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第五讲：自旋密度矩阵2 

• 5.1. 在反应截面计算中的应用 

• 5.2. 极化分析和极化观测量 

• 5.3. 自旋传递和自旋关联  
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5.1. 在反应截面计算中的应用 

•  共振态的自旋单态和混合态 

  resonance in a given exclusive mode can be described 
with a pure state of spin density matrix. 

  If a given resonance  has different mother particle 
decayed from, its spin density matrix can be described 
with a mixture state. 

  Mixed spin density matrix can be measured with the 
exclusive decay of spin analysis, but can’t measured with 
single tag experiment. 

        e.g. single tag exp.  𝐾∗ → 𝐾𝜋, can not measure the 𝐾∗  
   spin density matrix. 



5.1. 在反应截面计算中的应用 

•  角分布的计算 

  例：假设Λ的自旋密度矩阵为 

             𝜌 =
1

2

1 + 𝑃𝑧 𝑃𝑥 − 𝑖𝑃𝑦

𝑃𝑥 + 𝑖𝑃𝑦 1 − 𝑃𝑧
,  计算Λ → 𝑝𝜋−衰变中

的质子的角分布。  



5.2.  极化分析和极化观测量 

•  粒子衰变中的自旋密度矩阵元 

  粒子的自旋密度矩阵只决定于其产生过程，与衰变无关 

例如，级联式衰变 A(𝜆𝐴) → 𝐵(𝜆𝐵) + 𝐶(𝜆𝐶), 𝐵 → 𝐷(𝜆𝐷) +
𝐸(𝜆𝐸),中，粒子𝐸的振幅可表示为 

𝑀 𝜆𝐴, 𝜆𝐶 , 𝜆𝐷𝜆𝐸 =  𝐴𝑚𝑝(𝜆𝐴, 𝜆𝐵 , 𝜆𝐶 , 𝜆𝐷 , 𝜆𝐸)

𝜆𝐵

 

粒子𝐸的自旋密度矩阵元定义为： 

 𝜌 𝜆𝐸 , 𝜆𝐸
′ =

1

2𝑆𝐴 + 1 
  

𝜆𝐴,𝜆𝐶,𝜆𝐷

𝑀 𝜆𝐴, 𝜆𝐶 , 𝜆𝐷𝜆𝐸
†𝑀 𝜆𝐴, 𝜆𝐶 , 𝜆𝐷𝜆𝐸

  



5.2.  极化分析和极化观测量 

•  粒子的极化分析 

𝒫𝑥 =
Tr 𝜌 𝑆 𝑥

Tr(𝜌)
,  𝒫𝑦 =

Tr 𝜌 𝑆 𝑦

Tr(𝜌)
,  𝒫𝑧 =

Tr 𝜌 𝑆 𝑧

Tr(𝜌)
 

   For 𝑠 =
1

2
,  polarization of a particle is well specified by the 

polarization vector, with spin operators    

𝑆𝑥 =
1

2

0 1
1 0

, 𝑆𝑦 =
1

2

0 −𝑖
𝑖 0

, 𝑆𝑧 =
1

2

1 0
0 −1

 

  For 𝑆 = 1, the polarization vector 𝓟(𝒫𝑥, 𝒫𝑦, 𝒫𝑧) is 

calculated with the spin operators 



5.2.  极化分析和极化观测量(续) 

•  粒子的极化分析 

Rank-2 tensor polarization 

•  For high spin state, the spin operators in Cartesian coordinate 
system are taken as   

Overall degree of polarization: 



5.2.  极化分析和极化观测量(续) 

• Spin-
3

2
 particle 



5.2.  极化分析和极化观测量(续) 
• Spin-2 particle 



• Spin-
5

2
 particle 

5.2.  极化分析和极化观测量(续) 
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• Spin observables 

