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Parton (quark or gluon) fragmentation and hadronization

Jets are not the same as partons


Jets inherit quantum property of partons

From short to long distances in quantum field theory

<latexit sha1_base64="Hpk7V31TI6H/gXshzOrrOtAvh1I="></latexit>
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Jets: our windows on quark and gluon

Plot by G. Salam
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Azimuthal correlation in the back-to-back limit

• jet calibration at pp 

• energy loss study at Heavy Ion Collision

• gluon TMD PDF (linearly-polarization)

• TMD factorization violation

• …

Measurement of the cross section for isolated-photon
plus jet production

JETPHOX (full NLO pQCD for both direct and fragmentation
contributions) +NP corrections
Sherpa (� + (1, 2)�jet at NLO and � + (3, 4)�jet at LO + PS)
uncert.: scales (ren,fact.,frag.) and PDF
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Good description by both calculations
theory is almost always higher than data

B. Bilin, P. Starovoitov (V+)jets measurements with ATLAS and CMS Jets@LHC 28 / 51

Phys. Lett. B 780 (2018) 578

Azimuthal separation in nearly back-to-back jet
topologies in inclusive 2- and 3-jet events
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B. Bilin, P. Starovoitov (V+)jets measurements with ATLAS and CMS Jets@LHC 20 / 51

PH-3j+Pythia 8
agrees better with
the data
PH-2j+Herwig++
prediction is
similar to
PH-3j+Pythia 8,
except for the
lowest p

T

max

region.

EPJC 79 (2019) 773

In the back-to-back limit, 
one needs all-order results 
( log(π-Δ𝜙) resummation )
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Jet radius and qT joint resummation for boson-jet correlation

From the above two equations, one finally has

J k(p2J , ~xT , ✏) !
1X

m=1

hJ k
m({nJ}, R pJ , ✏)⌦ Uk

m({nJ}, R ~xT , ✏)i (2.21)

where h· · · i ⌘ 1

dJ
Tr[· · · ] denotes the trace over all the color indices divided by the dimension

of the color representation of �k
nJ
, and ⌦ is a short-hand notation for

mQ
i=1

R
d⌦~nJi

/(4⇡) with

⌦~nJi
the solid angle of ~nJi in d-dimension. The jet function J k

m with m collinear particles

is defined as

P
↵0
J↵J

nJ J k
m({nJ}, R pJ , ✏) ⌘ 2n̄J · pJ(2⇡)d�1

X

spins

mY

i=1

Z
dEJiE

d�3

Ji

(2⇡)d�2
�

⇣
n̄ · pJ �

mX

i=1

n̄ · pJi
⌘

⇥ �
(d�2)

⇣ mX

i=1

~pJi?

⌘
⇥in({pJ})

���Mk
m(pJ ; {pJ})

ED
Mk†

m (pJ ; {pJ})
��� , (2.22)

and the coft function Um takes the form

Um({nJ}, R ~xT , ✏) = (2.23)
XZ

Xt

e
i
2
poutt ·n̄J~nJT ·~xT h0|U †

n̄J
(0)U †

nJ1
(0) · · ·U †

nJm
(0)|XtihXt|Un̄J (0)UnJ1

(0) · · ·UnJm
(0)|0i.

The set of nJ -collinear particles is defined by the anti-kt algorithm [74] which is used in

jet reconstruction. The phase space constraint imposed by the sequential clustering can

be quite complicated. Alternatively, here we require the angle �Rij between each pair of

collinear particles be smaller than the jet radius R,

�Rij ⌘
q
(�i � �j)2 + (⌘i � ⌘j)2 < R with i < j : 1, 2, · · · ,m. (2.24)

In the small R limit, the above requirement is equivalent to imposing the following step

functions,

⇥in(pJi , pJj ) ⌘ ✓

 
R

2 �
2pJi · pJj
p
Ji
T p

Jj
T

!
, (2.25)

which collectively is denoted by ⇥in({pJ}). The jet algorithm constraint for a coft gluon

with momentum pt is then equivalent to a cone jet algorithm since collinear particles are

clustered and define the jet direction nJ ,

⇥out(pt) ⌘ 1�⇥in(pt, nJ) = ✓

"
nJ · pt
n̄J · pt

�
✓

R

2 cosh ⌘J

◆
2
#
. (2.26)

By making the replacement in (2.21), (2.13) then gives the final factorized expression

d�

d2qTd
2pTd⌘JdyV

=
X

ijk

Z
d
2
xT

(2⇡)2
e
i~qT ·~xTSij!V k(~xT , ✏)Bi/N1

(⇠1, xT , ✏)Bj/N2
(⇠2, xT , ✏)

⇥Hij!V k(ŝ, t̂,mV , ✏)
1X

m=1

hJ k
m({nJ}, R pJ , ✏)⌦ Uk

m({nJ}, R ~xT , ✏)i. (2.27)

– 9 –

(Chien, DYS & Wu  ’19 JHEP)

N1(P1) +N2(P2) ! boson(pV ) + jet(pJ)| {z }
qT

+X

Factorization formula: (neglecting Glauber modes)

