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Flavor Transformation

The effective Lagrangian in the leptonic sector of the SM extended with
Majorana neutrinos reads

_ 1
Lepton = — i, M lg — §VLMVVE + \flL'VMVL W, +hc. (1)

with v¥ = C7T and C = iy?0.
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Flavor Transformation

The effective Lagrangian in the leptonic sector of the SM extended with
Majorana neutrinos reads

_ 1
Lepton = —l, My lg — §7LMVVE + Fu, W, +he. (1)

vk

with v = C7T and C = iv?7°. The Lagrangian in Eq. (1) is unchanged
under the unitary transformation in the flavor space

lL — lﬁ = ULlL y v, — VIi = ULVL y ZR — lﬁ = URlR , (2)
if the lepton mass matrices transform as
M, — M} = U MU, , M, — M, = U, M,U, (3)

where U; and Uy are arbitrary 3 x 3 unitary matrices.
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Flavor Invariants |

1> Values of lepton mass matrices M, and M,, do change under the
flavor transformation.
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Flavor Invariants |

1> Values of lepton mass matrices M, and M,, do change under the
flavor transformation.

= Physical observables such as the lepton masses, should not depend on
the chosen basis (flavor invariants).
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Flavor Invariants |

1> Values of lepton mass matrices M, and M,, do change under the
flavor transformation.

= Physical observables such as the lepton masses, should not depend on
the chosen basis (flavor invariants).

= Defining

Hl = MlM;f ’ Hy = MVMIT/ ) Glu = MVH,ZKMI/ ’
GE:) = M, (H})"M], (n > 2 integers) ,

it is straightforward to construct a set of flavor invariants

v v

fr‘z%d =Tr {H?HZ G5, [G(n)} dH;HZ Gfu [G(n’)] v } ’ @

with the power indices {a, b, ¢, d, 1, s, t, u} all non-negative integers.

Bingrong Yu (IHEP, CAS) Flavor Invariants and CP Violation 2021/8/17 5/31



An Example: Jarlskog Invariant

A well-known example is the Jarlskog invariant,* which is unchanged under
the flavor transformation

T = Det ([H,, H,]) — T’ = Det ([ULHZUL, U H, U{D ~7.

*C. Jarlskog. “Commutator of the Quark Mass Matrices in the Standard Electroweak Model and a Measure of Maximal CP
Violation"”. In: Phys. Rev. Lett. 55 (1985), p. 1039. pOI: 10.1103/PhysRevLett.55.1039.
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An Example: Jarlskog Invariant

A well-known example is the Jarlskog invariant,* which is unchanged under
the flavor transformation

T = Det ([H,, H,]) — T’ = Det ([ULHZUL, U H, U{D ~7.

Substituting into Z the standard parametrization of PMNS matrix

c13¢12 ) €13512 ) s1ge” N

VPMNS = | —S12¢23 — C123135236f;s teiacag — 512513323‘3fs €13523 : 0 €7 0 5
+512523 — C12813C03¢€ —C12833 — S12513C3€ €13¢23

one obtains the Jarlskog invariant in terms of physical observables

. 2 .
I = 21A12A23A31A6uA,U47—A76812 612823023813013 Sln(s 3

with A, = m3 — m]2 (i,7=1,2,3) and A= m2 — m% (o, B =e,u,T).

(e

*C. Jarlskog. “Commutator of the Quark Mass Matrices in the Standard Electroweak Model and a Measure of Maximal CP
Violation"”. In: Phys. Rev. Lett. 55 (1985), p. 1039. pOI: 10.1103/PhysRevLett.55.1039.
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Flavor Invariants Il

Two immediate questions are in order:
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Flavor Invariants Il

Two immediate questions are in order:

a) Are there any basic invariants {I;, L5, ..., I, } in the theory such that
any given invariant I’ can be expressed as the polynomial of them

.[I — P(I171277Im) . (5)

Furthermore, how to determine the number m and how to explicitly
construct all the basic invariants?
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Two immediate questions are in order:

a) Are there any basic invariants {I;, L5, ..., I, } in the theory such that
any given invariant I’ can be expressed as the polynomial of them

.[I — P(I171277Im) . (5)

Furthermore, how to determine the number m and how to explicitly
construct all the basic invariants?