Consider a process  e+(𝐴) + e- (𝐵)
𝛾∗/𝑍0

𝐶 + 𝐷   

 If 𝐶 and 𝐷 are spinless particle,  the only observable is angular 
distribution 

               
𝑑𝜎

𝑑𝑐𝑜𝑠𝜃
∝ 𝐼0(1 + 𝛼 cos𝜃) ,   

   where 𝛼 is angular distribution  parameter 

  If electron is polarized,  the observable of transverse 
polarization: 

          
𝑑𝜎

𝑑Ω
= 𝐼0(1 + 𝐴𝑛𝑺𝑻 ⋅ 𝒏)=𝐼0 1 + 𝐴𝑛𝑺𝑻𝑐𝑜𝑠𝜙 ,  

     𝐴n:  analysing power 

5.2.  极化分析和极化观测量(续) 



 For the case of 𝐶 and 𝐷 are spin-
1

2
 particle :   

  
𝑑𝜎

𝑑Ω
=

1

𝑛𝐴𝑛𝐵
  | < 𝐶, 𝐷|ℳ|𝐴, 𝐵 > |2 =

1

𝑛𝐴𝑛𝐵
𝐓𝐫{ℳ𝑀†}𝑎,𝑏,𝑐,𝑑  

   
  Observable:  (spin average,  or spin polarization) 

Or abbreviated by:  

5.2.  极化分析和极化观测量(续) 

• Spin observables (cont.) 
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Time likespin ½  baryon FFs:  
Dubnickova, Dubnicka, Rekalo 
Nuovo Cim. A109 (1996) 241 
W. Lu, et.al., Phys.Lett., B368, 261 (1996) 
Gakh, Tomasi-Gustafsson Nucl.Phys. A771 (2006) 
169 
Czyz, Grzelinska, Kuhn PRD75 (2007) 074026 
FäldtEPJ A51 (2015) 74; EPJ A52 (2016)141 
Fäldt, G. & Kupsc, A, Phys. Lett. B 772 (2017) 16  

FFs in continuum   𝐽/𝜓 decays 

• Transverse polarization of baryons in 𝑒+𝑒− collisions 

5.2.  极化分析和极化观测量(续) 



5.2.  极化分析和极化观测量(续) 
• Transverse polarization of baryons in 𝑒+𝑒− collisions 

Example:   With the unpolarized beam,  estimate the 
poalrization of Λ  in 𝑒+𝑒− → 𝐽/𝜓 → Λ 𝜆1 Λ (𝜆2),  assuming that 
we don’t observe Λ   spin configuration. 

𝜌𝜆1,𝜆1
′ =  𝐷𝑀,𝜆1−𝜆2

1∗ 𝜙, 𝜃, 0 𝐷𝑀,𝜆1
′ −𝜆2

1 (𝜙, 𝜃, 0)
𝑀=±1/2  
𝜆2=±1/2

𝐴𝜆1,𝜆2
𝐴𝜆1

′ ,𝜆2

∗  

=
1

2

1 + 𝛼 cos2 𝜃 −𝑖
1

2
1 − 𝛼2 sin Δ sin 2𝜃

𝑖
1

2
1 − 𝛼2 sin Δ sin 2𝜃 1 + 𝛼 cos2 𝜃

 

 𝛼: antular distribution parameter for Λ,  
 Δ: phase angle difference in 𝐴1

2
,−

1

2

  and 𝐴1

2
,−

1

2

  



5.2.  极化分析和极化观测量(续) 

Polarization vector  components are calculated as 

𝒫𝑥 =
Tr 𝜌𝜎𝑥

Tr 𝜌
= 0, 𝒫𝑧 =

Tr 𝜌𝜎𝑧

Tr 𝜌
= 0 

 

