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4.1. Density matrix of spin-1/2 particles

* pure spin state
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4.1. Density matrix of spin-1/2 particles (cont.)

More general spin state:

1 1
2

+—>+a2
{4 k ok
or ’X) — ( ) — adjoin state 2 (X| — (Cll ,az)

[X) = ai

2
ar
pure spin state: specify direction of spin vector, or

specify a; and a,

Stern-Gerlach apparatus act as a spin filter, earlier
way to prepare the pure spin state (or polarized beam)



4.1. Density matrix of spin-1/2 particles (cont.)

e polarization vector
Definition: Py = (0;) = (¥ |oi| %)

Pauli-matrices: o, = o Oy = U= 0, = LD
IR O () A U A () ARV

: 1
e.g. beam in a pure state | + E> has

01 1
frm (1 0) (O) - If beam in
neeo ()00 gL

1

=0, )()



4.1. Density matrix of spin-1/2 particles (cont.)

COS%
A more general pure state [x) = 0
e'd sin —
2
0
P, = (cos E,e_lgsin 5) ((1) (1)) . ,29
e'® sin —
= sin0 cos § b .
P, = sin0sin§
P, = cos
1/2 2 |
P| = (P,-f + P; + Pf) =1
2§




4.1. Density matrix of spin-1/2 particles (cont.)

e specify a pure state with polarization vector

» Stern-Gerlach orientation parallel to P

P,=P, =0, P,==1

» Stern-Gerlach orientation parallel to x

0 =90°, §=0 ‘+l,x>=L(1)

2 21/2 \1
0 — 5 o 1 1 |
= 90 ,82180 |—§,x>—m(_l)

» Stern-Gerlach orientation parallel to y

1 11 1 _ /1
_I_an_ﬁl 2’y_21/2 —j



4.1. Density matrix of spin-1/2 particles (cont.)
* mixed spin state

States which are not pure are called mixed state or mixtures

Beam A : N; particlein |+ 1/2),
Beam B : N, particlein | —1/2),

» Can not described with polarization vector
» Can not described with superposition of two spin states

» described by specifying the way how the beams are prepared

» Polarization of this example

P W1||1+W 1|| :
i — = 10| = —= [0 | — =
L\ Mily *\" 2 2
Ni— N,

P,=0, P,=0, PL,=W—-W= ~




4.1. Density matrix of spin-1/2 particles (cont.)

More general case

P; = Wo (Xaloi| Xa) + Wo (X6 |0i| Xb)
= W, PV + W, P
with W, = N,/N, W, = N,/N, N =N, + N,

or P=WwPY 4+ w,p®»

P’ = (mp(a) + Wbp(b))Z
= W2(PDY2 4+ Wy (PP 4 2W, W, P@ . P
< W=+ W7+ 2W, W,

=Wa+Wo)’=1 5 [o<|p <1




4.1. Density matrix of spin-1/2 particles (cont.)

|P| = 0, unpolarized state
|P| =1, pure state
|P| > 0, polarized state

Comparison of two cases:

Case |: pure state ‘+% y> — = (‘ +1> 4 i

Case |l: mixture

Ni = N/2 particles in the state | + 1/2)
N, = N/2 particles in the state | — 1/2)



4.1. Density matrix of spin-1/2 particles (cont.)

* Spin density matrix defined by
p = WalXa)(Xal + WalXs) (X5l

with W, = N,/N, W,

p = |xXxl|:
1

_ a)
|Xa> al +2
|
X)) = a%b) +2

|
)

+ aéa)

(b)
+ a,

= Ny/N,and N = N, + N,.

spin density operator, or statistical operator

:
]

IXa) =(
[Xb) = (

(a)
(a)
(b)
(b)



4.1. Density matrix of spin-1/2 particles (cont.)

* Spin density matrix

with adjoint state

ol = (a1 af). ol = (o a)
Wa aga)* _l_Wb‘ (b)* Waaga) (a)* _l_Wba(b) (b)*

= (@]