b) How are the flavor invariants related to physical observables (e.g.,
lepton masses, flavor mixing angles, CP-violating phases), and given
basic invariants, how to extract physical observables from them?
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Flavor Invariants Il

Two immediate questions are in order:

a) Are there any basic invariants {I;, L5, ..., I, } in the theory such that
any given invariant I’ can be expressed as the polynomial of them

.[I — P(I171277Im) . (5)

Furthermore, how to determine the number m and how to explicitly
construct all the basic invariants?

b) How are the flavor invariants related to physical observables (e.g.,
lepton masses, flavor mixing angles, CP-violating phases), and given
basic invariants, how to extract physical observables from them?

The above two questions can be answered using the mathematical tools in
the invariant theory, which is a branch of the computational algebraic
geometry.

Bingrong Yu (IHEP, CAS) Flavor Invariants and CP Violation 2021/8/17 7/31



Outline

© Invariant Theory
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Invariant Theory

Given a theory with n parameters Z = (zy, ..., z,,) and a symmetry group

G, we are interested in those quantities that are invariant under the group
action, i.e.,

1(Z) = I(R(9)7) , Vg€ G, (6)

where R is a representation of G and I(Z) is a polynomial function of Z.
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Invariant Theory

Given a theory with n parameters Z = (zy, ..., z,,) and a symmetry group
G, we are interested in those quantities that are invariant under the group
action, i.e.,

1(Z) = I(R(9)7) , Vg€ G, (6)

where R is a representation of G and I(Z) is a polynomial function of Z.

Since all the invariants are closed under the addition and multiplication,
they form a ring. The ring is finitely generated if all invariants in the ring
can be expressed as the polynomials of a finite number of basic invariants.
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Invariant Theory

Given a theory with n parameters Z = (zy, ..., z,,) and a symmetry group
G, we are interested in those quantities that are invariant under the group
action, i.e.,

1(Z) = I(R(9)7) , Vg€ G, (6)

where R is a representation of G and I(Z) is a polynomial function of Z.

Since all the invariants are closed under the addition and multiplication,
they form a ring. The ring is finitely generated if all invariants in the ring
can be expressed as the polynomials of a finite number of basic invariants.

If G is a reductive group, then the invariant ring is finitely generated.?b¢

?Bernd Sturmfels. Algorithms in invariant theory. Springer Science & Business Media, 2008.
bHarm Derksen and Gregor Kemper. Computational invariant theory. Springer, 2015.

€All the finite groups and semi-simple Lie groups are reductive.
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Hilbert Series |

== |n order to find the number and degrees of all the basic invariants,
one can use the tool called Hilbert series (HS), which serves as the
generating function of the invariants

H(qb ’qn = Z Z Cky .. knql n > (7)

k1=0 knp=

where ¢; (for i=1,2,...,n) label the degree of the ¢th building block
and satisfy |g;| < 1, while ¢, (with co._o = 1) denote the number
of linearly-independent invariants when the n building blocks are at
the degree of (&, ..., k,,), respectively.
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Hilbert Series Il

= Given the HS, one can calculate its plethystic logarithm (PL), which
counts the number and degrees of the basic invariants

PL [%(qlv"'aqn = Z//L(kk |: qka"'aQEz):| Y (8)

oo
k=1

where 1(k) is the Mébius function. The key observation of PL is'

TSergio Benvenuti et al. “Counting BPS Operators in Gauge Theories: Quivers, Syzygies and Plethystics”. In: JHEP 11
(2007), p. 050.
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Hilbert Series Il

= Given the HS, one can calculate its plethystic logarithm (PL), which
counts the number and degrees of the basic invariants

PL [H(qla"'aqn = Zﬂ(k |: qk"”’q?]z):| Y (8)

where 1(k) is the Mébius function. The key observation of PL is'

Observation

The leading positive terms of PL correspond to the basic invariants while
the leading negative terms of PL correspond to the polynomial relations
among these basic invariants (syzygies).

