2.24)

“(0)

n is the LO anomalous dimension and here we follow the convention of Ref. [45]

“(0)

n = 8CF

5
Hn+1 ≠

1
2(n + 1)(n + 2) ≠

3
4

6
. (2.25)

The NLO anomalous dimension “(1)

n is defined in the same way from the 2-loop kernel
V (1)(x, y). The solution of the ERBL equation is expressed as a series sum,

„n(µ) =
nÿ

k=0

Unk(µ, µ0)„k(µ0) , (2.26)

where the k-th Gegenbauer coe�cient of LCDA at the scale µ0 is

„n(µ0) = Nn

⁄
1

0

dx „P (x, µ0)C(3/2)

n (2x ≠ 1) , (2.27)

with Nn = 4(2n + 3)/[(n + 1)(n + 2)]. The coe�cient at LO is simple

„(0)

n = NnC(3/2)

n (0) , (2.28)

where C(3/2)

n (0) = (≠1)n/2 (n+1)!!

n!!
for even n and zero for odd n.

Following the convention of Ref. [45], the solutions of the scale evolution factor Unk(µ, µ0)
up to NLL accuracy are given by

Unk(µ, µ0) =
5

–s(µ)
–s(µ0)

6 “
(0)
n

2—0
C

”nk

A

1 + –s(µ) ≠ –s(µ0)
4fi

“(1)

n —0 ≠ “(0)

n —1

2—2
0

B

+ (1 ≠ ”nk)dnk(µ, µ0)–s(µ)
4fi

D

,

(2.29)
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• Since the scale evolution improves the convergence of series, let us 
consider the no-evolution case: µ = µ0

<latexit sha1_base64="p5K+AAzDn5vQqkNbaHWt3ymC8WU=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0qqAeh4MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhYngxnreN1pZXVvf2CxsFbd3dvf2SweHTROnmrIGjUWs2yExTHDFGpZbwdqJZkSGgrXC0e3Ubz0xbXisHuw4YYEkA8UjTol10mNXpjeuel6vVPYq3gx4mfg5KUOOeq/01e3HNJVMWSqIMR3fS2yQEW05FWxS7KaGJYSOyIB1HFVEMhNks4Mn+NQpfRzF2pWyeKb+nsiINGYsQ9cpiR2aRW8q/ud1UhtdBRlXSWqZovNFUSqwjfH0e9znmlErxo4Qqrm7FdMh0YRal1HRheAvvrxMmtWKf16p3l+Ua9d5HAU4hhM4Ax8uoQZ3UIcGUJDwDK/whjR6Qe/oY966gvKZI/gD9PkDXY6QFw==</latexit>
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Note that the scale evolution in

is smaller than 1 because ↵s(µ) < ↵s(µ0)
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• In this case, we know the analytic solutions:

M(0,0)
LC, no evolution =

Z 1

0
dxT (0)

H
(x, µ0)�

(0)
V

(x, µ0) =

Z 1

0
dx

�(0)(x� 1
2 )

x(1� x)
= 4,

M(0,v2)
LC, no evolution =

Z 1

0
dxT (0)

H
(x, µ0)�

(v2)
V

(x, µ0) =

Z 1

0
dx

�(2)(x� 1
2 )

24x(1� x)
=

4

3
,
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• However, the moment summation of the relativistic corrections 
does not converge at all:

where

M(0,v2)
LC, no evolution =

1X

n=0

T (0)
n (µ0)�

(v2)
n (µ0)
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What’s the problem? 
for light meson, a smooth model function 
was taken and the sum is convergent. 
for heavy quarkonium, singular LCDAs     
due to refactorization. 
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Abel-Pade method 
q  Smearing the LCDA  

with new variable z<1  

q  Abel summation 

q  Use the Pade approximation to boost the convergence. 
 
 

The LL and NLL accuracies are achieved by solving the ERBL equation with one- and
two-loop kernels respectively. The kernel is known up to two loops in the NDR scheme and
we use the NDR results to achieve NLL accuracy.