•  Multiple scales in the problem; Rely on effective field theory: SCET

• Coft modes:                                           for the jet radius resummation (Becher, 

Neubert, Rothen & DYS ’15; Chien, Hornig & Lee ’15; Kolodrubetz, Pietrulewicz, Stewart, Tackmann & 
Waalewijn ’16; ……)


• Multi-Wilson-Line operators describe radiations along the jet direction for 
NGLs resummation (Caron-Hout ’15; Becher, Neubert, Rothen & DYS ’15 PRL; ……)

pµt ⇠ qT (R
2, 1, R)nJ n̄J

ph ⇠ Q(1, 1, 1)

pnJ ⇠ pJT (R2, 1, R)nJ n̄J

pt ⇠ qT (R2, 1, R)nJ n̄J

ps ⇠ (qT , qT , qT )

pn1 ⇠ (q2T /Q,Q, qT )n1n̄1

<latexit sha1_base64="Szhh9pZoKRiNKiD8aSPqHGCKoCA=">AAACAHicbVC7SgNBFL3rM8bXqoWFzWAQLCTsBlHLoI1YRckLknWZncwmQ2YfzswKISSFv2JjoYitn2Hn3zibbKGJBy6cOede5t7jxZxJZVnfxsLi0vLKam4tv76xubVt7uzWZZQIQmsk4pFoelhSzkJaU0xx2owFxYHHacPrX6V+45EKyaKwqgYxdQLcDZnPCFZacs39B7eK2pyj2K3e35yMx+O79GW7ZsEqWhOgeWJnpAAZKq751e5EJAloqAjHUrZsK1bOEAvFCKejfDuRNMakj7u0pWmIAyqd4eSAETrSSgf5kdAVKjRRf08McSDlIPB0Z4BVT856qfif10qUf+EMWRgnioZk+pGfcKQilKaBOkxQovhAE0wE07si0sMCE6Uzy+sQ7NmT50m9VLTPiqXb00L5MosjBwdwCMdgwzmU4RoqUAMCI3iGV3gznowX4934mLYuGNnMHvyB8fkDINSVeA==</latexit>

qT ⌧ pJT , R ⌧ 1

(also see Sun,Yuan,Yuan ’14; Buffing,Kang,Lee,Liu ’18,…)
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Numerical results

• NLL resummation result is consistent with 
CMS data 


• NLL result has 20-30% scale uncertainties.

• Azimuthal correlation can be a clean probe 

of factorization violation (Collins & Qiu ’07, 
Rogers & Mulders ’10, ……)


• Higher accuracy?

• NNLL? 

• NNNLL?


• Better angular resolution?

• Reduce contamination?

��� ��� ��� ��� ��� ���

���

�

��

(Chien, DYS & Wu  ’19 JHEP)
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Jet TMDs and non-global logs
• Non-global logs in jet TMD resummation


• sum over all soft partons not combined with hard jets 

• deviation from qT=0 are only caused by particle flow outside the jet regions

• non-global observables (Dasgupta & Salam ’01)


• Recoil absent for the pTn-weighted recombination scheme (Banfi, Dasgupta & Delenda ’08)


• N3LL resummation for jet TMDs @ ee and ep (Gutierrez-Reyes, Scimemi, Waalewijn, Zoppi ’18 ’19)

• NNLL resummation for V+j @ LHC (Chien, Rahn, Schrignder van Velzen, DYS, Waalewijn & Wu  ’21 PLB)

qT =
���

X

i/2 jets

~kT,i

���+O
�
k2T

�

(Winner-take-all scheme) (Salam; Bertolini, Chan, Thaler ’13)
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Recoil-free azimuthal angle for boson-jet correlation

ph ⇠ Q(1, 1, 1)

Standard SCET2 (CSS, Ji-Ma-Yuan, …)

pn ⇠ (p2x/Q,Q, px)nn̄
<latexit sha1_base64="tOSXyTibV3xKxAp+IpLS6H6kfA4="></latexit>

ps ⇠ (px, px, px)
<latexit sha1_base64="pNx07I/xtuUV2QwWOU3q8k5E8h8="></latexit>

d�

dpx,V dpT,J dyV d⌘J
=

Z
dbx
2⇡

e
ipx,V bx

X

i,j,k

Bi(xa, bx)Bj(xb, bx)Sijk(bx, ⌘J)Hij!V k(pT,V , yV � ⌘J)Jk(bx)

<latexit sha1_base64="LPm3JougTVSfc2d0ZNQLzylbBmY="></latexit>

Following the standard steps in SCET2 we obtain the following factorization formula

<latexit sha1_base64="1/MPLpAG6evlhoZpl7ISOVl9H0A=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF/LgVvHisYD+wCWWz2bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzglRwjY7zbZXW1jc2t8rblZ3dvf2D6uFRRyeZoqxNE5GoXkA0E1yyNnIUrJcqRuJAsG4wvp353SemNE/kA05S5sdkKHnEKUEjPXohE0i8dMQH1ZpTd+awV4lbkBoUaA2qX16Y0CxmEqkgWvddJ0U/Jwo5FWxa8TLNUkLHZMj6hkoSM+3n84un9plRQjtKlCmJ9lz9PZGTWOtJHJjOmOBIL3sz8T+vn2F07edcphkySReLokzYmNiz9+2QK0ZRTAwhVHFzq01HRBGKJqSKCcFdfnmVdBp197LeuL+oNW+KOMpwAqdwDi5cQRPuoAVtoCDhGV7hzdLWi/VufSxaS1Yxcwx/YH3+AKL6kN8=</latexit>

