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To grasp the entities by mind, which is physics.
-- Einstein



Pure geometry philosophy

mathmatic

geometry

physics



Geometry background of General Relativity (GR) and
Standard Model of particle physics (SM)

Fig 1: Geometry background of
GR is curved, smooth manifold --
pseudo-Riemannian manifold (more
precisely, Lorentzian manifold). The
gravitational ﾞeld is determined by
the metric of manifold.

Fig 2: Geometry background of SM
is very similar with the ﾟat space-
time with G-structure. The electro-
magnetic ﾞeld, weak bosons ﾞelds,
gluon bosons ﾞelds are originated
from the principal G-bundle connec-
tions. Leptons, quarks are originated
from the sections of associated bun-
dle.



The curved manifold with G-bundle is a good option for
geometry background of uniﾞed ﾞeld theory (UFT)

Fig 3: After long time research, we ﾞnd that “square root metric” manifold
not only with metric, but also equipped with U(4)-bundle at the same time.
This geometry might give intrinsic geometrical interpretation to all the ﾞelds
being observed.



Square root something usual lead to unusual

▶ √
−1 = i

▶ √
Klein − Gordon equation ⇒ Dirac equation

▶ √
Metric g ⇒ ?



Notations

▶ a, b, c, d represent frame indices, and a, b, c, d = 0, 1, 2, 3.
▶ Spinor indices i, j, k, l = 1, 2, 3, 4.
▶ µ, ν, ρ, σ represent coordinates indices, and µ, ν, ρ, σ = 0, 1, 2, 3.
▶ α, β, γ, τ represent group indices, and α = 0, 1, · · · , 15, β =

1, 2, · · · , 8, γ = 9, 11, 13, τ = 10, 12, 14.
▶ Repeated indices are summed by default.



Metric

▶ Riemannian manifold is described by metric

g(x) = −gµν(x)dxµ ⊗ dxν , gµν(x) = gνµ(x), det(gµν(x)) ̸= 0.
(2.1)

▶ Here the signature of 4-dimensional Riemannian manifold is

(−,−,−,−). (2.2)

▶ The inverse metric is deﾞned

g−1 = −gµν(x)∂µ∂ν , ⟨∂ν , dxµ⟩ = δµν . (2.3)

▶ And it can be described by orthonormal frame formalism as

g−1 = −Iabθa(x)θb(x). (2.4)

▶ Here θa(x) = θµa (x)∂µ and describe gravitational ﾞeld, Iab =
diag(1, 1, 1, 1).



Square root metric

▶ The deﾞnition of gamma matrices is

γaγb + γbγa = 2ηabI4×4, (2.5)

where ηab = diag(1,−1,−1,−1).
▶ The hermiticity conditions for gamma matrices can be chosen

γaγb† + γb†γa = 2IabI4×4. (2.6)



Square root metric

▶ A new entity l is deﾞned as follows

l(x) = iγ0ikγ
a
kj(x)e

†
j ⊗ eiθa(x), (2.7)

where tr(e†j ⊗ ei) = eie
†
j = δij.

▶ After using γ0γa†γ0 = γa, we ﾞnd that

g−1(x) =
1

4
tr[l(x)l(x)]. (2.8)

▶ Hence l(x) is the square root metric (2.4) in some sense.



Square root metric

▶ The freedom in γa
ij (x) can be showed as

γ0ikγ
a′
kj (x) = u†

ik(x)γ
0
klγ

a
lmumj(x) = ūi(x)γauj(x), (2.9)

where ūi(x) = u†
i (x)γ

0, u ∈ U(4).
▶ So, we deﾞne

l(x) = iūi(x)γauj(x)e
†
j ⊗ eiθa(x). (2.10)

▶ Direct calculation show that the deﾞnition (2.10) satisfy (2.8) and
l†(x) = −l(x).



Connections and gauge ﾞeld
▶ Coefﾞcients of afﾞne connections on coordinates, coefﾞcients of

spin connections on orthonormal frame and gauge ゙ elds on U(4)-
bundle are deﾞned as follows

∇µ∂ν = Γρ
νµ(x)∂ρ, (2.11a)

∇µθa(x) = Γb
aµ(x)θb(x), (2.11b)

∇µe†i = Aµij(x)e
†
j . (2.11c)

▶ Γb
aµ(x)θ

ρ
b(x) = ∂µθ

ρ
a(x) + θνa (x)Γ

ρ
νµ(x) is found and

A∗
µij(x) = −Aµji(x). (2.12)

▶ The gauge ﾞeld Aµij(x) can be decomposed to the sum of gener-
ators of U(4) group

Aµij(x) = iAα
µ(x)T α

ij , (2.13)

where α = 0, 1, 2, · · · , 15 and Aα∗
µ = Aα

µ .



