Trace anomaly contribution to hydrogen atom mass
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r Higgs mechanism: ~3 MeV per valence quark
Proton mass 938 MeV: :

quantum effect (Trace anomaly)

L

Ji’s decomposition: Ji, PRL.74.1071(1995)
Hqoop = H,, +H,+ H, + H, = / d>zT"°(0,x)

H, = /dszZm@b, Quark mass

3T (—iD - ), Quark energy

(E2 — B2) : Quantum Anomalous
Energy (QAE)
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H, = /d3f— (E2 + B2) : Gluon energy



r Higgs mechanism: ~3 MeV per valence quark

Proton mass 938 MeV: ¢
quantum effect (Trace anomaly)
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Tllf = Hp, + (YmHm + _F2)

Ji’s decomposition: Ji, PRL.74.1071(1995) i 29
HQCD = H,, + Hq + Hg + H, = /d%;TOO(O,x) 0.938 GeV 1.161(14) GeV
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m, = 140MeV  m, = 340MeV
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QCD EMT: non-perturbative; Lattice, Models, Large N. ... ..

QED EMT: perturbative; completely solvable, eg: Hydrogen atom

Assumption: proton serves as an infinitely heavy charge source, decoupled in our treatment

i.e.: Omitting proton mass / Coulomb potential

QED EMT in hydrogen atom: (P|T*|P) =2P*P"
(Poincare invariance)
Normalization: (Pl | P> = 2P0(27T)353 (P, — P)
hydrogen atom mass: <P ‘T/ﬂ P> — 2M?
T f QED EMT. b 5w+ P8
race of Q : 1) = (14 vm) mePVW + g FY ] p
e

\ /

Trace anomaly

5

M: hydrogen atom mass

m,: electron bare mass



Hydrogen mass at LO (omitting proton mass):

 (H|[ dPxm¥(z)¥(z)| H) 5 0
Mg = T —m [ dagl(a) po(a)

m: electron physical mass

) _ _ ¢,: ground state wave function
Dirac equation predicts:. Mpygo=mv1— o2

ground state energy of hydrogen. Mpyo—m=my 1 —a? —m~ —13.6eV

NLO corrections: — m ¥P(x)¥(x) and Fr(x)F,,(x) mix —» Trace anomaly contribution

is scheme dependent

!

Difference between free &
bound matters (energy shift)

(e|[F* (z)F,.(z)]z|e) =0 |

<’y HF/.W (:U)FW (x)]R‘ ’y> _ <’Y ‘ZZ,)_IF’“’ (x)FW(x)‘ 7>Tree - Need to choose a subtraction

(Adler et al, 1977; Rodini et al 2020; Metz et al, 2020) SCheme (Most natural one)



NLO: group F*(x)F,,(x) and m, ¥ (x)¥(x) T! = (14 Ym) mePV¥ + % [F* Fu) g

_ BDS, Sun, Zhou, 2012.09443

Ji, Liu, SCPMA.64.8 (2021)

Note: -2 factor? different methods
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—407

FIG. 1(a) + 2 X FIG. 1(b) ~

15m2 90(];(0)<P0(0) ~ O(@) NR limit: [q] < m

Uehling effect: part of Lamb shift, due to vacuum polarization!
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NLO: m,P(x)¥(x) in free state, self-energy corrections

mo (1 + vm) YU moW W

FIG. 2: NLO corrections to the electron mass term.

aem

Fig.2(a) = Ymmo+m —dm = v,,mg +m — 5
T

1 aA2
da(2 — a)l
|, dat2 =) ln G

Qo 1 al\? 2(2 —a)
Fig.2(b) = 21 N
19.2(b) o mO/O da{ . (1-a)®m§ (1-a) }
. Cem ' al’ 2(1(2 — a)
2 x Fig.2(c) = o mO/O da {_aln (1 — a)2m? (1—a) }
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(ele

=m

physical mass of a free electron

An all order proof: Callan-Symanzik equation
(Adler, Collins, Duncan, 1977).



NLO: m,P(x)¥(x) in bound state, self-energy corrections: (8ps, sun, zhou, 2020
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NLO: m,P(x)¥(x) in bound state, self-energy corrections: (8ps, sun, zhou, 2020

e s

T 1
mo (1 + 7)) U LAY VA
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8 Zomo¥ (z)yH T (x)

Vector current conservation in QED:  0Zs + 6F1(0) =0

and for 6F,(0): < " ‘mo / B2 ()7 U g (z)

H>NL0 — 57, (0) <H | / B2 5 ()7 o (z)

H)
Tree

Choose u = 0:

2 x Fig.2(c) =

3yl A trick: Z, = Z; ;
<H ‘f d m\IIR(x)\IJR(x) ) H>Tree (vector current conservation) l,

<H‘m0fd3x\Pk(x)\IlR(a;)‘ H>
(H | H)

