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® Vector space

Vector: a,b,c
a+b=b+a
(a+b)+c=a+ (b+c)
a+x=b- x=b—a

Real number: k, |
(k+Da=ka+la
k(a+ b) = ka+ kb

Norm ||al| : length of vector a

Distance a — b:
d(a,b) = ||la — b|]



5K B LA AR (2E)

» Cartesian components

Vector S: (51,5,,53), 1: (1,15, 13) v

A=S+1r: (5;+1,5,+1r,S;+13) il

Or A, =S5, +m, !

Multiplication: R =kr - R, =k

Scalar product: |

§-r =581+ 8,15+ 85313 =51, Z_{ |
=T *S5COSQ

Tu

» Spherical polar coordinates < A

Vector r(r, 0, @) - i
x = rsinf cos ¢, |

y = rsin @ sin ¢, Lty e MG
Z =1 cosb




5K B LA AR (2E)

» Orthogonal basis
e®,i=1,2,3, and e® el =4;
Three vector: r =r;eV +r,e(? + r3e(3)

» Non-orthogonal basis
a,i=1,2,3, not within one plane
r=&a +&a® + &a®

3 29
&=alr= Z 9§
j=1 et s R 1
With g;; = aV.aV) = gV " Lt 7
£': contra-component /,,/// Vi
;. covariant component i il 8 ) e T

gij: metric of coordinate system
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* For anytensor A, symmetric part: A°Y™, antisymmetric: A%°™

1 1
AT = > (Auv + Aw)» Ay = 2 (Auv - Avu)'

Uv Uv
sym_ ,sym asy___ ,asy
So A =4y, A =—4y,

 symmtric part decomposition: isotropic tr(A)6w, traceless
part: A
— | |

A,ull — E (Af_u' + AI-‘M) — E A 8;.11:-

; 1
asy

I
> A,ul: — ; A 5;.119 + A,r_u' + A,ul: .
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* Trace trA = A1 + 4,, + A33 = Ay,
trA= A7) = tr(A5Y™)
Note: tr(4%°Y)=0.
eg. D=3 tr(6) =6,, =3.
* Multiplication A,,, By
dot product :
A.B = A,,By
total contraction:
A:B =A,,By,,

uv

asy

l aSv T 1T 1
— ; A}JBF\R + AJ;F:BP.M + AJ{U' Bi'f_{ :
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e Norm or magnitude

AP = ALAl = ALA L.

VL

* Second rank tensor decomposition using projection
tensor

i) _ p) f
Afb“" o PM.L',LL’L'-’ AH' '

(1)

v’

(0) :
P — SMU(SJH,LI-’;?

| _
v, v’ 3 = 5 (3,{1.,{1."51?1;"’ o a;f.b"al-’,tf.-’)a

, | o
PLE,L.L.»*U# = A,m.-*,,u.-’v-’ ‘= 5 (5;1.;1.-’51.?L'-’ + S;I.L'-’(Sl.!,tx.-’) — g (S,LLL'(SH:’L-"-
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Dyadic tensor: vector a and b

arby a1br a1b3
ab = | axby arbr arbj
aszby azbr azbs

Decomposition of 4, = a, b,

1

a,b, = 3 a b0, + 5 (aﬂbu - al,.bH_) + a,b, .

1

|
a,b, = > (a, by +ayb,) — Ef*-'},.b}ﬁﬂ.w

10



4 [ B RR 5K & (€, Levi-Civita tensor)

81, 81w S1 1, v = 123,231,312

8;_,{1!}._ = 52:{1 521) 52} . 8,{1.1’}u — _l, ﬂ»f vV }L — 213. 132. 321
53,{1. 03y 033

0, wv i =else,
Dual relation:c =ax b =2 ¢, = €,,, a,b,

Spate product: d - (a X b) = €,,,d,a, by

I
S;L.l_;kAl_Jk — jS;L-l.Jk(AM — An)

’l%y
8;&.],)& AW\, — '?/,Ll»'ﬂ. A VA

11



4 ST FR 5K & (€, Levi-Civita tensor)

5;1,,(1," 5,{1,1/"’ S,u,};'