Walal® + w,a?*a? W, |a

+ W, ‘agb)*

or  (xilplx;) = Waai”a("™ + Wya”a}"”

with 7, j = 1,2.
(xilx;) =8 twp=Wat Wy =




4.1. Density matrix of spin-1/2 particles (cont.)

* significance of spin density matrix

2

@O+ w,

al

2
[ i=12

(xilplxi) = W,

gives the total probability of finding a particle

in the corresponding basis state |Y; ).

e the number of independent parameters
Hermitian matrix (X;|p|X ;) = (Xj|p|Xf)*

R+1|| AU 1||+1
e{+=|p|—=)=Re{—= -
2 P13 2 P 5

: +1|| 1 : 1||+1
= — — Y= —Im({(——-— _
M\ IPI= 5 ) PIT 5



4.1. Density matrix of spin-1/2 particles (cont.)

 The number of independent parameters (cont.)

Hermitian matrix reduces the number of parameters to
four, and normalization further reduce on parameter.

Three independent measurements must be performed in order to
completely specify the spin density matrix for any spin-1/2 particles.

» Check the number of parameters in the spin density matrix
for mixture

e parametrization of spin density matrix
tr po; = Watr (|Xa)(Xaloi) + Watr (|X6) (X sl07)
= Wa(Xaloi|Xa) + Wo(Xsl0i|X5)



4.1. Density matrix of spin-1/2 particles (cont.)

Using tr( [x)(x|o;) = (xloilx), and tr(pa;) = P;, one has

1( 1 + P, Px—iPy)

P=o\p.+ip, 1-P,

> when a filter oriented in the z-direction

i+ = ta+p)
ALY A .

similarly
+1 p| + : 1(1+P)
—, X ~, X o X

g T 5 2

|

PN La+ Py
zayp 23)} 2 V



4.1. Density matrix of spin-1/2 particles (cont.)

» when quantization axis along polarization vector P

CL{1+P] 0
=30 0o 1-p]

e |dentification of pure spin state
tr(p)* = (1/2)(1 + P; + P; + P?)
= (1/2)(1 + [P[*)
tr (p)” = 1 EAFAT Hhealizs i e B4 1F,

RXATTRERE— 2B el > — A A E R R H R, BIAIES
AT ENANSH L (tl:ﬁﬂ@ b .

\



4.1. Density matrix of spin-1/2 particles (cont.)

* p representation with Pauli matrices
p=al + Zb-cn-
a=1/2 trp0j=22b8U=2b
(1 -+ ZPG,)

* The pure state of probability measured in spin density
matrix

(xlplx) = tr[x)(xlp




4.1. Density matrix of spin-1/2 particles (cont.)

p™) = [x)(x (1 +ZP%)

1 x
(xlpl) = 7t (1 +) P )of) (HZPJGI-)
: j ]

|
— Ztl‘ (1-|— i Pz' C; + j PjO’j-I— EU Pz' PjO}'O'J')

1
= 5(1 + PY . P)



4.2. Density matrix of spin-1 particles

e Classical concept of the electromagnetic wave

polarization

E = Aee!kr—o0) e =dae, + azeisey

normalization a7 4 a5 = 1

—_ {(kr—omt (kr—ot+38
E = A e ekt o0 Azeye"( c—wt+3)

= A(a e, + are'de,)e kTl

. 2
e =a,e,+ aze‘Sey > e=cosfPe;+e’ sinfe,
A
. L y
» Linear polarization /
e =cos Pe,+sin Pe, ’B>

X




4.2. Density matrix of spin-1 particles(cont.)

» circular polarization
e~e,tie, (a, = a,, 6 =90°)

» elliptical polarization
e =ae,+ azei‘sey (a; # a,, 6 #0)

» polarization filter, e.g. Nicol prism

» pure and mixed polarization

IR —FOCHIRU R EANRES L —HSRE, BiiE
e ARG 2S5



4.2. Density matrix of spin-1 particles(cont.)

* Helicity state of photon

Two helicity state: 1 = +1, tonotethat] -n=(L+S)n
=S -n = A. The total angular momentum in the direction of
propagation n.

