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Proton mass 938 MeV: 

Ji’s decomposition: 

Higgs mechanism: ∼3 MeV per valence quark

quantum effect (Trace anomaly)
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Ji,	PRL.74.1071(1995)	
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QCD EMT: non-perturbative; Lattice, Models, Large  … … Nc
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Trace of QED EMT:
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QED EMT in hydrogen atom: 

(Poincare invariance) 

Normalization: 

hydrogen atom mass: 

Assumption:  proton serves as an infinitely heavy charge source, decoupled in our treatment 

i.e.: Omitting proton mass / Coulomb potential

: hydrogen atom mass 

: electron bare mass 

M

m0

Trace anomaly

QCD EMT: non-perturbative; Lattice, Models, Large  … … 

QED EMT: perturbative; completely solvable, eg: Hydrogen atom
Nc
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Hydrogen mass at LO (omitting proton mass):

Dirac equation predicts:

m: electron physical mass  

: ground state wave function  φ0

ground state energy of hydrogen:

NLO corrections: Trace anomaly contribution  

is scheme dependent
  and  mixm0Ψ̄(x)Ψ(x) Fμν(x)Fμν(x)

Need to choose a subtraction  

scheme (most natural one)
(Adler et al, 1977; Rodini et al 2020; Metz et al,  2020)

Difference between free & 

bound matters (energy shift)
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FF

(a)

m0Ψ̄Ψ

(b)

← ←

 NLO: group   and Fμν(x)Fμν(x) m0Ψ̄(x)Ψ(x)

 BDS, Sun, Zhou, 2012.09443

～ O(α5) NR limit:  

Uehling effect: part of  Lamb shift, due to vacuum polarization! 

Ji, Liu, SCPMA.64.8 (2021)

 Note: -2 factor? different methods



NLO:   in free state, self-energy correctionsm0Ψ̄(x)Ψ(x)
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m0 (1 + γm) Ψ̄Ψ m0Ψ̄Ψ

(a) (b)

m0Ψ̄Ψ

(c)

↑ ↑ ↑

physical mass of a free electron

An all order proof: Callan-Symanzik equation 

(Adler, Collins, Duncan, 1977):
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m0 (1 + γm) Ψ̄Ψ m0Ψ̄Ψ

(a) (b)

m0Ψ̄Ψ

(c)

↑ ↑ ↑

         

dipole vertex  same as LO  

A trick:   
(vector current conservation)

Z2 = Z3

spinor in nonrelativistic limit:  

 

NLO:   in bound state, self-energy corrections: (BDS, Sun, Zhou, 2020)m0Ψ̄(x)Ψ(x)

NRQED, Coulomb gauge:
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m0 (1 + γm) Ψ̄Ψ m0Ψ̄Ψ

(a) (b)

m0Ψ̄Ψ

(c)

↑ ↑ ↑

NLO:   in bound state, self-energy corrections: (BDS, Sun, Zhou, 2020)m0Ψ̄(x)Ψ(x)

Vector current conservation in QED:

Choose :μ = 0

A trick:   
(vector current conservation)

Z2 = Z3

and for :δF1(0)
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ψ† e
2m0

("p+ "p ′) · "Aψ

(b)(a)

↑ ↑
ψ† e

2m0
("p + "p ′) · "Aψ

• electron propagator: 

• photon propagator: 

• energy shift for ground state: 

consist with Bethe 1947’s result (with ) μ = m

(scale cut off )μ < m

(Lamb, et al, 1947)

Note: We did not compute the 
self energy contribution directly, 
instead evaluated the 
expectation value of the mass 
operator at the NLO. 

NLO:   in bound state, self-energy corrections: (BDS, Sun, Zhou, 2020)m0Ψ̄(x)Ψ(x)
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… …

one-loop self-energy

Uehling one-loop 

vacuum polarization

E2S1/2
− E2P1/2

≈ 1057.83 MHz

Yerokhin,	Pachucki,	Patkos,		

Annalen	Phys.	531.5	(2019)	

QED trace anomaly
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Thanks for your attention!

Summary

• QED EMT Trace Anomaly contribution to Hydrogen atom mass, which turns out to be part of 
Lamb shift.  

• The combination of the trace anomaly ( ) contribution and the NLO correction to the  

from the  vacuum polarization  diagram is  related  to  the  Uehling  effect  which is  the  small 
part of the Lamb shift.  

• It  is  in  sharp  contrast  to  proton  mass  decomposition  case  where  trace  anomaly  part  is 
considered to be a new additional contribution to the bound state mass other than parton 

kinematic energy and potential energy.  

• The method developed in this note can potentially be applied to analysis the mechanical 
properties of hydrogen system. 

F2 m0Ψ̄Ψ
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Fig ref: http://hyperphysics.phy-astr.gsu.edu/

hbase/quantum/lamb.html

Trace anomaly

http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/lamb.html
http://hyperphysics.phy-astr.gsu.edu/hbase/quantum/lamb.html