SI.LU;M SI-L.I' U.f}lv.f — Slfl'i:{»f 81/‘ Uf 81)},”"!
8}”{,{" Opv! Opn/

— 5;1,;1,’51!1”5}»}&,’ + 8,{1.1,"51&55}41,’ + Sﬁi.i’rglf',{ﬂgllz'f
— 3;1,,(,{,"81}&’8}%1}’ — 8,{1.1}"812';,{,"5}»}3 — 5&&"&)1)’3}“,{1"-

3,'_,{..,{1." 3,{,{_ v/

Epvi Epv/ i = 31},{1.*’ 5, — S;L;L"Sw" — 8,{11}”81};1,"-

Epvd Ep/vi = 2 Opp -

Epvi Epvi = 6.

12
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R

axXb=-bXxa

axXxa=0

ax(bxc)=(a-c)b—(a-b)c
aX(bxc)+bx(cxa)+cx(axb)=0

a-(bxc)=b-(cxa)=c-(axb)

(axb)x(axc)=[ -(bxc)]a
REHRER (B b = |a||b|cos@

REIIR: axb=

b F 1]

IaIIbISinH n,nfta X
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G 0] 2 [B] 1 1

NI ERIERALER (0, ), ie. i = (sinBcosg, sinbsing, cosB), 7E X
1
K~ — Ko
<n* > 47Tfn sinfdOd¢

THEROL: 4R IR BAT KL, my

1 1
<li>=0, <lilj>=55ij' <limj>=zeij,
1
< ll1l12 "'lin > = (Zn)” 5i1i2...in
=AFOL: BRI ALK L, my, ng
1

1
<li>:O, <lll]>:—5

3 ijr < limjnk > = geijk'

1
< lilliz lin > = (Zn n 1)” 5i1i2...in



B R R AR R AIER AL PR 2% A K

HIR R

* Spherical tensor: rank 1 ie,

Cartesian basis: (e,, e,

covariant spherical basis

PRI
2
611 — ex\;_ley
2
E%::ez
(ES) = (—1)°

e,) /\j g

Vector A = A,e, + Aye, + A,€,

covariant spherical component

4 ]
q A=A,
]
A, :—(A_—iA,)
\ 1—1 \/j X )

A= ) (~DAel,

s=0,+1



Spherical tensor: rank 1

* position vector

r=-rle —ri el +rde€}
where 1 = —(ex + iey)/\/f, rl, = (ex — iey)/\/z Ty = e,.

Y.L (8, ¢): sphere harmonics

ri = _ L singei® = 4—7TTY1(9 ®) 3
V2 31 Yl = — |=—sinfe'®
_ 8m
| r o p _ig 41T Yl p with
r2y =—=sinfe™'? = |—rY2,(6, _ ,
1= 2 3 100, ¢) Yyl = /%sm Qe "¢
1 _ — 4_” 1 Yyl = 3 0
Ty =71rcosf = 3 Y5 (6, P) 0 = |2, COS

41T
> r= \/;rzu(—l)“Yl}eﬁ



Spherical tensor: rank 2

Covariant spherical bases:

trs = 2 (Iplglrs)(e, ® ) 5> (t.) =(—1)"""t

p,q=%,0

)-- _ks' .

1
e.g. tOO = \/—5 (611_ ® 611 — 66 ® E(% + 611 ® E%) Spherical

basis

1 L
- — ﬁ (ex ® ey + ey ® ey + e, ® ez) Cartesian basis
M matrix: 1 (1 0 O)
MOO - — O 1 O
V3 0O 0 1



Spherical tensor: rank 2

2 r r
Expansion : T:Z i I, (t}.s)i::i i (T,.S)izt”.

r=0 s=—r r=0s=—r

(T,)) =(—1)""T,_,.
Trs = Tr| z (ei X ej)Tij M, ]
L,j=x,Y,Z
1 1
Too = 5 (Tox + Tyy + Tyz), Tho = x/_E{BTZZ — (Tyx + Tyy + Ty2)}
1 . —1 .
Tip = El(Txy — Tyx) ) Tr41 = +E{sz + Tpx = l(Tyz + sz) }
1 _ 1 .
Tlil = E{sz _ sz T (sz _ Tyz)}» TZiZ = E{Txx — Tyy T i (Txy + Tyx)}

