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第二讲：螺旋度振幅1 

2.1 . 自旋和螺旋度 
2.2.  单粒子态 
 --非相对论的单粒子态 
 --相对论的单粒子态 
 --宇称和时间反演操作 
2.3.  双粒子态 
 -- 双粒子态的构造 
 -- 正则态和螺旋度态的关系 
             --对称性 
2.3 .   三粒子态 
2.4.    两体两体过程的𝑆矩阵 



Round table meeting 3 

•  自旋-
1

2
  粒子 

Wolfgang Ernst Pauli, 
1900-1958 

- 1925-1927, formulated by Dutch physicists 
-  1927,  Pauli introduced spin as operator in QM 
-  Particles classified into Bosons and Fermions in 
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Two component spinor 𝜒: 
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,  𝜒†𝜒 = 1 

- Polarization vector 

     𝑃𝜒 = 𝜒+𝑠 𝜒 = 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙, 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙, 𝑐𝑜𝑠𝜃 , 极化度：𝑝 = 𝑃𝜒
2 = 1 

2.1 . 自旋和螺旋度 



2.2 . 单粒子态 

•  非相对论的单粒子态 

Angular momentum operator (𝐽𝑥, 𝐽𝑦 , 𝐽𝑧) or (𝐽1, 𝐽2, 𝐽3) :   

Define 𝐽2 = 𝐽𝑥
2 + 𝐽𝑦

2 + 𝐽𝑧
2, 𝐽+ = 𝐽𝑥 + 𝑖𝐽𝑦 , 𝐽− = 𝐽𝑥 − 𝑖𝐽𝑦 

Completeness relation 



非相对论的单粒子态(续) 

•  finite rotation 𝑅(𝛼, 𝛽, 𝛾) 

•  representation of  rotation matrix 

• rotation of state |𝑗𝑚〉 

 with   



相对论的单粒子态 

• Lorentz boost along 𝑧-axis:  𝐿𝑧(𝛽) 

One particle state:  mass 𝑊, energy&𝐸,& momentum 𝑝 ,  spin state |𝑗𝑚〉 

Proper homogeneous Lorentz transformation:   

                          𝑝′𝜇 = Λ𝜈
𝜇
&𝑝𝜈  

 with 𝑝𝜈 = (𝐸, 𝑝 ) and 𝑝′𝜇 = (𝐸′, 𝑝′),   Λ𝜈
𝜇

 defined by  𝑔𝛼𝛽 = Λ𝜇
𝛼Λ𝜈

𝛽
= 𝑔𝜇𝜈,

&det Λ = 1, Λ0
0 > 0. 

𝐿𝑧 𝛽 &𝑚𝑎𝑡𝑟𝑖𝑥:&&& 

With velocity 𝛽 = tanh𝛼, 

tanh𝛼 =
𝑃

𝐸
, sinh𝛼 =

𝑃

𝑊
, cosh𝛼 =

𝐸

𝑊
 



相对论的单粒子态(续) 

•  Lorentz boos along arbitrary direction (𝛽 ) 

 multiplication law 

Canonical  
State: 

Helicity 
state 



相对论的单粒子态(续) 

•  Rotations on the canonical state and helicity state 

Canonical  
State: 

Helicity 
state 

 Rotaion 𝑅 around 𝑝 ,  helcity invariant:  

Boost along 𝑝  direction, i.e., 𝑝 ′//&𝑝,  helcity invariant:  



相对论的单粒子态(续) 

•  Relationship between canonical and helicity state 

•  Normalization of helicity state 

 where  

•  Completeness relation 

 with  



单粒子态的宇称和时间反演操作 
• Particle with position 𝑥 ,&momentum 𝑝 , and angular momentum 𝐽 

Parity: Time reversal: 

Canonical basis: 

Helicity basis: 



双粒子态 

•  Construction of two-particle canonical states 

Particle  Spin  mass momentum 

1 𝑠1 𝑤1 𝑝  

2 𝑠2 𝑤2 −𝑝  

•  spin states 

Total spin:  

Rotation 
property 

𝑅′ = 𝑅Ω 



双粒子态 
•  orbital momentum 

Rotation property 

With: 

Total spin 𝐽: 



双粒子态 

•  Construction of two-particle helicity states 

Use:  



双粒子态(续) 

Specify 𝑅: 

Target:  𝐽𝑀𝜆1𝜆2 = 𝑁𝐽∫ 𝑑Ω𝐷𝑀,𝜆1−𝜆2

𝐽∗
(𝜙, 𝜃, 0)|𝜙𝜃𝜆1𝜆2〉 



双粒子态(续) 
•  Normalization 



双粒子态(续) 
•  relationship between canonical and helicity states 

Use: 



双粒子态(续) 

•  Symmetry relations 

Parity operation:  

Helicity state: 

𝑙-𝑠 coupled state:  



双粒子态(续) 

•  time reversal operation 

𝑙-𝑠 coupled state:  

Helicity state: 

•  identical particle symmetry 

𝑙-𝑠 coupled state:  

or 



Helicity state: 

双粒子态(续) 
•  identical particle symmetry (continued) 

or 

•  Two body decays  𝐽 → 1 + 2 

particle 𝑱 𝟏 𝟐 

spin 𝐽 𝑠1 𝑠2 

helicity 𝑀 𝜆1 𝜆2 

parity 𝜂& 𝜂1 𝜂2 

momentum (𝜔, 0) (𝐸1, 𝑝 ) (𝐸2, −𝑝 ) 



双粒子态(续) 

Helicity decay amplitude: 

Expansion in 𝑙-𝑠 coupling 

•  Two body decays  𝐽 → 1 + 2  (cont.) 