Lagrangian and equation
▶ A equation satisfy U(4) gauge invariant, locally O(4) invariant

and generally covariant is constructed

tr∇l(x) = 0. (2.14)

▶ This equation describe a manifold parallel transporting itself.
▶ Eliminate index x, the explicit formula of equation (2.32) is[

(i∂µūi + Aα
µT α

ij ūj)γ
aui + ūiγ

a(i∂µui − ujAα
µT α

ji )

+iūiγ
buiΓ

a
bµ

]
θµa = 0. (2.15)

▶ We deﾞne a Lagrangian

L = ūiγ
a(i∂µui − ujAα

µT α
ji )θ

µ
a + ūiϕui, (2.16)

ϕ =
i
2
γbΓa

bµθ
µ
a , (2.17)

and one ﾞnd that Lagrangian (2.16) have relation with (2.32)

tr∇l(x) = L − L†. (2.18)



Lagrangian and equation

▶ If equation (2.32) being satisﾞed, Lagrangian (2.16) is Hermitian

L = L†. (2.19)

▶ The equation of motion for Lagrangian (2.16) are

γa(i∂µui − ujAα
µT α

ji )θ
µ
a +

i
2
γauiΓ

b
aµθ

µ
b = 0, (2.20)

and this equation's conjugate transpose. We call equation (2.21)
fundamental equation.

▶ The effective equation of motion for this theory has signature
(1,−1,−1,−1)(

γa(i∂µ − Aα
µT α)θµa +

i
2
γaΓb

aµθ
µ
b

)2

u = 0. (2.21)



Curvature, gauge ﾞeld strength tensor and identity

▶ Curvature tensor and gauge ﾞeld strength tensor are deﾞned as
follows

Ra
bµν = ∂µΓ

a
bν − ∂νΓ

a
bµ + Γc

bνΓ
a
cµ − Γc

bµΓ
a
cν , (2.22a)

Fµνij = ∂µAνij − ∂νAµij + AνikAµkj − AµikAνkj, (2.22b)

where Rabµν = −Rbaµν if ∇g = 0 and F∗
µνij = −Fµνji.

▶ Gauge ゙ eld strength can be decomposed by U(4) generators Fµνij =
iFα

µνT α
ij . Deﾞne torsion Ta

νρ = 2Γa
[νρ], we have Ricci identity and

Bianchi identity on this geometry structure as follows

Ra
[ρµν] +∇[ρTa

µν] = Ta
σ[ρTσ

µν], (2.23a)

∇[ρRa
|b|µν] = Ra

bσ[ρTσ
µν], (2.23b)

∂[µFνρ]ij = A[µ|ik|Fνρ]kj − F[µν|ik|Aρ]kj. (2.23c)



Lagrangian of Gravity

▶ For gravity, Einstein-Hilbert action be showed as follows

S =

∫
Rω, (2.24)

where R is Ricci scalar curvature, ω =
√
−gdx0∧dx1∧dx2∧dx3

is volume form. The variation of action give us Einstein tensor.
▶ For Einstein equation,

Rµν −
1

2
gµνR = −κTµν , (2.25)

▶ Einstein say: “The reason for the formalism of left hand is to let
its divergence identically zero in the meaning of covariant deriva-
tive. The right hand of equation are the sum up of all the things
still problems in the meaning of ﾞeld theory.”



Lagrangian of Gravity

▶ And in this geometry framework, the equation can be derived as
follows

∇[µ∇ν]l =
i
2

(
ūiγ

aukFµνkj + F∗
µνkiūkγ

auj + ūiγ
bujRa

bµν

)
e†j ⊗eiθa.

(2.26)
Deﾞne∇2 = ∇[µ∇ν]dxµ∧dxν , the equation might describe grav-
ity is constructed

tr∇2l2 = 0. (2.27)

▶ This equation (2.27) is obviously U(4) gauge invariant, locally
O(4) invariant and generally covariant. The explicit formula of
equation (2.27) is

R =
1

2
Fabijūjγ

aγ0γbui. (2.28)

Here ∂µdxν ⊗ dxρ∂σ = δνµδ
ρ
σ , dxµ ⊗ dxν∂ρ∂σ = δνρδ

µ
σ are used

and Fab = Fµνθ
µ
a θ

ν
b .