��

<latexit sha1_base64="cnSzyZwe3bNpNuE6Jy/Gdx7Up80=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewG8XELePGYgHlAsoTZSW8yZnZ2mZkVQ8gXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6xGV5rG8N+ME/YgOJA85o8ZK9adeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Rqt5kceThBE7hHDy4gircQQ0awADhGV7hzXlwXpx352PRmnOymWP4A+fzB+XOjPo=</latexit>x

<latexit sha1_base64="r6n6nY9JXMge0U5aJwDyvOx0vZ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mK+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWak765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77Jaa15U6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AedSjPs=</latexit>y

(Chien, Rahn, Schrignder-van-Velzen, DYS, Waalewijn & Wu  ’21 PLB)

Effect of soft radiation in jet algorithm is 
power suppressed

<latexit sha1_base64="+qocjPx10Oq17t2gzE63pgXaDdM=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZSZIuqy6MadVewDOkPJpJk2NMkMSUaoQ/FX3LhQxK3/4c6/MdPOQlsPBA7n3Ms9OUHMqNKO820VlpZXVteK66WNza3tHXt3r6WiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2MLrK/PYDkYpG4l6PY+JzNBA0pBhpI/XsgztPUQ49jvQQI5beTCruSc8uO1VnCrhI3JyUQY5Gz/7y+hFOOBEaM6RU13Vi7adIaooZmZS8RJEY4REakK6hAnGi/HSafgKPjdKHYSTNExpO1d8bKeJKjXlgJrOUat7LxP+8bqLDCz+lIk40EXh2KEwY1BHMqoB9KgnWbGwIwpKarBAPkURYm8JKpgR3/suLpFWrumfV2u1puX6Z11EEh+AIVIALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH7PRgpXv7IM/sD5/AG5IlJA=</latexit>

R ⇠ O(1)
<latexit sha1_base64="ty85zfpLvkq6a+E1GJ7vyvbz7sM=">AAACBnicbVDLSsNAFL3xWesr6lKEwSLUTUmKqCspuHFnBfuAJpTJZNIOnTyYmQgldOXGX3HjQhG3foM7/8ZJm4W2HrhwOOde7r3HSziTyrK+jaXlldW19dJGeXNre2fX3NtvyzgVhLZIzGPR9bCknEW0pZjitJsIikOP0443us79zgMVksXRvRon1A3xIGIBI1hpqW8eOT7lCjvJkCGHc+SEWA0J5tntpGqf9s2KVbOmQIvELkgFCjT75pfjxyQNaaQIx1L2bCtRboaFYoTTSdlJJU0wGeEB7Wka4ZBKN5u+MUEnWvFREAtdkUJT9fdEhkMpx6GnO/Mr5byXi/95vVQFl27GoiRVNCKzRUHKkYpRngnymaBE8bEmmAimb0VkiAUmSidX1iHY8y8vkna9Zp/X6ndnlcZVEUcJDuEYqmDDBTTgBprQAgKP8Ayv8GY8GS/Gu/Exa10yipkD+APj8wcsBphG</latexit>

�� ⌧ O(1)

(also see Gao,Li,Moult,Zhu ’19,…)

standard jet axis
<latexit sha1_base64="YKi39DKmBKObUtvHhBxpgjdEzW0=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxCuwlJDG3dSMGNuGqrfUBbymQ6aYdOHsxMhBK78FfcuFDErb/hzr9x0lZQ0QMXDufcy733uBGjQprmh7a0vLK6tp7ZyG5ube/s6nv7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyxxep37olXNAwuJGTiPR8NAyoRzGSSurrh9d9nHdhvQC7oaQ+EfAqX6sX+nrONM7KRdspQtMwzZJlWymxS86pAy2lpMiBBap9/b07CHHsk0BihoToWGYkewnikmJGptluLEiE8BgNSUfRAKlVvWR2/xSeKGUAvZCrCiScqd8nEuQLMfFd1ekjORK/vVT8y+vE0iv3EhpEsSQBni/yYgZlCNMw4IBygiWbKIIwp+pWiEeIIyxVZFkVwten8H/StA2raNg1J1c5X8SRAUfgGOSBBUqgAi5BFTQABnfgATyBZ+1ee9RetNd565K2mDkAP6C9fQJsO5Rx</latexit>

Sc(bR)⌦ J(QR)
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Linearly-polarized gluon TMDs
For Higgs production linearly-polarized gluon TMDs arises from spin interference between 
multiple initial-state gluons (Catani, Grazzini '10)

Boson-jet correlation can be used to probe linear-polarized gluon TMDs inside the 
proton (Boer, Mulders, Pisano, Zhou  ’16 …)