双粒子态(续) 

•  Two body decays  𝐽 → 1 + 2  (cont.) 

 with partial-wave  amplitude 𝑎𝑙𝑠 

•  If decay conserves parity 

• If 1 and 2 are identical particle 



双粒子态(续) 

•   Example 

Give a process  𝑒+𝑒− → 𝐽/𝜓 → 𝑒+𝑒−,  calculate the electron 
angular distribution. 

Helicity:   𝐽/𝜓 𝑀 , 𝑒+ 𝜆1 , & 𝑒−(𝜆2),  decay amp.  𝐹𝜆1,𝜆2
 

𝐴 = 𝐷𝑀,𝜆1−𝜆2

1∗ 𝜙, 𝜃, 0 𝐹𝜆1,𝜆2&  

 

𝐴 2 =  𝐷𝑀,𝜆1−𝜆2

1∗ 𝜙, 𝜃, 0 𝐷𝑀,𝜆1−𝜆2

1 𝜙, 𝜃, 0 𝐹𝜆1,𝜆2&
2

𝑀=±1,&
𝜆1,𝜆2=±1/2&

 

 

∝ (1 + cos2 𝜃)  (assuming helicity conservation) 



三粒子态 

•  Three particle state 

Standard orientation system 

In standard orientation: 

 with  

In arbitrary orientation 

Normalization:  𝑏 = 8𝜋2 4𝜋 



三粒子态(续) 
•  State with momentum 𝐽 

Rotation transformation: 

it shows that 𝜇 is invariant,  identified as the 𝑧-component of angular momentum.  

•  parity operation 

•  identical particle symmetry 



三粒子态(续) 

•  identical particle symmetry (cont.) 

•  normalization 

𝐽′𝑀′𝜇′𝐸𝑖
′𝜆𝑖

′ 𝐽&𝑀𝜇𝐸𝑖𝜆𝑖

= 𝛿𝐽𝐽′𝛿𝑀𝑀′𝛿𝜇𝜇′𝛿 𝐸1 − 𝐸1
′ 𝛿 𝐸2 − 𝐸2

′  𝛿&𝜆𝑖𝜆𝑖
′

𝑖

 

•  completeness relation 



三粒子态(续) 

•  decay amplitude 

Decay 𝐽 → 𝑠1 + 𝑠2 + 𝑠3, with  orientation (𝛼, 𝛽, 𝛾) 

Helicity 
amplitude: 

Parity conservation: 

Identical particle symmetry: 

 e.g.  𝑒+𝑒− → 𝛾∗ → 𝜋+𝜋−𝜋0 



两体两体过程的𝑆矩阵 

• 2 2 process:  𝑎 + 𝑏 → 𝑐 + 𝑑 

particle 𝒂 𝒃 𝒄 𝒅 

spin 𝑠𝑎  𝑠𝑏 𝑠𝑐  𝑠𝑑  

helicity 𝜆𝑎 𝜆𝑏 𝜆𝑐 𝜆𝑑 

momentum 𝑝 𝑎 = 𝑝 𝑖& 𝑝 𝑏 = −𝑝 𝑖  𝑝 𝑐 = 𝑝 𝑓 𝑝 𝑑 = −𝑝 𝑓 

Angles (0,0) Ω0(𝜃, 𝜙) 



𝜆𝑎 

𝜆𝑏 

𝜆𝑐 

𝜆𝑑 

两体两体过程的𝑆矩阵(续) 

𝑇-matrix:   𝑆 = 1 + 𝑖𝑇 



两体两体过程的𝑆矩阵(续) 

•  Scattering amplitude 

•  relationship of 𝑆-𝑇 matrix 

•  parity conservation 

  with 



•   Example 

Give a process  𝑒+𝑒− → 𝛾∗ → 𝜇+𝜇−,  calculate the muon angular 
distribution. 

Helicity:   𝛾∗ 𝜆 , 𝑒+ 𝜆1 , & 𝑒−(𝜆2),  decay amp.  𝐹𝜆1,𝜆2
 

𝐴 = 𝐷𝑀,𝜆1−𝜆2

1∗ 𝜙, 𝜃, 0 𝐹𝜆1,𝜆2&  

 

𝐴 2 =  𝐷𝑀,𝜆1−𝜆2

1∗ 𝜙, 𝜃, 0 𝐷𝑀,𝜆1−𝜆2

1 𝜙, 𝜃, 0 𝐹𝜆1,𝜆2&
2

𝑀=±1,&
𝜆1,𝜆2=±1/2&

 

 

∝ (1 + cos2 𝜃)  (assuming helicity conservation) 

两体两体过程的𝑆矩阵(续) 