1\Sergio Benvenuti et al. “Counting BPS Operators in Gauge Theories: Quivers, Syzygies and Plethystics”. In: JHEP 11
(2007), p. 050.
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Hilbert Series IlI

= Therefore, once obtaining the HS, one can conveniently read off the
number and degrees of basic invariants from its PL. However,
computing HS from the definition is usually very difficult, sometimes
even impossible, since the number of linear-independent invariants
grows very quick with the degree.
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Hilbert Series IlI

= Therefore, once obtaining the HS, one can conveniently read off the
number and degrees of basic invariants from its PL. However,
computing HS from the definition is usually very difficult, sometimes
even impossible, since the number of linear-independent invariants
grows very quick with the degree.

= A systematic method to calculate the HS is to use the Molien-Weyl
formula, which reduces the calculation of HS to several complex
integrals and can be accomplished via the residue theorem.
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Hilbert Series IV

Theorem (Molien-Weyle formul

Given a symmetric group G with rank ry and n independent building blocks, the Hilbert
series is given by®

H(q1s -+ n) :/[d”]GPE(zh~~-azr0;q17~-~7Qn) ; (9)

2T. Molien. “Uber die Invarianten der linearen Substitutionsgruppe”. In: Sitzungber. Kénig. Preuss. Akad.
Wiss. (J. Berl. Ber.). 52 (1897), pp. 11562-1156.

bHermann Weyl. “Zur Darstellungstheorie und Invariantenabzéhlung der projektiven, der Komplex-und der
Drehungsgruppe”. In: Acta Mathematica 48.3-4 (1926), pp. 255—-278.
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Hilbert Series IV

Theorem (Molien-Weyle formula)

Given a symmetric group G with rank ry and n independent building blocks, the Hilbert
series is given by®

H(q1s -+ n) =/[dﬂ}GPE(zh-.-,zm;ql,u-,qn) ; (9)

3T. Molien. “Uber die Invarianten der linearen Substitutionsgruppe”. In: Sitzungber. Kénig. Preuss. Akad.
Wiss. (J. Berl. Ber.). 52 (1897), pp. 11562-1156.

bHermann Weyl. “Zur Darstellungstheorie und Invariantenabzéhlung der projektiven, der Komplex-und der
Drehungsgruppe”. In: Acta Mathematica 48.3-4 (1926), pp. 255—-278.

where [dy] , denotes the Haar measure of the symmetry group G and the
integrand is the plethystic exponential (PE) defined as

O v (2 ) gF
PE (21, .., 23 Q15 o Q) = €XP ZZ Rl( ! . n) & , (10)
k=1 i=1

with z; (for i =1,2, ..., 1) being the coordinates on the maximum torus of
G and x . being the character function of G in the representation R,.
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Hilbert Series in Effective Theory

1 |f the RH Majorana neutrinos are much heavier than electroweak
scale, we can integrate out them to obtain the effective Lagrangian

— 1
Lo = L Ml — §7LMVVE + P, W, +he. (11)

Wik
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Hilbert Series in Effective Theory

1 |f the RH Majorana neutrinos are much heavier than electroweak
scale, we can integrate out them to obtain the effective Lagrangian

— 1
Lo = L Ml — §7LMVVE + P, W, +he. (11)

Wik

1= The representations of the building blocks under U(3) transformation

H=MM:323, M,:(3®3),, M:@3 «3), . (12)
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Hilbert Series in Effective Theory

1 |f the RH Majorana neutrinos are much heavier than electroweak
scale, we can integrate out them to obtain the effective Lagrangian

— 1
Lo = L Ml — §7LMVVE + P, W, +he. (11)

~
\flL
1= The representations of the building blocks under U(3) transformation

H=MM:323, M,:(3®3),, M:@3 «3), . (12)

= The character functions of the building blocks

Xi(z,2,2) = (51 + 2+ %) (Zfl +4' + Zgl) )
Xy (21,29, 23) = z;{—l—é+z§+z122+z1z3+2223+z1_2+22_2
+a i+t r gt gt (13)
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Hilbert Series in Effective Theory

= From the character functions, it is straightforward to calculate the PE
PE (zh 225 23; QQu qy)

(1-)* (- Gng') (- ¢az") (1 - duq)

1-guz')(1-gas') (1-gus') (1-q9,.4)

1-¢,%) (1-¢23)1—-q225)(1-q22) 1 - q252)

1-¢47) (1-¢5") (1-05") (1-04'5")