𝒫𝑦 =
Tr 𝜌𝜎𝑦

Tr 𝜌
=

1 − 𝛼2 sin Δ sin 𝜃 cos 𝜃

1 + 𝛼 cos2 𝜃 
 

• The decay Λ → 𝑝𝜋−  acts as a polarimeter  

Joint angular distribution for 𝑒+𝑒− → 𝐽/𝜓 → ΛΛ , Λ → 𝑝𝜋− reads 

𝒲 𝜃, 𝜃1, 𝜙1

∝ 1 + 𝛼 cos2 𝜃 + ( 1 − 𝛼2 sin Δ sin 𝜃 cos 𝜃) 𝛼Λ sin 𝜃1 sin 𝜙1 



5.2.  极化分析和极化观测量(续) 

sin 𝜃1 sin 𝜙1 =
  𝒲 𝜃, 𝜃1𝜙1 sin 𝜃1 sin 𝜙1𝑑 cos  𝜃1 𝑑𝜙1

 𝒲 𝜃, 𝜃1𝜙1 𝑑 cos  𝜃1 𝑑𝜙1   
    

=
1

3
 𝛼Λ𝒫𝑦 

 𝚲  𝚲  

𝒑 
𝒑 

𝝅− 
𝝅− 



• 𝑒+𝑒− → 𝜓 2𝑆 → Ω− 3

2

+
Ω + 3

2

−
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In ST measurement, the spin density matrix for Ω, 
calculated by helicity method: 

-3/2             -1/2         1/2         3/2    

-3/2 

-1/2 

 1/2  

 3/2  

Hermitian !  

5.2.  极化分析和极化观测量(续) 



• Polarization of spin-3/2 particle 
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5.2.  极化分析和极化观测量(续) 



5.3. 自旋传递和自旋关联  

• Reaction 𝐼1 + 𝐼2 + ⋯ + 𝐼𝑛 → 𝐹1 + 𝐹2 + ⋯ + 𝐹𝑚 

Initial spin state:  𝜒𝑖 = 𝜒𝑖1 ⊗ 𝜒𝑖2 … ⊗ 𝜒𝑖𝑛 
Final spin state:   𝜒𝑓 = 𝜒𝑓1 ⊗ 𝜒𝑓2 … ⊗ 𝜒𝑓𝑚 

Reaction can be described by a transformation between the 
initial and final spin state 

𝜒𝑓 = 𝑀 𝜒𝑖  
Spin density matrix for initial state 

𝜌𝑖 = 𝜌𝑖1 ⊗ 𝜌𝑖2 … ⊗ 𝜌𝑖𝑛 

𝜌𝑓 for final state  :  𝜌𝑓 = 𝜒𝑓 〈𝜒𝑓| = 𝑀𝜌𝑖𝑀
† 



5.3. 自旋传递和自旋关联(续)  

•  induced polarization for 𝑘-th particle in final states 

𝒫𝑘 =
Tr(𝑀𝜌𝑖𝑀

†𝑆 k)

Tr(𝑀𝜌𝑖𝑀
†)

 

•  Analysing power of reaction for the initial 𝑗-th polarization  
component 

𝐴𝑗(Ω𝑗) =
Tr(𝑀𝜌𝑖(𝑆 j)𝑀

†)

Tr(𝑀𝜌𝑖𝑀
†)

,  𝜌𝑖 𝑆𝑗 = 𝜌𝑖(𝜌𝑖𝑗 → 𝑆𝑗) 

• Spin transfer relate the initial 𝑖-th particle to  the final 𝑗-th 
particle 

𝐾𝑗
𝑖 =

Tr(𝑀𝜌𝑖(𝑆 j)𝑀
†𝑆 j)

Tr(𝑀𝜌𝑖𝑀
†)

 



5.3. 自旋传递和自旋关联(续)  

•  In the decay 𝐽/𝜓 → ΛΛ  , assuming the spin density matrix for 
𝐽/𝜓 taken as 

                     𝜌𝐽 =
1

3

1 + 𝑃𝑧𝑧/2 0 0
0 1 − 𝑃𝑧𝑧 0
0 0 1 + 𝑃𝑧𝑧/2

 

Calculate the spin transfer of 𝐽/𝜓 to the final state Λ particle. 

Example:  