NLO
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NLO: m,P(x)¥(x) in bound state, self-energy corrections: (8ps, sun, zhou, 2020

FIG. 3: Part of the NLO correction to the electron mass term in NRQED in vacuum(diagram a),
and that in the bound state(diagram b).

om () (y)
AFE ) + e

e electron propagator:
M

1 IR 1 1
k2 +ie  k%2+ie k2 — p2+ie

(scale cut off x < m)

e photon propagator:
Note: We did not compute the

self energy contribution directly,
instead evaluated the

e energy shift for ground state:

402 5 .
. . ~ em T MU
Fig.3(b) — Fig.3(a) = 33 ©(0)o(0) [ln YN 5] expectation value of the mass

operator at the NLO.

consist with Bethe 1947’s result (with y = m)

(Lamb, et al, 1947)
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one-loop self-energy

Uehling one-loop
vacuum polarization

!

QED trace anomaly

E2S1/2 - E2P1/2 ~ 1057.83 MHZ

Yerokhin, Pachucki, Patkos,
Annalen Phys. 531.5 (2019)

Table 7. Individual contributions to the Lamb shift E |, in MHz.

1S 25 2P 1),

Z=1, "H, Rc =0.84087(39) fm, M/m = 1836.152 673 346 (81)

SE 8396.453 556 (1) 1072.958 455 —12.858 661 (1)
o Ue —215.170 186 —26.897 303 —0.000 347

WK 0.002 415 0.000 302 0

Ue(nhad) —0.008 48 (8) —0.00106 (1) 0

SESE 2.3350 (13) 0.292 48 (16) 0.027 253 (4)

SEVP 0.288 39 (16) 0.036 015 (20) —0.001 241

VPVP —1.895 224 —0.236 911 —0.000 003

QED (ho) 0.001 83 (96) 0.000 23 (12) —0.000 216

RRM —12.765 917 —1.633931 0.011741

REC 2.402 830 0.340 469 —0.016 656

REC(ho) 0.013 16 (74) —0.003 227 (92) —0.001 335 (4)

FNS 1.107 6 (10) 0.138 45 (13) 0

NUCL5 —0.000 109 (1) —0.000 014 0

NUCL6 0.00107 (39) 0.000 140 (49) 0.000001

FNS(rad) —0.000 135 (1) —0.000 017 0

NSE 0.004 63 (16) 0.000 585 (20) 0.000 001 (20)

Total 8 172.770 4 (18)(10) 1044.994 66 (23)(13) —12.839 463 (21)(0)

SE, one-loop self-energy; Ue, Uehling one-loop vacuum polarization; WK,
Wichmann—Kroll one-loop vacuum-polarization; Ue(uhad), Uehling muon and
hadronic vacuum polarization; SESE, two-loop self-energy; SEVP, electron self-
energy with vacuum-polarization insertions; VPVP, two-loop vacuum-polarization;
QED (ho), three-loop QED correction; RRM, relativistic reduced mass correction (see

text); REC, recoil correction E gec; REC(ho), sum of higher-order recoil corrections
E rec,2, Erec.hfs , and Eggrec; FNS, leading-order fns correction E @ . NUCLS, (Z«) i

nucl?
nuclear correction Efi)d; NUCLS, (Z«)® nuclear correction E fi)d; FNS(rad), radiative

fns correction Efns rad; NSE, nuclear self-energy correction E nse.
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Summary

e QED EMT Trace Anomaly contribution to Hydrogen atom mass, which turns out to be part of
Lamb shift.

e The combination of the trace anomaly (F?) contribution and the NLO correction to the m,¥¥
from the vacuum polarization diagram is related to the Uehling effect which is the small

part of the Lamb shift.

e It is in sharp contrast to proton mass decomposition case where trace anomaly part is
considered to be a new additional contribution to the bound state mass other than parton

kinematic energy and potential energy.

e The method developed in this note can potentially be applied to analysis the mechanical

properties of hydrogen system.

Thanks for your attention!
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Hydrogen

3
L:ss thaim 45x107 ¢V = EkT at 035K
therma
energy energy Barely resolvable since
Ieve I S AE =45x10 eV the Doppler broadening
_ is about 4 GHz
Visible v=109GHz

A=28cm .

—2 ‘h‘. .
l P3/2:Fine Trace anomaly

P X100,000 _%pl/g_.’ structure /
e mfmssnsnsssssssssssssssssnnnnnnn e 2- S ;./.2..:.‘— Lamb Sh'ft
2,, AE =4372x10"¢V

1/2

v=10576GHz

=10:2¢V A =2837cm
Y
n=1 T
, "-.‘f’ooo'“-..‘ NE AE=59x10"¢V
g =302, o T v =142GH:
n-

SR T A=2lem
Hyperfine

structure N = nuclear spin
E = electron spin

Fig ref. http://hyperphysics.phy-astr.gsu.eduy/
hbase/quantum/lamb.html
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