(1,0 ,0]10)ra*l2 YL (9, )

o L+ DL+
tm = 421 + 1)



AENBRENMESNH REIIHIRE

e Quantum mechanics definition

Classical .L=r Xp

Uncertainty principle: [x, p,.] = ih, [y, py] = ih,|z,p,] = ih

) [L,L,| =ikl [Ly,L,| = ihly, [L, L] = ikL,

Uy = itds, Uy, )2 = i, Uz Jx] = iRJ, or ] XJ =]

Commutators: [J2,],] =0, [J3J,] =0, [/%),] =0
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* Raising and lowering operators:

]i =]x T i]yr Uziji] — Or UZJ]i] — i]i

Matrix elements

(j'm! | J*
(3'm'| J;
('m' |y
(3'm' J_

jm)
jm)
jm)
jm)

= J(7+1) 855 bnm.
m b, Ot

[(j — m)(§ + m + 1)]'/3 855t bmt my1-
[(5+ m)(F— m+ DIV 650 6 m

{]



AN ERERRESNEREINKIRZE

* Addition of angular momenta g m-mem

J=J11+] e s

J:c - Jl:c -+ J?E:«

J'_y — J]y"l“Jﬂy; 9 JE=J¥+J§+2J1'J2a
J:; — le + -.)?23-

(J2 L) =0; [Jady] = iJ.. [ng J-_;H] — —[JE Ja,

Uncoupled representation:]12,]22,]12,]22
Coupled representation:]12,]22,]2,]2
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* Addition of angular momenta

- .’_ r‘.-- R jl‘ jg j -" "‘, . i
|71 7o0mm) = E [ My g m ] 12T,
T T

JioJz2 )
m; m, m
[71j2mamy) = Z[ e ] |J1727m).

- ™My Mo T
bRl

» Real number : (jij,mym,|jiJo/m) = (jij2 mlji/amim;)

C-G coefficient: (jij,mymy|ji/oJm) = (jymy; jom,|Jm) = [

* properties of C-G coefficients

ho I ]

my Mg m ] 1}1}2m1m2>-



AN B RENN AN R FIRE(£L)

e properties of C-G coefficients

Y (27 +1) = (251 +1)(272 + 1).

oo gY_[o s 5]
m 0 m 0 m m

. Y N I .
(Jijamymylj1jamame} = Omym! Omoms -

(F1dad" /| j1gam)

|

5,?&" 6mm“ '

iz hoode ¥
(rjed'm|f1jegm) = Sj y: [ml M9 m} [mﬁ 15 m’]

] TR f.-re,;*.-ir*.-,"2

X {1 Jam my|f1famams). (



e properties of C-G coefficients

Z o oy 7 o2 5 b b
Ty Mo T Ty g m’ L Tmame

m~—— LT

Z 1 dr J sz 1| _ § 8 j
~ | My ma m my mb om | T M Tmamy
F |

* General expression

[ nond ] = Sm my 4+my [(23’."'1)‘45]%2{_1) cx:lﬂ

T, e M L/

o= Wt oGt =)t et s — 5
# (1 + 72+ 7+ 1) ‘

B = (hi+m)lgr—ma) Gz +mg) (e — me) (0 + m)H(7 —m)

Co = Urir=i— vl — m = o) (ja+ my — o)
X(j — jo+wmy +)F — fr - my + v)L

HIERENMASNH RENHIRZA(E

f

™"



HIERENMASNH RENHIRZA(E

symmetry properties

1 J2  J = (1)t 71 72 7
T, My M | —my —ma —m

_ (_1].751'1—:.5:--'.:5 - Jj2 N
BRLLY Tty M
(_l}jl—-mlm - j]. j jﬂ
2] | M1 —m —m2 |

_ (_l)jzi*mg 7] - 7 72 7

(5] | —m my —my | '

with [j] = /2j + 1

especially: j; +j, —j is odd, []6 jg {)]=O
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other notations

C-G coefficient: ijlrr_rrllljzm.z’ Cgljzj; mym,m)
Ji Jz ] )
my m, m)

fio g\ _(ED)PTET G gy
my My M 7] My Mg —n
( T PO ) (_1);-1+j2+;f( 2 71 )
M1 g g My T