Lagrangian of Gravity

▶ It is easy to prove each term in (2.28) is Hermitian. So we deﾞne
a Hermitian Lagrangian

Lg = Rūiγ
0ui − 2Fabijūjγ

aγ0γbui. (2.29)

The Rūiγ
0ui is Einstein-Hilbert action.

▶ This Lagrangian can derive (2.28) and Einstein equation.
▶ Lagrangians (2.16) and (2.29) are U(4) gauge invariant, locally

O(4) invariant and generally covariant.



Sheaf quantization

▶ To avoid the problem of inﾞnity in quantum ﾞeld theory, we sug-
gest the Sheaf quantization method. We deﾞne the entity is Sheaf
valued, then

l̂(x) = ηκlκ(x), (2.30)

where ηκ ∈ [0, 1]. κ is evaluated in an abelian group and we have
possibility complete formula∑

κ

ηκ = 1. (2.31)



Sheaf quantization

▶ Sheaf is a collection of sections, the index of each section κ cor-
respond to a abelian group element.!

!
!

Section!

Base!Manifold!

Bundle!

▶ For historical reasons, this process is called second quantization
because this process switch us from single particle free motion to
multi-particles interaction in sometimes.

▶ The equations of motion after second quantization are

tr∇l̂ = 0, (2.32)

tr∇2̂l2 = 0. (2.33)



Gauge bosons

▶ Aµ are U(4) gauge ﾞelds and
can be expanded by generators
of U(4).

Aµ = iAα
µT α. (3.1)

▶ T0 correspond to a new parti-
cle -- Fiona(芳). Fiona is simi-
lar with dark photon.

▶ SU(4) being decomposed as
follows according to the weight
diagram Fig. 4.

SU(4) = SU(3)⊕U(1)+UX+UX.
(3.2)

X
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Fig 4: Weight diagram of SU(4)
adjoint representation and corre-
sponding gauge bosons.



Electrodynamics, Chromodynamics and Weak interactions

▶ Electrodynamics like and Chromodynamics like theory appear
in U(1) part and SU(3) part of this geometry framework in ﾟat
space-time naturally.

▶ X and X̄ are new particles and we can use it construct 3 color-
singlet, composite particles and have nonzero mass. Those 3 par-
ticles correspond to W± and Z. The explicit formalism of W± and
Z are exhibited as follows

W±
µ =

1

3!
ϵ νρσ
µ Aν9Aρ11Aσ13T ±

[9 ⊗ T ±
11 ⊗ T ±

13], (3.3a)

∂[µZν] = AµγAν(γ+1)T[γ ⊗ Tγ+1]. (3.3b)

▶ Where T ±
γ = Tγ ± iTγ+1 and Aµ9Aν10 = Aµ11Aν12 = Aµ13Aν14

in (3.3b).



3-boson vertexes

▶ In ﾟat space-time, the 3-boson vertexes and 4-boson vertexes de-
termined by SU(4) structure constants. The 3-boson vertexes of
this geometry framework in ﾟat space-time are showed on Fig. 5.
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Fig 5: 3-boson vertexes on ﾟat spacetime.



Fermions

▶ Fermionic like ﾞelds u transfer as U(4) fundamental representa-
tion. So, fermions are ﾞlled into SU(4) fundamental representa-
tion naturally as Table 1.

Table 1: Fermions are ﾞlled into SU(4) fundamental representation 4⊗ 6.

SU(4) 6

4 Quarks
R
G u c t d s b
B

Leptons e µ τ νe νµ ντ

▶ Antifermions are ﾞlled into 4̄⊗ 6 similarly.



Fermions

R

B

G

Lepton

Quark

Fig 6: Weight diagram of SU(4) fun-
damental representation 4.
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Fig 7: Weight diagram of SU(4) fun-
damental representation 6.



Conclusion

▶ This theory unify 64 “entities” into a single “entity”, square root
metric.

▶ The interactions between those ﾞelds might be determined by
these two Lagrangians

tr∇l = 0 ⇔
{

L = ūiγ
a(i∂µui − ujAα

µT α
ji )θ

µ
a + ūiϕui,

ϕ = i
2γ

bΓa
bµθ

µ
a ,

tr∇2l2 = 0 ⇔ Lg = Rūiγ
0ui − 2Fabijūjγ

aγ0γbui.



New physics on this UFT

▶ Weak bosons: W± and Z are composite particles.
▶ Higgs: Originated from gravity ﾞelds.
▶ Neutrinos: Right handed neutrinos should be existed.
▶ Fiona(芳): Fiona(芳) almost not interacts with electro-magnetism,

weak and strong, but has important gravity effect for our uni-
verse.

▶ Space-time: Signature of space-time might be (−,−,−,−).



Thanks！
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