<(1-ga'5") (1-an'5)] (14)
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Hilbert Series in Effective Theory

= From the character functions, it is straightforward to calculate the PE
PE (217 227 23; q27 ql/)

(=)' (1= Fna") (1-daz’) 1 - du")

I-daz") (1-Gaz’) (- dsz') (1- o)

(1- quzg) (1- (.IVZ%) (1= q22)(1—q22) (1 - q2%n2z)

(107 (1-05") (1-05")(1-04'5")

<(1-ga'5") (1-an'5)]

(14)
1= The Haar measure of U(3) group reads
1 dz dz dz
[y = o f Bf Gy
6 (27m1)" J]z|=1 21 J]z|=1 22 J|m|=1 %
w = (2 — 31)2 (23 — Z1)2 (23 — 22)2 (15)
A4 '
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Hilbert Series in Effective Theory

= Finally, substituting the Haar measure and PE into Molien-Weyl
formula and performing complex integrals, we obtain the HS*

N(qlv Ql/)
%Q7qu :/d:u PEZ,ZaZQ(JZaqy = <7 > (16)
(a00) = | Qoo PE (222055 . 0) = 5
where
Nla,a,) = —a'aq®—2¢°¢" —2¢°¢ — ¢°¢° — 2¢°q¢*

-30°¢" — 4°q,” —3¢°¢," — 3¢/°q” — 3¢;°q°
- - % - qtet - ate? - ate - 24
—q'd - q*et + aPd 4+ e +2q° a0 + q°d)
+0' S+ q° G+ 4o+ 4 +3d 4 +3d ¢
3G G+ 4 +30E + 2404 + di ) + 26
+2¢i4, + 1,

Elizabeth Ellen Jenkins and Aneesh V. Manohar. “Algebraic Structure of Lepton and Quark Flavor Invariants and CP
Violation”. In: JHEP 10 (2009), p. 094.
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Hilbert Series in Effective Theory

Digpg) = (1-a)(1-d)(1-@)(1-¢)(1—a) (1)
x(1-¢@) (1-ddd) (1 ¢d) (1 - )
x(L=arap) (1= dia) -

Svilin Wang, Bingrong Yu, and Shun Zhou. “Flavor Invariants and Renormalization-group Equations in the Leptonic Sector
with Massive Majorana Neutrinos”. In: (July 2021). arXiv: 2107.06274 [hep-ph].
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Hilbert Series in Effective Theory

Digpg) = (1-a)(1-d)(1-@)(1-¢)(1—a) (1)
x(1-¢@) 1—d@) (1-add) (1-¢a)
x(1-dlq) (1-da) -

= From the HS, one can calculate its PL by definitionS

PLH(qpq,)] = G+E+d+aqG+d+d+24¢+qd,
+&+ ¢+ BQ?Qﬁ + Qz8q2 +2¢0q} + 24} ¢S
+3qi g, + 36+ dl g + qlw(ﬁ +3¢E + 4

+a2gh + 4°¢ - O0(lq0,)"™) - (17)

Svilin Wang, Bingrong Yu, and Shun Zhou. “Flavor Invariants and Renormalization-group Equations in the Leptonic Sector
with Massive Majorana Neutrinos”. In: (July 2021). arXiv: 2107.06274 [hep-ph].
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Hilbert Series in Effective Theory

Digpg) = (1-a)(1-d)(1-@)(1-¢)(1—a) (1)
~ @) (1- g @) (1- ¢d) (1 - £)

x (1
x(L=arap) (1= dia) -
= From the HS, one can calculate its PL by definitionS

PLM(q,q) = G+¢+d+aa+d+d+240+dqd
+E+ G +34 a4+ G+ 2404+ 24
+34i G, + 30 + di )+ 4’4 + 30 E + @4}
+a? g + ' — 0(lq9,)™) - (17)

= From the leading positive terms of PL, one can conveniently read off
the number and degrees of the basic invariants.