— (_1}?1+jz+.?( h J2 J )

—My =y —m

<f1 J2 j):(j i J2 )z(jz J j1)
m m, m m mq; Mmy m, m my

Wigner 3j symbol (

1
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* Active rotation and passive rotation

Passive rotation

R,(8): (x,y) = (x",¥")
Y(x,y) » Y(x,y")

G) =100 ()

Active rotation
R,(6): ¥(x,y) > ¥ (x,y")
P(x,y) = P'(x",y")

(a) active rotation (b) passive rotation

Y'x',y)=¥(x,y)
P' =R,(0)P > P =R,(—0)P’

P(x',y') = P(R,(=60)P)

27
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 Euler rotation

XYZ — X’Y’Z’ — X"Y"7Z" — X’Ilylllzlll
Z — axis Y' — axis Z" — axis

R(CZ, IBJ y) — RZ” (Y)RY’ (IB)RZ(a)

Matrix:  @sm(r) = S D7 . (afy) i (r),

it 28
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* Transformation of spherical vector

Define rotation matrix : Al;i = M, (a, B, V)4,

Cartesian coordinate:

Ax, = Axcosad Aysine, Ax cosee sine 0 Ay
Ay, = Aycoso— Ay sing, Ayy | =] —sina cosa () Ay
A 0 0 1 Az
Ai‘fl — Az Z1 Z
Axy, = Ay cosf— Az, sin 3.
ik _ xicosf Z1 = Ay cosf 0 —sinf Axq
Ay, = Ay, 2| Ay, | = 0 1 0 Ay,
Azy = Agycosff+ Axqsinj. Az sing 0 «cosf Az




ANERERNBE S NE REsIFIRIE(4L)

* Derive matrix D1(a,8,7)

Sphere component transform

(A1 ] e~ 0 9 Al
E Gy

ATY), 0 0 e || 47!

4D, ] [1/2@+cosp) 1/2sinf 1/2(1 = cosP)|T (4D,
(AY), | =| =/1/2sinp cos 3 \J1/2sinp (4D)1
(A1D2) |1/2(1 = cosB) —1/2sing 1/2(1 + cos B)|L(AT D1

> A; = My(B)A,

Mia, 3,v) = Mz, {v) My, (8) Mz{a),



ANERERNBE S NE REsIFIRIE(4L)

* Derive matrix D1(a,8,7)
D' (a,B,y) defined by A, =3 D} («,8,7) A

different from that in Mathematic

e 5 ; \.@ { 3
1/ _ —¢#y 810 3 _ atysind
D (ﬂ’:lﬁj"}’)— £ 73‘ FGSJ@ e 73-
oY 1—cos 3 plex sin oho e l+mﬂﬁpm
L 2 Vi S

 same procedure applicable to rank 2 case



ANERERNBE S NE REsIFIRIE(4L)

* Rotation operator

Proof:
R (C(, :Bl )/) — RZZ (V)RYl (:B)RZ ((1)

— e—i)/jzze_iﬁ]yle_iajz

XYZ - X1F131 = XQYQZQ — XYz,
RE’("}) RYI (ﬂ} RZ’Q(T)
Rotation carried out in the original system

R(&a.gvT) — E—i-::rJg E—iﬂi}r E“iﬁ-ﬂgl



AR RERM A REIHIRIE(4E)
. dil,,m(ﬁ) matrix

Uimi{r') = R(a,p,7 )'I’;-m("‘)
ZD (o, 8,7) |-t ),

D’ Im(&‘.‘-ﬁ'ﬂ?) — { jm"(T) | R(&'a-'ﬁﬂ") | ‘I’jm(”’ﬂ
= {gm'| Rla, 8,7} ] jm).
(e, 3,v) = {jﬂ’lf | ez iy mtvz | i)

= gtam {4m | g8y | Frre) iy

= Tl i (B) e

m‘m

L]J'

ity

@B = & (=5

e’

- ( l)m_mdfnﬂ"{ﬁ)
— —m —mf Ujj



AR RERR S A RS HIRIL(4E)
* Rotation matrix for spinor
Ry(B) = e WSy = g=tB/20y — cos— = ioy,sinf

