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- 1925-1927, formulated by Dutch physicists
- 1927, Pauli introduced spin as operator in QM
- Particles classified into Bosons and Fermions in
spin
N 1 A
§==0
2
Pauli operator:
(0 1 _(0—1 (1 0
Ox = (1 o)’ay _( i ())'GZ - (() —1)

Two component spinor y:

1 _io
y = cos 0e - yty=1 Wolfgang Ernst Pauli,
1, 1900-1958
sin=6 e 2
2

- Polarization vector

P, = x*8x = (sinfcos@, sinBsing, cosd), WALSE: p = \/P:Z =1 ;

eeting
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Angular momentum operator (Jy, Jy,J;) or (J1,/2,J3) :
| J;. J;j] =1 €5k Jk
Define J> = J3 +J5 + )7,y =Jx t iy, J-=Jx — i,

Jlgm)y = j(j+ 1)]jm)
J.|jm) = ml|jm)

Jelim) = [GFm)G £m—+D]2[jm£1)

Completeness relation

<J ,‘TT?,-! ’J 'TT?,-> — (Sj’ J (S'TT?,’ m

Z gmy(jm| =1,

Jm
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finite rotation R(«a, B,7)
UIR(a, B,7)] = e e ¥ e
representation of rotation matrix

D!, (R)= D}, (a,B8,%) = (im'|UR(a,3,7)] |jm)
=6_mad3 (B)er™?

m’m

with d?, (3) = (jm'|e " jm)

* rotation of state |jm)

UlR(e, 3,9)] ljm) = Z\Jm (@, 8,7)
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Lorentz boost along z-axis: L,(f3)

One particle state: mass W, energy E, momentum p, spin state [jm)

Proper homogeneous Lorentz transformation:

=N p”
with p¥ = (E,p) and p'* = (E’,?), Aﬁ defined by gqp = AﬁAﬁ = Guvs
detA =1, Aj > 0.

L,(B) matrix:

cosha 0 0 sinhao
0 1 0 0
sinha 0 0 cosha

With velocity § = tanh a,

tanh —P inh —P h —E
an a—E,sm a—W,cos a—W
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Lorentz boos along arbitrary direction (ﬁ)

L(g) — R(gba 89 O)Lz(ﬁ)R_1(¢, 99 0) 9
UIL(H)) = U[R(6,0,0)]U[L-(p)]U " [R(¢,6,0)]

multiplication law

- 7, jm) = .0, p, jm) = U[L(7 )] |jm)
— U[R($,0,0)| U[L.(p)] U *[R(6,0,0)] |jm) ,

Helicity |7 j)) = |6, 0,p, jA) = UIL(5)| ULR(6,6,0)] |jA)
state

= U[R(¢,0,0)] U[L.(p)] [jA) .
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* Rotations on the canonical state and helicity state

- UIR] |5, jm) = UIRR| U|L, (p)] U RR] U[R] |jm)

Helicity

» Rotaion R around p, helcity invariant:
state

UIR)|F,j\) = U[RR]U[L.] |\
— |RF,jA) .

> Boost along p direction, i.e., p'// p, helcity invariant:
UL |p.jA) = UILTUILE)U[RIGA)

= UILF)UR) |jA)

= [P JA) .
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* Relationship between canonical and helicity state

o} o

7.4A) = U[R]U[Lz]U‘l[R]U[f%] JA)
= ZD R) |5, jm) .
* Normalization of helicity state
" j'm!|[pjm) = 5(p" — p')d;;
(ﬁ’ ’X\P]M = 5( )5 5)\)\’ ;
where 4(5" — ) = (20)*(2E) W (5" — 7).
 Completeness relation
>~ [ g dp g = 1 .
Jjm

with dp = b
3 / i) dp 7N =1
A

(2m)*(2E)
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* Particle with position X, momentum p, and angular momentum J
J— J