Svilin Wang, Bingrong Yu, and Shun Zhou. “Flavor Invariants and Renormalization-group Equations in the Leptonic Sector
with Massive Majorana Neutrinos”. In: (July 2021). arXiv: 2107.06274 [hep-ph].
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Basic Invariants in Effective Theory

H=MM , H,=MM, & G,=MHEM,, & &2 =M, (H)?M

flavor invariants (q-4,) | @ +a, | CP parity flavor invariants G +q, CP parity
I, = Tr(H) (2,0) 2 + Iiy=Tr({H. H}} G,,) 10 +
Tr(H,) 0.2) 2 T L= ([H,.H)G,) 10 —
T(H?) @0 | 1 i Ly =T ({7 ) GY) 12 +
Tr(HH,) (2,2) 1 + Ly ="Tr ([HE H,] G 12 E
T (H) 049 ] 4 + I, = Tr (H?H, H, Tv (A2G, H,H,) 2 -
B R (A
T f ,2) 6 + — "
s = T;-(Hj(?, ? (42) | 6 * 124 B lr((I[JHL#;}H )~ Tt (H?H, H,H?) S =
T‘:(Hl’;{'ﬂ 24 | 6 + T (002G, 1) — '11((1-1 1,G, 12 B -
Tr (13) (0,6) 6 + e &
T (G G i : (U, 1,62 — T (U, les U,H,/) 14 -
c({H,. H}YG,) | (4,4) 3 + ij -
([H). H,G,) (4.4 8 1 —
I,4 = Tr (H?H?) (4,4) B | 5 H ; a1 -
fis=Tr (Hr i ) (8.2) | 10 + (;-r G, H(,V) T (H,’ 2 H,(:,,,) 16 -
lg="Tr({HF. H,}G,) | (6.4) 10 + v(H?H,H,G3,) — Tr (H?G7, H,H,) 16 -
I, =Tr([H. H,)G,,) | (6.4) 10 - v (HPH2GE) — v (HPGE H?) 16 -

34 basic invariants, 19 CP-even, ’Y.Wang, B.Yu and S.Zhou, arXiv:2107.06274
15 CP-odd
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RGEs of Flavor Invariants

J I B
- P
14 ol
1
1) 15
"
19 19
I A I
Logo(uiGev) Logio(Gev)

[
29 e
20
18]

- The renormalization-group
E evolutions of the 34 basic
invariants in effective theory

Iss" Iys" 7| les' o™
4 o4 from 102GeV to 10°GeV
3 4]
) B
)
: .
Logys(u/GeV) Logso(u/GeV)
7| o " 2" la2"
s P - Y.Wang, B.Yu and S.Zhou,
4
;) i arXiv:2107.06274
! 2 3 4 5 6 7 8 9 '2 3 4 5 6 7 8 9
Logy(u/GeV) Logso(u/GeV)

Yu (IHEP, C Flavor Invariants and CP Violation 021/8/17 20/31



Extracting Physical Observables |

From the basic invariants, one can extract the physical observables, i.e.,
the lepton masses, flavor mixing angles and CP-violating phases.
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Extracting Physical Observables |

From the basic invariants, one can extract the physical observables, i.e.,
the lepton masses, flavor mixing angles and CP-violating phases.

w For the hierarchical charged-lepton masses m, > m, > m,,

I

I} — 3015+ 2] IZ—1I

2 A7 143 6 2 1 3 2 /3

m, = Y ,omy, = 7z 0 Mr=1s
(I — Is) 21,
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Extracting Physical Observables |

From the basic invariants, one can extract the physical observables, i.e.,
the lepton masses, flavor mixing angles and CP-violating phases.

w For the hierarchical charged-lepton masses m, > m, > m,,

13—311[34-2[6 2_112—13 2 /3
mr = 1Ig

2
)

T T T

1= For the normal-ordering neutrino masses mg > my > m,,

2
1 122 — I 122 — I 4 Ig — 3L+ 21
1/3 o 1/3 ’
21, 61,

2021/8/17  21/31
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Extracting Physical Observables Il

1= For the inverted-ordering neutrino masses my, > m; > ma,

o I3 —3LI+2h
mg = ) )
3(13 - I)
1
miy, = 3 [12 —m3 F \/21“5 — I} +2Lme| ;
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Extracting Physical Observables Il

1= For the inverted-ordering neutrino masses my, > m; > ma,

o I3 —3LI+2h
mg = ) )
3(13 - I)
1
miy, = 3 [12 —m3 F \/215 — I} +2Lme| ;

= For the flavor mixing angles and CP-violating phases, though a little
bit tedious and tricky, one can still extract all of them from the basic
invariants.