V (x, y; –s(µ)) =
Œÿ

n=0

3
–s(µ)

4fi

4n+1

V (n)(x, y) , (2.21)

where the one-loop coe�cient is given by

V (0)(x, y) = 2CF

51 ≠ x

1 ≠ y

3
1 + 1

x ≠ y

4
◊(x ≠ y) + x

y

3
1 + 1

y ≠ x

4
◊(y ≠ x)

6

+

, (2.22)

and the two-loop expression can be found in Refs. [40–43]. The eigenfunction of the one-loop
kernel V (0)(x, y) is Gn whose eigenvalue is ≠“(0)

n /2:
⁄

1

0

dy V (0)(x, y)Gn(y) = ≠
“(0)

n

2 Gn(x), (2.23)

where Gn is the product of the Gegenbauer polynomial C(3/2)

n and its weight [44]:

Gn(x) = x(1 ≠ x)C(3/2)

n (2x ≠ 1). (2.24)

“(0)

n is the LO anomalous dimension and here we follow the convention of Ref. [45]

“(0)

n = 8CF

5
Hn+1 ≠

1
2(n + 1)(n + 2) ≠

3
4

6
. (2.25)

The NLO anomalous dimension “(1)

n is defined in the same way from the 2-loop kernel
V (1)(x, y). The solution of the ERBL equation is expressed as a series sum,

„n(µ) =
nÿ

k=0

Unk(µ, µ0)„k(µ0) , (2.26)

where the k-th Gegenbauer coe�cient of LCDA at the scale µ0 is

„n(µ0) = Nn

⁄
1

0

dx „P (x, µ0)C(3/2)

n (2x ≠ 1) , (2.27)

with Nn = 4(2n + 3)/[(n + 1)(n + 2)]. The coe�cient at LO is simple

„(0)

n = NnC(3/2)

n (0) , (2.28)

where C(3/2)

n (0) = (≠1)n/2 (n+1)!!

n!!
for even n and zero for odd n.

Following the convention of Ref. [45], the solutions of the scale evolution factor Unk(µ, µ0)
up to NLL accuracy are given by

Unk(µ, µ0) =
5

–s(µ)
–s(µ0)

6 “
(0)
n

2—0
C

”nk

A

1 + –s(µ) ≠ –s(µ0)
4fi

“(1)

n —0 ≠ “(0)

n —1

2—2
0

B

+ (1 ≠ ”nk)dnk(µ, µ0)–s(µ)
4fi

D

,

(2.29)

– 8 –

zn

Smearing function
• We can define the smearing function 

S(x, y, z) =
1X

n=0

znNnw(x)C
(3/2)
n (2x� 1)C(3/2)

n (2y � 1)
<latexit sha1_base64="npGlj7uOZjZLUECgizisBEbqKPU="></latexit>

whose limit          is  z ! 1
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• With the smearing function, we can define the smeared LCDA as

�S(x, z, µ) =

Z 1

0
dy S(x, y, z)�V (y, µ)

=
1X

n=0

�n(µ)
1X

m=0

zmw(x)C(3/2)
m (2x� 1)Nm

Z 1

0
dy w(y)C(3/2)

m (2y � 1)C(3/2)
n (2y � 1)

=
1X

n=0

�n(µ)
1X

m=0

zmw(x)C(3/2)
m (2x� 1)�nm

=
1X

n=0

�n(µ)z
nGn(x),

<latexit sha1_base64="QjLJAtB/Il1CEewqCkaFVL9bjE8="></latexit>

• The smeared LCDA for 
�V (x) = �(x� 1/2)
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is as
Chung, QWG 2019

z ! 1
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γ5-scheme dependence 
q  Pseudoscalar LCDA: 

q  γ5 in Dim reg is scheme dependent 
q                in 4 dim (NDR) or in d dim (HV)  

             
q  Checking cancellation of Δ dependence is a strong constraint and 

nontrivial way validating our resummation. 
q  Δ term in LCDA cancels against one-loop TH and two-loop 

anomalous dim. in Unk.  
q  cancellations valid up to NLL accuracy 

here x̄ © 1 ≠ x. Note that � = 0 for the naive dimensional regularization (NDR) scheme [34]
and � = 1 for the t’Hooft-Veltman (HV) scheme [35, 36] for “5 regularization.3 The scheme
dependence in the hard kernel is cancelled by the same term with the opposite sign in the
LCDA.

The pseudoscalar LCDA is defined by a non-local matrix element of “+“5 as

ÈP (p)|Q̄(z)“+“5[z, 0]Q(0)|0Í = p+ fP

⁄
1

0

dx eip·zx„P (x, µ) , (2.13)

where the plus components are “+ = “0 + “3 and p+ = p0 + p3. x œ [0, 1] is the collinear
momentum fraction of a quark in the quarkonium and [z, 0] is the gauge link that is defined
by

[z, 0] = Pexp
5
igs

⁄
z

0

dy A+

a T a

6
, (2.14)

where P stands for path ordering, gs =
Ô

4fi–s is the strong coupling constant, Aa is the
gluon field with color index a, and T a is fundamental representation of SU(Nc).