�µ⌫
g (x,pT ) =

n⇢n�

(p · n)2

Z
d(⇠ · P )d2⇠T

(2⇡)3
eip·⇠ hP |Tr [Fµ⇢(0)F ⌫�(⇠)]|P i

⌫

LF

=
1

2x

⇢
�gµ⌫T fg

1

�
x,p2

T

�
+

✓
pµT p

⌫
T

M2
+ gµ⌫T

p2
T

2M2

◆
h?g
1

�
x,p2

T

��

<latexit sha1_base64="eS9WOjbA7lu9GT1DjX1Ez1h1hZA="></latexit>



8

Linearly-polarized gluon TMDs
For Higgs production linearly-polarized gluon TMDs arises from spin interference between 
multiple initial-state gluons (Catani, Grazzini '10)

Boson-jet correlation can be used to probe linear-polarized gluon TMDs inside the 
proton (Boer, Mulders, Pisano, Zhou  ’16 …)

�µ⌫
g (x,pT ) =

n⇢n�

(p · n)2

Z
d(⇠ · P )d2⇠T

(2⇡)3
eip·⇠ hP |Tr [Fµ⇢(0)F ⌫�(⇠)]|P i

⌫

LF

=
1

2x

⇢
�gµ⌫T fg

1

�
x,p2

T

�
+

✓
pµT p

⌫
T

M2
+ gµ⌫T

p2
T

2M2

◆
h?g
1

�
x,p2

T

��

<latexit sha1_base64="eS9WOjbA7lu9GT1DjX1Ez1h1hZA="></latexit>
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Linearly-polarized gluon jets

-� -� -� -� -� -� -� �

�

�

��

��

The linearly-polarized jet function describes the effect of a spin-superposition of the 
gluon initiating the jet

We  provide  evidence  for  
contributions  from  
linearly-polarized  gluon 
jet  functions using MCFM

JL
g (~b?, µ, ⌫) =


1

d� 3

⇣ gµ⌫?
d� 2

+
bµ?b

⌫
?

~b 2
?

⌘�2(2⇡)d�1!

N2
c � 1

h0|�(! � n̄·P)�d�2(P?)Ba
n?µ(0)e

i~b?·~̂k?Ba
n?⌫(0)|0i

<latexit sha1_base64="zm8XOs55sT598t49SIM6fxBpRgw="></latexit>

The first non-vanishing order is one loop
JL(1)
g (~b?, µ, ⌫) = �1

3
CA +

2

3
TFnf

<latexit sha1_base64="Z9XyIfb19AgKJ7STcKhgqYwJ3ZQ="></latexit>

same as EEC gluon jet function up to             Luo, Yang, Zhu, Zhu ` 20
<latexit sha1_base64="SkzTWFZ3F3fzS/j7fAxJm3+cAO4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilJER+7ght3VrAPaEKZTG/boZNJmJkIJRT8FTcuFHHrd7jzb5y0WWjrgYHDOfdyz5wg5kxpx/m2Ciura+sbxc3S1vbO7p69f9BSUSIpNGnEI9kJiALOBDQ10xw6sQQSBhzawfgm89uPIBWLxIOexOCHZCjYgFGijdSzj7yQ6BElPL2bVjyIFeOROOvZZafqzICXiZuTMsrR6NlfXj+iSQhCU06U6rpOrP2USM0oh2nJSxTEhI7JELqGChKC8tNZ/Ck+NUofDyJpntB4pv7eSEmo1CQMzGQWVi16mfif10304MpPmYgTDYLODw0SjnWEsy5wn0mgmk8MIVQykxXTEZGEatNYyZTgLn55mbRqVfeiWrs/L9ev8zqK6BidoApy0SWqo1vUQE1EUYqe0St6s56sF+vd+piPFqx85xD9gfX5AzY2lZ8=</latexit>

O(✏)

(Chien, Rahn, Schrignder van Velzen, DYS, Waalewijn & Wu  ’21 PLB)
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Numerical Results

Small b (                   ): match onto NLO 


Large b (                                   ): avoid Landau pole with b* prescription


good perturbative convergence


Pythia agrees well 

(Chien, Rahn, Schrignder van Velzen, DYS, Waalewijn & Wu  ’21 PLB)

<latexit sha1_base64="r4ryBR7b13DMcO6MpYABzaglVuU=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRF1JUU3Lizgn1AE8pkMmmHzkzCzEQooSs3/oobF4q49Rvc+TdO2iy09cCFwzn3cu89QcKo0o7zbS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLboAUYVSQlqaakW4iCeIBI51gdJ37nQciFY3FvR4nxOdoIGhEMdJG6ttHXkiYRl4ypJ6iHHoc6SFGLLudVN3Tvl1xas4UcJG4BamAAs2+/eWFMU45ERozpFTPdRLtZ0hqihmZlL1UkQThERqQnqECcaL8bPrGBJ4YJYRRLE0JDafq74kMcaXGPDCd+ZVq3svF/7xeqqNLP6MiSTUReLYoShnUMcwzgSGVBGs2NgRhSc2tEA+RRFib5MomBHf+5UXSrtfc81r97qzSuCriKIFDcAyqwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2PWeuSVcwcgD+wPn8ArGiYlw==</latexit>

�� ⇠ O(1)
<latexit sha1_base64="BHAEQsyIsFTJQFerMtDVeD9AHPE="></latexit>

�� ⇠ O(⇤QCD/pT,J )
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Track-based jet definition
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���
���

• The angular resolution of jet measurements  is  about  0.1  radians, limiting access 
to the back-to-back region


• This can be overcome by measuring the jet using only charged particles, exploiting 

the superior angular resolution of the tracking systems at the LHC. 