Y.Wang, B.Yu and S.Zhou, arXiv:2107.06274
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Hilbert Series in MSM

= Then we consider a UV-complete model: the minimal seesaw model
(MSM),Y which extends the SM by adding two RH neutrinos

. 1—
jMSM = D%SM — EL YVHVR — iyl:C{MRVR =+ h.C. . (18)

Tp. H. Frampton, S. L. Glashow, and T. Yanagida. "Cosmological sign of neutrino CP violation”. In: Phys. Lett. B 548
(2002), pp. 119-121.
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Hilbert Series in MSM

= Then we consider a UV-complete model: the minimal seesaw model
(MSM),Y which extends the SM by adding two RH neutrinos

. 1—
‘iﬂMSM = "g’ﬂSM — EL YVHVR — iny{MRVR =+ h.C. . (18)

1= The building blocks to construct flavor invariants are H, = MIMT,
Dirac neutrino mass matrix My = Y, v/v/2 and Majorana neutrino

mass matrix Mp. Their representations under the U(3); and U(2),
flavor transformation turn out to be

H:393, Mp:302, M :203",
My:(2*©2),, M;:(2®2), . (19)

Tp. H. Frampton, S. L. Glashow, and T. Yanagida. "Cosmological sign of neutrino CP violation”. In: Phys. Lett. B 548
(2002), pp. 119-121.

Bingrong Yu (IHEP, CAS) Flavor Invariants and CP Violation 2021/8/17 23 /31



Hilbert Series in MSM

Using the Molien-Weyl formula, we calculate the HS and PL in MSM,
which tell us the number and degrees of all basic invariants

Nl ap. aw)

G- 4o Ir) = Dl o)
1- YD YR,

LAUNAN™] :/ iy PE

where
N g ap.aw) = —ab'aia” — abarai” + ab el — 2ab e — aly gk ar® — ab arai® + aby drar” PLIH (. ap,)] = (a7 + b+ a8) + (af + i + b+ aba + o) + (af
5 P + + (alah + 244
118 20 1606 20 _ 18 1318 _ o 18,1018 | 1110018 _ o 18,8 18 | 16,8 18
Fpdrd + 0GR — R G — 20 R R D — 240 R4 + 40 dRG ot + bk + (dfa + 2aabak + 2abab

11,8 18 1208 18 | 5 16,6 18 4 14,6 18 5181016, 11,1016 _ 158 1 205 5 (2008
bR~ 05 TR G + 205 k% + 4D R — 205 K6 IR G~ ab T fabai + dbabak — ) + (20

= a4k — abak

+3afyara” + 3abaral® — abral® + 2 ahal® — ab'aRal® — 205 ahal® — abdha® ’;l‘jll“‘""‘ e 2ol — Gl — st A
ralabal® + aallal’ — aSakal® + alS el + abaal® — ekl + 2ol 0 ™) o
+ab'ajal’ + 2an'agal” — ab'akal’ + aiakat — avaral’ — ay ' a” + o' at’ e
+abatlal* + abyaral”® + 3abaral” + abatal” — ab'ahal® — 3abakal” — adakal®

atanai” + 2050kl — abarai” — abara” +ap'a’a + bR — 205 ahar®

S 810 14610 | 40106 10 | 8610 6.8 10 408 410 6 410
Fapara” + an arag + 30 ara” + abaRa” — baRd” — 39baRaA” — BTG

—abyakal® — abaiat® + abaral® + ab'aral — alfakal + abakal — 205 kel
—abaial = 20DaRar + 208 dkal — abakadl — dbahar + adaha — R
—ai il + abahal + 208kl + abaial — 2abaRal + ab skl — Sabainal
—3abaka? + abaka? — abakal + 2abaral — abakal — 2adakal + abal
R R — ARG — IR+ 2DTRY — DR+ 20D6RE — DR

—aDRAE — ARG + AbaRaT — abaF + dhURG + 2abakal + abak + 1. N
D (aapar) = (1= ) (1= d) (1= a) (1= af) (1 = ab) (1 = ) (1 = a7aB)” (1 = aaR) B.Yu and S.Zhou, arXiv:2107.11928
x (L=a) (L—afad) (1 —afad) (1 — afapar) (1 = apar) (1 — aiapaq)