The LCDA „P describes the collinear-gluon exchange between quark and anti-quark pair
and it is normalized to the unity upon the integration over x. This normalization defines the
decay constant fP to be Eq. (2.13) at z = 0 and it describes a cc̄ pair transition into a physical
quarkonium.4 In light mesons, the LCDA and the decay constant are nonperturbative and
the former is modeled with a few parameters and the latter is determined by comparison to
measurement. On the other hand in heavy quarkonium the LCDA and short-distance part of
the decay constant are perturbatively calculable by matching QCD onto NRQCD amplitude.
Their one-loop correction was obtained in [14] and the relativistic correction was obtained
in [26, 37]. We treat v2 and –s corrections are of the same size and expand up to the same
power. Then, the LCDA expanded up to the leading corrections in –s and v2 is

„P (x, µ) = „(0)(x) + –s(µ)
4fi

„(1) + Èv2
Í„(v

2
) + O(–2

s, –sv2, v4), (2.15)

where

„(0) = ”(x ≠
1

2
),

„(1) = CF ◊(1 ≠ 2x)
IC

4x
1

2
+ x̄

1

2
≠ x

A

log µ2
0

4m2

Q

≠ 2 log(1

2
≠ x) ≠ 1

BD

+

+
C

4xx̄

(1

2
≠ x)2

D

++

+ � [16x]
+

J

+(x ¡ x̄),

„(v
2
) =

”(2)(x ≠
1

2
)

24 , (2.16)

3 In the NDR scheme, {“5, “
µ} = 0, for the index µ in d dimension, while in the HV scheme, “5 defined

in 4 dimension anticommutes {“
µ
, “5} = 0 for µ = 0, 1, 2, 3 but commutes [“µ

, “5] = 0 for µ = 4, · · · , d. Note
that the ” in Ref. [33] and the � in Ref. [14] are related as ” = 1 ≠ �.

4The definition of fP is di�erent from that of Ref. [14] by a multiplicative factor i.
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by
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6
, (2.14)

where P stands for path ordering, gs =
Ô

4fi–s is the strong coupling constant, Aa is the
gluon field with color index a, and T a is fundamental representation of SU(Nc).

The LCDA „P describes the collinear-gluon exchange between quark and anti-quark pair
and it is normalized to the unity upon the integration over x. This normalization defines the
decay constant fP to be Eq. (2.13) at z = 0 and it describes a cc̄ pair transition into a physical
quarkonium.4 In light mesons, the LCDA and the decay constant are nonperturbative and
the former is modeled with a few parameters and the latter is determined by comparison to
measurement. On the other hand in heavy quarkonium the LCDA and short-distance part of
the decay constant are perturbatively calculable by matching QCD onto NRQCD amplitude.
Their one-loop correction was obtained in [14] and the relativistic correction was obtained
in [26, 37]. We treat v2 and –s corrections are of the same size and expand up to the same
power. Then, the LCDA expanded up to the leading corrections in –s and v2 is

„P (x, µ) = „(0)(x) + –s(µ)
4fi
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) + O(–2

s, –sv2, v4), (2.15)

where
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µ} = 0, for the index µ in d dimension, while in the HV scheme, “5 defined

in 4 dimension anticommutes {“
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, “5} = 0 for µ = 0, 1, 2, 3 but commutes [“µ

, “5] = 0 for µ = 4, · · · , d. Note
that the ” in Ref. [33] and the � in Ref. [14] are related as ” = 1 ≠ �.
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Δ=0 for NDR, Δ=1 for HV 
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Log resummation effect 

q  Uncertainty estimated by typical scale variations 
q  LL and NLL are consistent and look perturbatively convergent 
q  fixed-order NLO w/o resummation is largely deviated from LL,NLL 

ü  underestimates its uncertainty 
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Numerical results 
q  At B-, Z-boson, Higgs factories 

q  Various prediction and Belle’s upper bound 

input parameters: 
 

•  our results are consistent with other predictions 
since resum. effect is not large at Belle energy 

•  lower central value due to smaller decay rate 
•  our prediction is 4-sigma away from  

Belle’s upper limit (20.1 fb) 
      
 
 

PRD98 (2018) 0922015 
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Summary 
q  Exclusive quarkonium is motivated by experiments, BESIII, Belle, LHC    

at wide ranges of energies 3-100 GeV 

q  Predictions for ηc+γ valid at these energies by NRQCD and LC 
factorization 
q  log resummation at NLL 
q  v2 corrections 
q  power corrections of r at NLO 

 
q  At Belle energy, consistent with 

previous predictions but deviated  
from Belle’s upper limit by 4 sigma level. 
It looks like that it’s moving towards a right direction with time. 