Tracking jet function:

We have verified that using tracks  only  
has  a  minimal  effect  on  this  
measurement

Chang, Procura, Thaler, & Waalewijn ’13

(Chien, Rahn, Schrignder van Velzen, DYS, Waalewijn & Wu  ’21 PLB)
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Glauber gluon and super-leading logs resummation

Expand the expansion kernel

4 (Super-)leading logarithms

The simplest example one can consider is the partonic process q1 q02 ! q3 q04, whose tree-

level amplitude has color structure ta↵3↵1
ta↵4↵2

from gluon exchange. The tree-level hard

function then takes the form

H4 = ta↵3↵1
ta↵4↵2

tb�1�3
tb�2�4

�0 (4.1)

where the indices �i belong to the conjugate amplitude. The Born-level cross section �0
depends on the scattering angle. The color average needed to get the tree-level cross section

from the hard function is obtained by contracting the initial and final-state color indices.

At tree level, this contraction produces tr
�
tatb

�
tr
�
tatb

�
= (N2

c � 1)/4 and we normalize

with this factor so that hH4i = �0.

To obtain the cross section, we expand the evolution factor which multiplies the hard

function as

H4U(µs, µh) = H4P exp

 Z µh

µs

dµ

µ
�
H(Q,µ)

�
(4.2)

= H4 +

Z µh

µs

dµ

µ
H4 �

H(Q,µ) +

Z µh

µs

dµ

µ

Z µh

µ

dµ0

µ0 H4 �
H(Q,µ0)�H(Q,µ) + . . .

Since the soft functions are trivial, the cross section is obtained by computing the color

trace and performing the µ integrations. To obtain the result in RG-improved perturbation

theory, one rewrites the integrations as integrals over the running coupling and expands

the integrands in the coupling. For our discussion of the leading-logarithmic terms we

set µh = Q and do not consider the running of the coupling. The µ-integrals become

simple but one needs to keep track of are powers of the anomalous dimensions V L
i and RL

i

which induce an extra power of ln(µ/Q) into the integrands. The n-fold integrals without

logarithms in the anomalous dimension produce a factor lnn(Q/µ)/n!, general expressions

for integrals with logarithms in the anomalous dimensions are derived in Appendix A.

The first non-zero contribution of the phase factors arises at 3 loops and takes the form

S(3) =
⌦
H4V

IV I(V 4 +R4)
↵ ⇣↵s

4⇡

⌘3 1

3!
ln3

✓
Q

µ

◆
= �

⇣↵s

4⇡

⌘3 16CF

3
⇡2L3

Q J1 �0 (4.3)

where LQ = ln µ2

Q2 and

J1 =

Z
d⌦(n5)

4⇡

�
�W 5

13 +W 5
14 +W 5

23 �W 5
24

�
⇥out(n5) , (4.4)

Note that this integral is finite and we can replace the subtracted dipoles with regular ones

as long as  is small enough. The expression (4.3) should be read from left to right. We

start with H4, apply the imaginary part of the anomalous dimension twice and then add

the regular piece, which includes a real emission. Note that we give the result for products

of the hard function and anomalous dimension matrices.

– 6 –
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LO hard function:

The first non-zero contribution of has factor arises at 3-loop order

Super-leading logs at 4-loop order:
The first contributions of the logarithmic piece in the anomalous dimension arise at

four-loop order. There are two terms S(4) = S(4)
0 + S(4)

1 , which have the form

S(4)
0 =

*
H4V

I

"
4X

i=1

V L
i V I(V 4 +R4) +

4X

i=1

RL
i V

I(V 5 +R5)

#+⇣↵s

4⇡

⌘4 (�2)

5!
ln5

✓
Q

µ

◆

=
⇣↵s

4⇡

⌘4 8(N2
c � 1)

15
⇡2L5

Q J1 �0 = �

⇣↵s

4⇡

⌘ Nc

5
L2
Q S(3) , (4.5)

and

S(4)
1 =

*
H4

"
4X

i=1

V L
i V IV I(V 4 +R4) +

4X

i=1

RL
i V

IV I(V 5 +R5)

#+⇣↵s

4⇡

⌘4 (�1)

5!
ln5

✓
Q

µ

◆

=
⇣↵s

4⇡

⌘4 2

15
⇡2L5

Q

⇥
(N2

c � 1)J1 + 2(N2
c � 3)J2

⇤
�0 (4.6)

where

J2 =

Z
d⌦(n5)

4⇡
W 5

12⇥out(n5) (4.7)

Due to the extra logarithm associated with V L
i and RL

i , we end up with five logarithms at

four loops, so these last two terms are examples of super-leading logarithmic contributions.