1/2 _ oo Blro 810 -
> d7E = R}r(ﬁ)—msglﬂ l] bsin |

12 J ¢
[CDSE -—SlIli ] -

. B g
S1n 5 OS5 3

Similarly : E' .
g . .0 cos 5  —isin =
Rx(§) = cos— —io,8n— = o g g
’ 4 2 —isin & cos g

o g -i5
Rz(8) = cos—- —io,8n—- = © [,]E
2 2 iz



ANERERB S NE R FIRIE(£L)

 Clebsch-Gordan series

i \ _ o F 7 1 oJ2 1| ng
Duﬂma(“mfm:(“’)—;[ml g m] Lh_ o | Dim ()

 jinverse Clebsch-Gordan series

h Jo P a2 7 | ni ja o
Z [m1 o m”,&i] o #]D“’lml (@)Dt (@) = Dy ().
TRl MY

 symmetry and properties of wigner-D matrix

Opm = ZDi;(w} Dﬂ;m[uﬁ)* unitary
I



AN B RERN AN REDFIRE(2L)

 symmetry and properties of wigner-D matrix

bm = z Dmm, ,{w}. unitary
If w = wqw,, then R(w) = R(a)la)z)=R(a)1)R(wz),

m m )_“ Z 'Dm ot (L‘-JE)-

Symmetry relations:

.f)i;?([li,ﬁ,'f) = (—1)" Y pem o, By ).
Dim(”T&_.@r_Q) — Dgﬂ.;.-[-(ﬂ:?ﬁ T)
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* Orthoganality and normalization

'f — /Dl.'fl’.’]".'l LL':I) Dﬂgﬂ’}g( :I{-E'r'""}"

2-?2 + 1 Jljz ‘5#1.&9 5?‘1’11’-??19

T v A
where /dw ='/ dﬂ:/ sinﬁd,@/ day.
0 0 0

I, = fDJlm (a))D]2 m,, (©) DJ?’* J(w)dw

_ 8% 1 J2 ” J2 ]3]
2j3 +11H1 K2 m;




ANERERB S NE R FIRIE(£L)

* General expression

' .um,(ﬂ .8 F:’r) E‘i#& E_imﬁf [(-:" + TH}T(E - m}l(} T :u)T(.} T H)']%

(-1y
LG G+ m -l

3 Zetim—p—2r 3 f— -2
¥ | cos — — 510 — .

The sum over x is over all integers for which the factorial
arguments are greater than or equalto 0



Exercise

o 1. 4 RONHR K =l B
(axb)x(axc)=|a-(bxc)la
o 2 X FIEASHI ALK =L, my, n;, UERA:

1
<li>=0, <ll>_§5U’
1

< lmjnk > = geijk'

» 3. HERSREARBI IR, SRY S¥ 5B
FA T2 K T (AR S A




Exercise

M(B) =

B i{l + cog 5}2 %H + cos ) win J \/?E;.«singf:.l %[l — vos ) sl @ %{1 —~ Cos ;3]2
—-%(1 + coa A} 2in 2 %[cnsﬁ + coz2f) %sin Foos 3 %l[l:w_ﬁ —coa 35 -%[1 —cog 8] sin 8

ﬁsinﬂﬂ - %sin,ﬂcasﬁ %{3 cos? F — 1} \/%5:1]1 Peas B ﬁsinz,ﬂ

—%[1 — coz A sin 3 %{cﬂaﬁucaaﬂﬁ} - %sinﬁc&sﬁ %I[cnaﬁ-l- cos 2 5] %[l+cu~a B ain 3

%[l—msﬁ]z —%[l—ccaaﬂ]ﬁ'in,ﬂ ﬁ:—;inglﬁ ——%{1+uu3ﬁ]l gin A %fl—l-n:usﬁ}!

o« 4 R C-GHAL, MIEFIFERED (o, B,y), LA

g ) 1
COSs sin
d”?(,ﬁ)_—l 5 E] [i— 0}—
2

sin 5 cOs 5

ot

I
H
na g

A= B
H_
H—
p—
|_I_
_H