P X — —T, p— —p,
J— —J

T : r— I, p— —p,
Parity: H|]m> — 77|]m) , Timereversal: T |jm) = Z Teml|ik) .
k

Canonical basis:
IT|p, jm) =n| — p, jm)
H |gb? Qﬁpﬂjm> — ?7|7T + ijﬂ_

| T|j, jm) = (=) ™| — §,j —m)
—0,p,Jm)  T|,0,p,jm) = (=) ™|z + ¢, 7 — 0,p,j — m)

Helicity basis:

)¢, 0,p, jA) = ne "™ |m + ¢, m — 0,p, j =)

T|p,0,p,j\) =¢ "™ |m +¢,m—0,p, jA)
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e Construction of two-particle canonical states
1 S1 Wy p
2 S2 W» —p

* spin states
[p0myma) = aU|L(p)|[sym)U|L(—p' )| |s2ama)

01

L(£5) = R(6,0,0)Lo.(p)R  (6,0,0) .

Total spin: [phsm,) = Z (s1mq soma|smy)|pOmymeo)
MMy

Rotation UlR| |2 smy) = Z Dt . (R)|R' sm))

property m,
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e orbital momentum

[fmsmyg) = / dQ Y ()[Qsmy)

U|R] [fmsms) = QYE () Dy, (R)|R'smy)  Rotation property
Vi) = /2£+1D£TO(R R With:
R = R'(«,3,4)=RQ,
: 20 11 DE* (R Y DX (R) (@', 7,7)
An ” ) = da’ d cos 3,

'm’m(R)}'rfL’ (ﬁ,? Cl’/) ’

¥

U[R||tmsm) = Y Dby (R) D, (R 6/ sm’)

mhims

Total spin J: TMUs) = Z(ﬁmsmSUMWmsms)

I Lg

= Z (bm smg| J M) (s1m 82m2|8m3)/dQYi(Q)|Qm1m2>

™Mims
m1ma
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Construction of two-particle helicitv states
90M%e) = aURKUIL-(p)] [siM)UIL ()] s = Ao} |
= U[]%(gba 07 0)] ‘00)\1)\2> ’

TMAL) = Q;f / IR DI (R)UIR] (00, Ao)

N
UIR' | |TMA ) = f AR DI (RYUIR] [00AAs)
el
Use: Df{/;{;(R) _ DJ{/ITL(R/—lR//)
_ ZD R~ 1 D]{J*“(R”)

— ZDMM DJ{J*,_L(RH) :
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UIR' | |JMA ) = ZD (R')|JM' X\ \s)

Specify R: U[R(Qb, 6’:, ,}/)] |00)\1/\2>
= UlR(¢,0,0)]U[R(0,0,7)]|00A;1A2)
= ¢ ‘MY TIR(6,0,0)] [00A1A2)

Target: |JMA{A,) = N]f dQ.DM -2, (¢,6,0)|p0414;)
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* Normalization

(Y m,mb|Qmyims) = §P (Y — Q)0 !, Oy,
(YN AL QA ) = 82 — Q)0x, a0, -
(J’M’€’3’|JM€8> = 8770000000 Ossr - JZM |JMEsY(JMls| =1

s

JM
AlAg

(NG| TM A Ag) = N Dy (9, 0,0) 65,5 0,
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relationship between canonical and helicity states
90M %) = aURI{UIL.(p)] s M) UIL . (p)] |32 o) |
= UL )[R [s: A UIL(—5)IUIR] 52 —Ao)

- Z Dml)q 9 0 Dir?g A2(¢9990)|¢9m1m2> ,

LI
[TM A Xy =Ny > / dQ DI (0,0,0)D%, (6,0,0)D2 , (¢,6.0)|¢0mms)
L ms
Use: 5 89
DD =) (simusamal|sma) (s1Aisa — Ao SA) D5,

ST g

) / 20 |1 , i
I{I#;Dm y = Z 57 Fl (QJ - 1) (émsing| JM)(L0sA|JANY .