The four-loop terms are obtained by inserting a single logarithmic anomalous dimension

�
L =

P2
i=1(V

L
i + RL

i ) into the three-loop structure. There are two such insertions: the

structure S1 is obtained from the product �I
�
L
�
I
�, while the second one corresponds to

�
L
�
I
�
I
�. All other four-loop combinations of two V I

m and one V L
m term give zero. To

perform the relevant computations, we have written a computer code which implements the

anomalous dimension and evaluates the resulting color structure using the ColorMath

code [5].

It is also easy to write down the leading super-leading logarithms at five-loop order.

The three non-zero contributions Ti arise from the products

S(5)
1 ⇠ �

I
�
�
L
�2

�
I
� , S(5)

2 ⇠ �
L
�
I
�
L
�
I
� , S(5)

3 ⇠
�
�
L
�2

�
I
�
I
� (4.8)

This pattern continues at higher orders. The leading logarithms at (n + 3)-th order are

obtained by evaluating the structures

S(n+3)
m =

⇣↵s

4⇡

⌘n+3
ln2n+3

⇣Q

µs

⌘ (�2)n (2(n�m)� 1)!!

2(n+ 1)(2n+ 3)!!

D
H4

�
�
L
�n�m

�
I
�
�
L
�m

�
I
�

E

(4.9)

for m = 0 . . . n. The prefactor involving double factorials arises from performing the

associated µ-integrals and is derived in Appendix A. The relevant matrix element is given

by

D
H4

�
�
L
�n�m

�
I
�
�
L
�m

�
I
�

E
=

�0 ⇡
2 2m+n+7Nn�1

c

⇥
J1

�
N2

c � 1
�
+ 2

�
N2

c � 2�m+n+1 + 1
�
(1� �n,m) J2

⇤
(4.10)

This form of the matrix element has been guessed from evaluating the matrix elements at

the first few orders and has been verified up to six loops.

– 7 –

(Becher, Neubert, DYS ‘21)

(Becher, Neubert, Rothen, DYS ’15 PRL) 

Forshaw, Kyrieleis, Seymour ’06
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All-order results of super-leading logs

Sudakov suppression of the superleading 
logarithms is weaker than the one present 
for global observables 

<latexit sha1_base64="gCF/cuUoPGZR294uQx72A4oKm5o=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSIuqx6MWDhwr2A5oYJtttu3Q3CbsboYR68a948aCIV/+FN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lOwRFOYtoQzPNaTuRFETIaSscXk381gOVisXRnR4l1BfQj1iPEdBGCuwDLxa0D9hTTGAPeDKAQOGb+2pgl52KMwVeJG5OyihHPbC/vG5MUkEjTTgo1XGdRPsZSM0Ip+OSlyqaABlCn3YMjUBQ5WfTD8b42Chd3IulqUjjqfp7IgOh1EiEplOAHqh5byL+53VS3bvwMxYlqaYRmS3qpRzrGE/iwF0mKdF8ZAgQycytmAxAAtEmtJIJwZ1/eZE0qxX3rFK9PS3XLvM4iugQHaET5KJzVEPXqI4aiKBH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx89b5Yc</latexit>

! ⇠ ↵sL
2

<latexit sha1_base64="6SNxqNWcEOa5HOflCWLHNHdfgEU=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHaDqMegF48RzAOSNcxOepMh81hmZoWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0eh26reeQBum5IMdJxAKMpAsZpRYJ3XgMTvvKgEDMumVyn7FnwEvkyAnZZSj3it9dfuKpgKkpZwY0wn8xIYZ0ZZRDpNiNzWQEDoiA+g4KokAE2azkyf41Cl9HCvtSlo8U39PZEQYMxaR6xTEDs2iNxX/8zqpja/DjMkktSDpfFGccmwVnv6P+0wDtXzsCKGauVsxHRJNqHUpFV0IweLLy6RZrQSXler9Rbl2k8dRQMfoBJ2hAF2hGrpDddRAFCn0jF7Rm2e9F+/d+5i3rnj5zBH6A+/zBz3JkTw=</latexit>

e�!Global logs

<latexit sha1_base64="Y2G8LlyIVVI7urAqZIkKvDv2Pw8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRF1GXRjcsK9gFNKJPppB06jzAzUULsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TJYxq43nfTmltfWNzq7xd2dnd2z9wq4cdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS5mfndB6I0leLeZAkJORoJGlOMjJUGbjWQnIwQDIyEARWxyQZuzat7c8BV4hekBgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoJUk0ShCdoRPqWCsSJDvP56VN4apUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGbR/znKAQ6oINiyzBGFF7a0Qj5FC2Ni0KjYEf/nlVdJp1P2LeuPuvNa8LuIog2NwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox+L1pJTzByBP3A+fwDlWJPG</latexit>