A= +1, e q: right hand circularly polarized
A= —1, e_q: left hand circularly polarized

L — 1 .
Polarization vector: ey = +E(ex +iey)

L _1 .
Polarization state: |+1) = +5 (lex) X iley))

General polarization sate: |e) = a|+1) + a,|—1), with

=) == ()



4.2. Density matrix of spin-1 particles(cont.)

* Helicity state of photon (cont.)
a
Hence the general pure state formulated: |e) = ( 1)
Adjoint state: |e) = (a],a3)

|
Reversely,  lex) = 1/2 S+ =1=1) as transverse
polarization of
|€y) 21/2 U+ +[=1) spin-1/2 particle

e polarization density matrix of photon
p, — W |ea)<ea| + Wb|eb> (€b|

eq) = al® +1>—|— ™ —1)

ep) = al” +1>+ al” —1)



4.2. Density matrix of spin-1 particles(cont.)

* polarization density matrix of photon

(@) (a)x* (b) (b)*
Waa," a, +Wa1 ay

(@) (b) ‘
2 2

)‘ + Wy |a

/

p:

\W aga)*ag) + W |a(b)* D) W, |a + W, |}

Normalization: tr o' = W, + W, = 1

p defined in terms of intensity
p = lalea)(eal + Iplep)(es|
rp=1,+1,=1

» properties:



4.2. Density matrix of spin-1 particles(cont.)

* Stokes parameter description

» 1. total intensity I
» 2. degree of linear polarization

ns = 1(0)—11(90 ), I(B): intensity in the direction of §

with respect to x-axis.

» 3. degree of linear polarization
_ 1(45)-1(135")

M
I
» 4. degree of circular polarization
I
N2 =




4.2. Density matrix of spin-1 particles(cont.)

* massive particles of spin-1
LE[ 8, 85 ) = -0,

n?
P = ZC‘P"S.U" {J‘L},)_TT(PSF,)_“CN
p=1 a -

Tr p Trp

Tt p ( | ) S“: M-Bﬁ%ﬁ%




4.2. Density matrix of spin-1 particles(cont.)

* massive particles of spin-1
Rank -2 tensor SiSj(i,j =X,Y,Z)
S, S, S, S8, 8.8,
Sy) (S, S, S)y=|[s,8, S,8, SySz).
S, S
Sy S; = 3(5;8;+5;8,) + 3(5; 5;— 5; 5).

S,8,~S;S, =iS, (i, j, k cyclic).

1 0 0 [0 10
1=(0 1 0) 9@=Sm=~,§(1 0 1)
0 0 1 vElo 1 0
1 0 —1 0 1 0 0
%=Sy=—/—2(i 0 —i) @;=Sz=(0 0 o)
A 0 1 0 0O 0 -1



4.2. Density matrix of spin-1 particles(cont.)

* massive particles of spin-1

0 0

-1 0

0

1

0
-1

~1

-1 0

0 ) '%m=3SmS¢”21=“1‘

0 2

1

1) By =35,8,~2I =~
0

—1) 9;3=3S,,Sz—21=(
0

0 0 O
One constraint: %w%ﬁ%ﬁ(o 0 0).

0 0 0

We have 8 independent matrices

=
o N O OO



4.2. Density matrix of spin-1 particles(cont.)

* massive particles of spin-1 (cont.)
Orthogonal operators are chosen to meet the requirement

p = 1+3(p. P+ 0,2+ 0. L)+ 3Dy Py + e P+ P e D)
IF %(P xx ""P yy) (%m - %y) ga ‘12'9 22 '%z}

where p, = [r p#, etc. p;, : vector polarization,
p;j: tensor polarization

e special case: e.g., quantization axis in the z-direction
1+ zpz + %pzz 0 0
1
P =3 0 1-pz, 0
3 1
0 0 1-— Epz + Epzz



Spin density matrix for high spin particles
* Expansion of spin density matrix in terms of irreducible tensor

For spin-s particle

28

Z st2¢ + D!