Thanks! 

17 
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Results at BESIII energy (4 GeV)  
q  BESIII’s peak cross section via Y(4260) resonance 

q  Off-resonance cross section must be smaller than the value 

q  Our numerical value: 0.53 pb  
q  A simple extrapolation from our prediction at BELLE energy by using 

scaling 1/Q2 :  7x (32.7 fb) =0.23 pb 

q  comparable with  
NNLO prediction ~0.5 pb 

[Chen, Liang, Qiao, JHEP 2018] 



19 

How to resum 
q  NRQCD factorization  

Comparison with inclusive process
⌘c
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TH(x, µ)
<latexit sha1_base64="rz4/PFz3q61X37+jxCb0B2/EtTs=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKqi3gpceK/QL26Vk02wbmmSXJCuW0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NZW9/Y3Mpu53Z29/YP8odHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0d3Mbz1SpVkk62YcU1/ggWQhI9hY6aHeqxafLroiOe/lC27JnQOtEi8lBUhR6+W/uv2IJIJKQzjWuuO5sfEnWBlGOJ3muommMSYjPKAdSyUWVPuT+cVTdGaVPgojZUsaNFd/T0yw0HosAtspsBnqZW8m/ud1EhPe+BMm48RQSRaLwoQjE6HZ+6jPFCWGjy3BRDF7KyJDrDAxNqScDcFbfnmVNMsl77JUvr8qVG7TOLJwAqdQBA+uoQJVqEEDCEh4hld4c7Tz4rw7H4vWjJPOHMMfOJ8/W4+QBw==</latexit>

�J/ (x, µ)
<latexit sha1_base64="DtxbCyJOz/y/bWkoTacUZlidfhE=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxCBakzVVB3BTfiqoJ9QGcomTTThmYyIcmIdSj+ihsXirj1P9z5N6btLLT1wIXDOfdy7z2BYFRpx/m2cguLS8sr+dXC2vrG5pa9vdNQcSIxqeOYxbIVIEUY5aSuqWakJSRBUcBIMxhcjf3mPZGKxvxODwXxI9TjNKQYaSN17D1P9GknvTnxhKKj0sOxFyVHHbvolJ0J4DxxM1IEGWod+8vrxjiJCNeYIaXariO0nyKpKWZkVPASRQTCA9QjbUM5iojy08n1I3holC4MY2mKazhRf0+kKFJqGAWmM0K6r2a9sfif1050eOGnlItEE46ni8KEQR3DcRSwSyXBmg0NQVhScyvEfSQR1iawggnBnX15njQqZfe0XLk9K1YvszjyYB8cgBJwwTmogmtQA3WAwSN4Bq/gzXqyXqx362PamrOymV3wB9bnD7dQlLY=</latexit>

d�̂gg!i(p/z, µ)
<latexit sha1_base64="kbhQ3J2zuwAP36Pn199sE/lRQnA=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoIDWpgroruHFZwT6gCWEymaZDZ5IwMxFqyNaNv+LGhSJu/QN3/o3TNgttPTBwOOde7pzjJ4xKZVnfRmlpeWV1rbxe2djc2t4xd/c6Mk4FJm0cs1j0fCQJoxFpK6oY6SWCIO4z0vVH1xO/e0+EpHF0p8YJcTkKIzqgGCkteSYMnCFSmSNpyFHuZWHoqBjSvJacPpw4PD32zKpVt6aAi8QuSBUUaHnmlxPEOOUkUpghKfu2lSg3Q0JRzEhecVJJEoRHKCR9TSPEiXSzaZIcHmklgINY6BcpOFV/b2SISznmvp7kSA3lvDcR//P6qRpcuhmNklSRCM8ODVIGddhJLTCggmDFxpogLKj+K8RDJBBWuryKLsGej7xIOo26fVZv3J5Xm1dFHWVwAA5BDdjgAjTBDWiBNsDgETyDV/BmPBkvxrvxMRstGcXOPvgD4/MHUHOaCQ==</latexit>