! ! 1
<latexit sha1_base64="+GP7jdNjlOze6KDBpBHquIuP1Ac=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKqMeiF48V7Ac0oWy2k3bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxENnEloGWY4dFMFREQcOtH4fu53JqA0S+STmaYQCjKULGaUGCv1XTeIFaG5P8uDRMCQzPpu1at5C+B14hekigo0++5XMEhoJkAayonWPd9LTZgTZRjlMKsEmYaU0DEZQs9SSQToMF9cPsMXVhngOFG2pMEL9fdEToTWUxHZTkHMSK96c/E/r5eZ+DbMmUwzA5IuF8UZxybB8xjwgCmghk8tIVQxeyumI2KjMDasig3BX315nbTrNf+6Vn+8qjbuijjK6Aydo0vkoxvUQA+oiVqIogl6Rq/ozcmdF+fd+Vi2lpxi5hT9gfP5A9wRk9A=</latexit>

1

!
Superleading logs

<latexit sha1_base64="uItC6P9vlDNzHw1yIYR+RvtElyA="></latexit>

SO =
⇣↵s

⇡

⌘3
⇡2 ln3

Q

µs

1

Nc

⇥
N2

c
(4f1(w)� 2f�(w)]� 4f2(!) + 2f�(w)

�
�Y �0

Numerical results

Red: Four loop      Blue: Five loop      Black: all order

(Becher, Neubert, DYS ‘21)
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All-order results of super-leading logs
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for global observables 
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! ⇠ ↵sL
2
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! ! 1
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! ⇠ ↵sL
2

<latexit sha1_base64="6SNxqNWcEOa5HOflCWLHNHdfgEU=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHaDqMegF48RzAOSNcxOepMh81hmZoWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0eh26reeQBum5IMdJxAKMpAsZpRYJ3XgMTvvKgEDMumVyn7FnwEvkyAnZZSj3it9dfuKpgKkpZwY0wn8xIYZ0ZZRDpNiNzWQEDoiA+g4KokAE2azkyf41Cl9HCvtSlo8U39PZEQYMxaR6xTEDs2iNxX/8zqpja/DjMkktSDpfFGccmwVnv6P+0wDtXzsCKGauVsxHRJNqHUpFV0IweLLy6RZrQSXler9Rbl2k8dRQMfoBJ2hAF2hGrpDddRAFCn0jF7Rm2e9F+/d+5i3rnj5zBH6A+/zBz3JkTw=</latexit>

e�!Global logs

<latexit sha1_base64="Y2G8LlyIVVI7urAqZIkKvDv2Pw8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRF1GXRjcsK9gFNKJPppB06jzAzUULsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TJYxq43nfTmltfWNzq7xd2dnd2z9wq4cdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS5mfndB6I0leLeZAkJORoJGlOMjJUGbjWQnIwQDIyEARWxyQZuzat7c8BV4hekBgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoJUk0ShCdoRPqWCsSJDvP56VN4apUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGbR/znKAQ6oINiyzBGFF7a0Qj5FC2Ni0KjYEf/nlVdJp1P2LeuPuvNa8LuIog2NwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox+L1pJTzByBP3A+fwDlWJPG</latexit>

! ! 1
<latexit sha1_base64="+GP7jdNjlOze6KDBpBHquIuP1Ac=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKqMeiF48V7Ac0oWy2k3bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxENnEloGWY4dFMFREQcOtH4fu53JqA0S+STmaYQCjKULGaUGCv1XTeIFaG5P8uDRMCQzPpu1at5C+B14hekigo0++5XMEhoJkAayonWPd9LTZgTZRjlMKsEmYaU0DEZQs9SSQToMF9cPsMXVhngOFG2pMEL9fdEToTWUxHZTkHMSK96c/E/r5eZ+DbMmUwzA5IuF8UZxybB8xjwgCmghk8tIVQxeyumI2KjMDasig3BX315nbTrNf+6Vn+8qjbuijjK6Aydo0vkoxvUQA+oiVqIogl6Rq/ozcmdF+fd+Vi2lpxi5hT9gfP5A9wRk9A=</latexit>

1

!
Superleading logs

<latexit sha1_base64="CZnrqQyjltMN6mxEeK0z6nelh/4="></latexit>

f�(w) =
1

3
2F2

✓
1, 1; 2,

5

2
;�w

◆
hypergeometric function

<latexit sha1_base64="98bW+CIf07iGbZTgbvnsYTob+rM="></latexit>

f2(w) =
1

w
�

p
⇡

2w3/2
erf

�p
w
�

error function

<latexit sha1_base64="uItC6P9vlDNzHw1yIYR+RvtElyA="></latexit>

SO =
⇣↵s

⇡

⌘3
⇡2 ln3

Q

µs

1

Nc

⇥
N2

c
(4f1(w)� 2f�(w)]� 4f2(!) + 2f�(w)

�
�Y �0

Numerical results

Red: Four loop      Blue: Five loop      Black: all order

(Becher, Neubert, DYS ‘21)
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All-order results of super-leading logs

Sudakov suppression of the superleading 
logarithms is weaker than the one present 
for global observables 