b Q2¢2 . Q2 M2y
Bl 8287« o= 87

SpepSpa = Sy :|

p(s) = po |:1 +

f=1

5 k (k
po =1/(2s +1),S; =S(S+1)—§ §+1

Siy Sy *** Sup 1S the rank-s,, irreducible tensor representation

|
especially, fors = 1/2, p(s) = 5 [1+ 2P, s,l

Fors =1 1 3 —



4.3 . General properties of spin density matrix

- Shows the general properties of QM

- Shows the general kinematical-dynamical properties, eg. Interaction
and symmetry

- Shows model dependent —dynamical properties

* Definition
Pure state |¢p > mixture of pure sates [ > possibility p*
)= 2 culs,m). (O)yo="3 ¢D*0,pmc®
O, = (sm|O|sm") (0) = 2, POy
(O),J, = <¢’|Oid/> = 2’ C::’Om’mcm- = 2 Om’m 2 p(‘)CS,)v*C,(,:,).
% — i) () ()%
Pmm = C'Cm Pmm’ = 2 P(')C fn)C f,,):
!
(O) = 2, Om'mpmm’ = Tr (Op)



4.3 . General properties of spin density matrix (cont.)

> Normalization
Tr(p) =1

*
Pmm' = Pm'm-

> Positive semi-definite

> Hermitian

P =
» Diagonalizible

U-1oU = pP
» Inequality aaal
v,
Tr() = Tr(EF] = 3 A% = (S An ) = [Tr(o)P -
Tr(pz) - 2 |pmm |2 =1
> Pure state

p=1or0



4.4. Multipole parameters

spherical tensor operators "1\]{7,, 0<L<2s, -L<M<L

(Tﬁ)mm’ = (sm| T |sm') = (sm|sm'; LM) ; TL, = (=M TAIZT-

f}? = 1. Define a complex parameter
1 thy (0 < L < 2s)
Al R
0~ Sz "
V(s +11) th = > (sml|sm'; LM) pyyy.

fs INECE: TRRER "
Al 1 A R Pmmil = 5 +1 Z(2L+1 (sm|sm’; LM ) tM
1T s ¥ o Cx —15)

Pmm = Z(ZL + l)t%\lxl*(TJ\I/J[)mm’
2s + 1 %Y,



4.4. Multipole parameters

Spin density matrix:

Tr (T TH)

Tr (pTh'
= Trp=1
1 S
th = 2,
0 s+ 1

p:

2s +

1

1

S L+ 1)k, T
LM

2s+1
2L+ 1

OLL'OMM

)=,;IM* 5 th= Tr (pTh).



4.4. Multipole parameters (cont.)

 umpolarized (isotropic ) ensemble of spin-2 particle
1

—1]
2s+1
e departure from the isotropy

Piso =

1 R
P — Piso = 25 + 1 Z(2L+ l)t]L\J/I TAL/}
L>1
M
* overall degree of polarization
1 1/2
d = [(2s+1) Trp2-1]/

J2s
1/2 i3
m—) ={Zdi} . with sz\/sz:“l (Zn{;ﬁ)

L>1 M



4.5. Other choice of basis matrices
see Ref. Moncel, M.G,, et.al., Nucl.Phys. B38, 477

p DM 2L+l gt
M=>1 O =" S {TM+TM}
2L +1
M=0 06 =1/ 5 T§
= M X s —M -M

(Note: a symbol typo in “Spin in particle physics ” by Elliot Leader)

1
p=2S (I-|-2SL L rMQM)

L=1M=



4.6. Relativistic case

Using covariant spin operator

A 1~ .
S; = —W?" , where Pauli-Lubansky operator
m

—~ 1 ~ A ~
W,=— EEMVPGMWPP , M and P are the generators of Lorentz

transformation.

| S
Nonrelativistic case: Py = ;(X|S|X> = *S)—C,
Relativistic case: #H(p, 1) = 1(p,j,|lﬁ/“|p,j,)
3

1
For s = > case

SH(p, A) = 24(p, ED)

orthe method: see Phys.Rev., D40, 2477 by S.Y. Choi, et. Al,,