Di!⌘c(z, µ)
<latexit sha1_base64="g8M467CnXl5UCnTE1nEGalk0u5U=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqqDuCrpwWcE+oAlhMp20Q2cmYWYi1NiFv+LGhSJu/Q13/o3TNgutHrhwOOde7r0nTBhV2nG+rMLC4tLySnG1tLa+sbllb++0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6HlxO/fUekorG41aOE+Bz1BY0oRtpIgb13FWTU0zH0iEYBHlfujz2eHgV22ak6U8C/xM1JGeRoBPan14txyonQmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QNFYgT5WfT+8fw0Cg9GMXSlNBwqv6cyBBXasRD08mRHqh5byL+53VTHZ37GRVJqonAs0VRyqD5dxIG7FFJsGYjQxCW1NwK8QBJhLWJrGRCcOdf/ktatap7Uq3dnJbrF3kcRbAPDkAFuOAM1ME1aIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cwu+AXr4xsOFZVy</latexit>

:  longitudinal momentum fraction of      
  to fragmenting parton  

z
<latexit sha1_base64="Dwk1vKaNlbCT3LA/UyoVDtAWnUU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvHhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+fajPk=</latexit>

⌘c
<latexit sha1_base64="IbrkEC/1+dO4q88UPuy2c11QrIM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZTtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSq4eG9lm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfu2UnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2OhlwhcyIiSWUKW5vJWxEFWXGBlSyIXjLL6+SVq3qXVRr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AXrzjwk=</latexit>

i
<latexit sha1_base64="cE46aA/FmbU2LkyE0+tor4sqtxs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmrxfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fzhaM6A==</latexit>

:  longitudinal momentum fraction of quark
   in 

x
<latexit sha1_base64="x2YiyB9rf/fiZ1Tk15zATNuO/Qc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvHhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+TSjPc=</latexit>

J/ 
<latexit sha1_base64="lc+jJhjirgfQqNaTI64WEiD3+yI=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7pbBfVW8CKeKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZxs7S1vbO75+4fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0c3Ubz1RpZkUD2ac0CDGA8EiRrCxUvPurJto1nPLXsWbAS0TPydlyFHvuV/dviRpTIUhHGvd8b3EBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIh+IsvL5NmteKfV6r3F+XadR5HEY7gGE7Bh0uowS3UoQEEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AJk+O0g==</latexit>

MH!J/ +� =

Z 1

0
dxTH(x, µ)�J/ (x, µ)

<latexit sha1_base64="KsNuvFZXVGrbwKmESuUT0i15dhQ="></latexit>

d�⌘c(p) =
X

i

Z 1

0
dz d�̂i(p/z, µ)Di!⌘c(z, µ)

<latexit sha1_base64="N6cXwpuY+jwnXvdyq7uuh/a525E="></latexit> (sum over parton   )i
<latexit sha1_base64="cE46aA/FmbU2LkyE0+tor4sqtxs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmrxfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fzhaM6A==</latexit>

exclusive production process inclusive production (fragmenting) process

scale evolution: ERBL equation scale evolution: DGLAP equation

µ2 @

@µ2
�(x, µ) =

Z 1

0
dy V [x, y;↵s(µ)]�(y, µ)

<latexit sha1_base64="A4fw0VTdn3HBUJz0sfGJoxHUV3s="></latexit>

Braaten and Yuan, PRL, 1993

DGLAP splitting function

LCDA for J/ 
<latexit sha1_base64="lc+jJhjirgfQqNaTI64WEiD3+yI=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7pbBfVW8CKeKtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZxs7S1vbO75+4fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0c3Ubz1RpZkUD2ac0CDGA8EiRrCxUvPurJto1nPLXsWbAS0TPydlyFHvuV/dviRpTIUhHGvd8b3EBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6CjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIh+IsvL5NmteKfV6r3F+XadR5HEY7gGE7Bh0uowS3UoQEEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AJk+O0g==</latexit>

fragmentation function for 
parton i  to etai

<latexit sha1_base64="cE46aA/FmbU2LkyE0+tor4sqtxs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmrxfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fzhaM6A==</latexit>

⌘c
<latexit sha1_base64="IbrkEC/1+dO4q88UPuy2c11QrIM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QhrLZTtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSq4eG9lm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfu2UnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2OhlwhcyIiSWUKW5vJWxEFWXGBlSyIXjLL6+SVq3qXVRr95eV+k0eRxFO4BTOwYMrqMMdNKAJDB7hGV7hzYmdF+fd+Vi0Fpx85hj+wPn8AXrzjwk=</latexit>

Evolution kernel

perturbation theory perturbation theory