<latexit sha1_base64="gCF/cuUoPGZR294uQx72A4oKm5o=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FSSIuqx6MWDhwr2A5oYJtttu3Q3CbsboYR68a948aCIV/+FN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lOwRFOYtoQzPNaTuRFETIaSscXk381gOVisXRnR4l1BfQj1iPEdBGCuwDLxa0D9hTTGAPeDKAQOGb+2pgl52KMwVeJG5OyihHPbC/vG5MUkEjTTgo1XGdRPsZSM0Ip+OSlyqaABlCn3YMjUBQ5WfTD8b42Chd3IulqUjjqfp7IgOh1EiEplOAHqh5byL+53VS3bvwMxYlqaYRmS3qpRzrGE/iwF0mKdF8ZAgQycytmAxAAtEmtJIJwZ1/eZE0qxX3rFK9PS3XLvM4iugQHaET5KJzVEPXqI4aiKBH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx89b5Yc</latexit>

! ⇠ ↵sL
2

<latexit sha1_base64="6SNxqNWcEOa5HOflCWLHNHdfgEU=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHaDqMegF48RzAOSNcxOepMh81hmZoWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0eh26reeQBum5IMdJxAKMpAsZpRYJ3XgMTvvKgEDMumVyn7FnwEvkyAnZZSj3it9dfuKpgKkpZwY0wn8xIYZ0ZZRDpNiNzWQEDoiA+g4KokAE2azkyf41Cl9HCvtSlo8U39PZEQYMxaR6xTEDs2iNxX/8zqpja/DjMkktSDpfFGccmwVnv6P+0wDtXzsCKGauVsxHRJNqHUpFV0IweLLy6RZrQSXler9Rbl2k8dRQMfoBJ2hAF2hGrpDddRAFCn0jF7Rm2e9F+/d+5i3rnj5zBH6A+/zBz3JkTw=</latexit>

e�!Global logs

<latexit sha1_base64="Y2G8LlyIVVI7urAqZIkKvDv2Pw8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRF1GXRjcsK9gFNKJPppB06jzAzUULsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TJYxq43nfTmltfWNzq7xd2dnd2z9wq4cdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS5mfndB6I0leLeZAkJORoJGlOMjJUGbjWQnIwQDIyEARWxyQZuzat7c8BV4hekBgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoJUk0ShCdoRPqWCsSJDvP56VN4apUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGbR/znKAQ6oINiyzBGFF7a0Qj5FC2Ni0KjYEf/nlVdJp1P2LeuPuvNa8LuIog2NwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox+L1pJTzByBP3A+fwDlWJPG</latexit>

! ! 1
<latexit sha1_base64="+GP7jdNjlOze6KDBpBHquIuP1Ac=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKqMeiF48V7Ac0oWy2k3bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxENnEloGWY4dFMFREQcOtH4fu53JqA0S+STmaYQCjKULGaUGCv1XTeIFaG5P8uDRMCQzPpu1at5C+B14hekigo0++5XMEhoJkAayonWPd9LTZgTZRjlMKsEmYaU0DEZQs9SSQToMF9cPsMXVhngOFG2pMEL9fdEToTWUxHZTkHMSK96c/E/r5eZ+DbMmUwzA5IuF8UZxybB8xjwgCmghk8tIVQxeyumI2KjMDasig3BX315nbTrNf+6Vn+8qjbuijjK6Aydo0vkoxvUQA+oiVqIogl6Rq/ozcmdF+fd+Vi2lpxi5hT9gfP5A9wRk9A=</latexit>

1

!
Superleading logs

<latexit sha1_base64="CZnrqQyjltMN6mxEeK0z6nelh/4="></latexit>

f�(w) =
1

3
2F2

✓
1, 1; 2,

5

2
;�w

◆
hypergeometric function

<latexit sha1_base64="98bW+CIf07iGbZTgbvnsYTob+rM="></latexit>

f2(w) =
1

w
�

p
⇡

2w3/2
erf

�p
w
�

error function
<latexit sha1_base64="b/pTBMtG0NhDAKTHX289AdBMo3Y="></latexit>

f1(w) =

p
⇡

2w

Z p
w
2

0

dz

z2

"
erf (z)� e�2z2

i
erf(iz)

#
Owen’s T function

<latexit sha1_base64="uItC6P9vlDNzHw1yIYR+RvtElyA="></latexit>

SO =
⇣↵s

⇡

⌘3
⇡2 ln3

Q

µs

1

Nc

⇥
N2

c
(4f1(w)� 2f�(w)]� 4f2(!) + 2f�(w)

�
�Y �0

Numerical results

Red: Four loop      Blue: Five loop      Black: all order

(Becher, Neubert, DYS ‘21)
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Summary
• QCD Jets are our windows on partons

• Recoil-free azimuthal correlation achieves first NNLL (NNNLL in 

progress) accuracy with small non-perturbative corrections. 

• Our theoretical framework includes full jet dynamic, and it can be used 

to probe the linearly-polarization states of gluon 

• Track-based jets provide superior angular resolution

• Our result serves as a baseline for pinning down the inner workings of 

nuclear matter using hard probes

• We derive, for the first time, the all-order structure of these “super-

leading logarithms” for generic scattering processes at hadron colliders 

and resum them in closed form



Thank you
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