2 | 2
| JMA ) = Z ( e ) (COSA|TN)(s1A182 —A2|sA\)|J M Us)
ls

2J +1
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20+ 1
2J +1

<J/M,€3‘JM)\1)\2> = ( ) (EOS)\|J)\)(31)\182 _)\2|3)\)6JJ15MMf

[JMEs) = Y [TMA M) (JMA No| JMEs)

A1Ag

2+ 1\2
= ST (2R ) (0sA TN (51052 —AalsNITMAA)
= 2+ 1

 Symmetry relations
Parity operation:  II|¢pOmimsg) = mne|m + ¢, m — 0, myms) ,
I-s coupled state:  I1|JAMs) = mno (=) |JMUs)

Helicity state: 11 |JM/\1)\2> = ?71?72(—)J_81_82 ‘JM —Aq —)\2>
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* time reversal operation

T|p0mima) = (=)= "™ (=) |m + ¢, m — 0, —my — my)
I-s coupled state:  T'|JM€s) = (=)~ M|J — Ms)
Helicity state: T |JMA A) = (=) M[J — MAA2)
e identical particle symmetry
|JM s = a1 + (=) Pyo| | JMEs)
I-s coupled state:

Pio| JMEs) = (=) 5251 JMUs)

or | JMUs), = ag[l + (=) 5] |JMEs)
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identical particle symmetry (continued)
Helicity state: | JM A1 Aa)s = bs(A1X2)[L + (=) Paa) [JTM A1 A2)
or |JM)\1)\2>S = bs()\l)\g) {|JM)\1)\2> -+ (—)J|JM)\2)\1>}

Two body decays | - 1 + 2

particle | J | 1 | 2 |
S1 S2

spin Ji
h@llClty M /11 /12
parity n m N2

momentum (w, 0) (Ey,p) (Ez,—DP)
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e Two body decays | = 1+ 2 (cont.)
A = (pAi; —pro| M| M)

1

— NJF)l\]l)\gD]lgz)(\(QS:an)a )\:)\1—)\2 )

Helicity decay amplitude:
J w?
D
Expansion in [-s coupling
(JMAXMITM) = > (Mo JMEs)(JMEs| M| M)

fs

20 +1Y 2
» 2J +1
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e Two body decays | = 1+ 2 (cont.)

241"
Fl,, = Z (2,] n 1) ay, (C0sA|JN) (51250 —Aa|sA)
ls

with partial-wave amplitude a

% J 12 _ J 12
aj, = 4n (9) (JMEs| M|JM) D L =) el
p A1 A2 ls
* If decay conserves parity
J J—s81— J
F)\l)\z — 77771772(_) . SZF—)\l—)\z

* |If 1 and 2 are identical particle

F){l)\Z — (—)JFS\]QM
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* Example

Give a process ete™ - J/ip - eTe™, calculate the electron
angular distribution.

Helicity: J/¥(M), e*(44), e (1), decay amp. Fria,

A DM ).1 ).2 (¢’ H’ O)Fll,lz 9

2
AP = > Diaa,(#.6,00Dk 5, ,(6,0,0)|Fa, s,
M=+1,
/11,/12=i1/2

x (1 + cos? 8) (assuming helicity conservation)
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* Three particle state ~

In standard orientation: P2 Py
3
000, ExXi) = b | [ 177 sida) .

with |p's;A;) = U|R;L.(p:)] |si\:)
\’ps

RZ' — R(qbza /’T/Q: 0)

Standard orientation system
In arbitrary orientation

Normalization: = b = 8m2\/4n
<O/ﬁ’7,7 E@{)\Hafﬁ% Ei)\i> = 5(3)(R’ - R) 5(E’ Ez H 5A N
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e State with momentumJ

Ny
[ JTMp, Eihi) =
V2

Rotation transformation:

UR'||JMu, E;\i) ZDM,M VW IM 1, BN

dR Dy (v, B,7)|eBy, BiXi)

it shows that u is invariant, identified as the z-component of angular momentum.
* parity operation
My, Bidi) = minans (=)™ 7522 TMp, By =)

* identical particle symmetry
]P)12|05/87: El)\lp EQ)\Z: E3)\3> — |7T QT — /8: T =", EQ)\Q: El)\la E3)\3>
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* jdentical particle symmetry (cont.)
]P)12|¢]M/19E1)\1,E2)\2?E3)\3> — (—)J+M|JM —#9E2A29E1A1?E3A3>

* normalization
('MW E{ A1) MUEA;)

= 6/ Buanar Sy 8By — EDS(E, — B | [ 6,
l

 completeness relation

Z/|JMME5)\i>dE1dE2(JMpEZ-)\@-| — ]
JM

HA
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* decay amplitude A
;
Decay /] — s; + 5, + 53, with orientation (a, B,v) N A
A = (aby, EiNi|M|JM) N |
= (aBy, E;N|TMpE; N (TMpE; | M|JM) | Kok
Ny J J % - . V
- \/%F# (Ei)‘i)DM#(Qﬁ’Y) X ) .
Helicity j Y N
amplitude: F“ (Eidi) = (JMpLoi| M| JM)

Parity conservation: F;(Ez)\z) = 77771772773(—)Sﬁsﬁsﬁqu(Ei —A;)
Identical particle symmetry:
F(Ei\, Exho, E3Xs) = £(=)" “F! (Eada, BiA, B3)s)

eg ete” »y* > ntn n°
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e 2> 2process: a+b->c+d
m--—-

|
L

spin

helicity /1a /1b Ac Ad
momentum P, = p; Pp = —Di Dc = Dr Pa = —Dr
Angles (0,0) Q0(6, p)

<ﬁc)\c; ﬁd)\d|s|ﬁa)\a; ﬁb)\b> — <ﬁf)\c; _ﬁf)\d|s|ﬁ:£)\a; _ﬁ&Ab>
= (47)? (QoAcAa|S[00A AL

 Prhi

(QoAcAg|S[00A ) = (20)48™ (pe + pa — P — o) (QoAAa] S (100)]00A A
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T-matrix: S=1+4iT
(2m)* 6™ (pe + pa — pa — pb) Mypi = (Pedei Paral T |Paa; DB AG)

e
~—

Wy
M i — A 2 () )\c)\d T (w 00)\&)\5>
i = ( )\/W< 0AcAa| T (wo)|
y| TM) /Ac
do _pf Mﬁ 2 a\
0 py | S /1/ mass = w \\Ad

<Q0)\C/\d|T(“w0) |00)\a)\b> — Z(QOAc)\d| JMAL)\d> <JM)\LAd‘T(’LUO)|JMAa)\b>
JM
X (JM)\Q)\5|00)\@)\5>

1
= 227+ DOXIT (w0) | Xa Mo} DI (0, 09, 0)
J
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e Scattering amplitude

e
~—

1
2

do 2 _ (ps/pi) |
QP f(ow) = M

F(O)= =3 (J + %) NAGIT? (100)] Ao hs) D33 (0, 00, 0)
L

e relationship of S-T matrix
(AeAalS7(wo) [AaAs) = Gri0anaOnn, + i T (W) Aa o)

* parity conservation
(e = Al S7(wo)| = Aa = Ao) = 17 (AcAal S (wo)[ Aa o)

_ Helld (_) Set8q—Sa—Sp
Hallb

with
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* Example

Give a process ete™ —» y* - u*tu~, calculate the muon angular
distribution.

Helicity: y*(4), e* (A1), e”(4;), decay amp. Fj_ ;.

A DM ).1 ).2 (¢’ H’ O)Fll,lz 9

2
AP = > Diaa,(#.6,00Dk 5, ,(6,0,0)|Fa, s,
M=+1,
/11,/12=i1/2

x (1 + cos? 8) (assuming helicity conservation)