* (1= ataba) (1 = ' abak)
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Basic Invariants in MSM

flavor invariants degree | CP [ flavor invariants degree | CP
o =T (1) 2 |+ | =T (GonCR) o |- H = MZM}L , Hy = MJFF{MR
Iopo =T () 2 |+ | 1= ([ m] ) 0 |- oz t
Hy = MMy, , Hy = MM,
T = Tr (1) 2|+ | o =T ([0, G| Gon) 0 |- D DD D D
oo = Tr (H}) 4 t || Toas = Tr ((Hg, Gip] Gpr) 10 GlD = M]Tj HlM , G(2) = ]TDH'IZM
Lo = Tr (H,Hp) 4| | = 1([}{,)(,,)]( ) 2 |- G - MT f[* M G - MT oM.
Iy = T (I3) 4|+ | =T (1 Gl 6) 2 |- DR — *“R*'D ' IDR — "R YID"R
N *

Iy =T (fy Hy) 1|+ | =1 (GoGin) 2|+ G(2) = M (G(2)> M.
Toos = Tr (H3) 1 } ) 'n([Hn(, } : 12 DR — "R D R
Iigo = Tr (I1}) 6|+ ([ Gl 6) | 2 | -
Ly = Tr (H}Hp) 6|+ | 2= T (Hy Gl Gu) |-
Ty = Tr (H,H3, 6 |+ [/B=m ([/—lR Gl (.'”i‘) |-
Ly = Tr (M Gypy) 6 |+ U]+ R . . .
P (ﬁ“(i' ) T - Matching conditions: The flavor invariants
o2 = Tr (HpGpr - ) .
= TR . T in effective theory can be expressed as the
L= T (1683) s |+ "l rational functions of those in full MSM.
I3 =T (GuGon) s |+ 6 |-
= ([ o) Gn) | 8 | = 6 | -

=T ([He o Gon) | 8 16

Fer 10 18 | - .

o) . | B.Yu and S.Zhou, arXiv:2107.11928

38 basic invariants, 20 CP-even, 18 CP-odd ‘
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@ Flavor Invariants and CP Violation in Leptonic Sector
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Flavor Invariants and CP Violation

= CP violation is the key issue in elementary particle physics and an
indispensable ingredient to dynamically generate cosmological
matter-antimatter asymmetry.*

*A. D. Sakharov. “Violation of CP Invariance, C asymmetry, and baryon asymmetry of the universe”. In: Pisma Zh. Eksp.
Teor. Fiz. 5 (1967), pp. 32-35.
tc. Jarlskog. “Commutator of the Quark Mass Matrices in the Standard Electroweak Model and a Measure of Maximal CP

Violation". In: Phys. Rev. Lett. 55 (1985), p. 1039. DOI: 10.1103/PhysRevLett.55.1039.
1. Bernabeu, G. C. Branco, and M. Gronau. “CP Restrictions on Quark Mass Matrices”. In: Phys. Lett. B 169 (1986),
pp. 243-247.

§G. C. Branco, L. Lavoura, and M. N. Rebelo. “Majorana Neutrinos and CP Violation in the Leptonic Sector”. In: Phys.
Lett. B 180 (1986), pp. 264—268.
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= CP violation is the key issue in elementary particle physics and an
indispensable ingredient to dynamically generate cosmological
matter-antimatter asymmetry.*

= The first flavor invariant relating to the CP-violating phase is
proposed by C.Jarlskog in the quark sectorf

T = Det [MUML, MdMH o sin gp . (20)
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Flavor Invariants and CP Violation

= CP violation is the key issue in elementary particle physics and an
indispensable ingredient to dynamically generate cosmological
matter-antimatter asymmetry.*

= The first flavor invariant relating to the CP-violating phase is
proposed by C.Jarlskog in the quark sectorf

T = Det | M, M, MdMH o sin gp . (20)

= Flavor invariants are very useful to construct the sufficient and
necessary conditions for CP conservation in the quark and leptonic
sector in a basis-independent way.$

*A. D. Sakharov. “Violation of CP Invariance, C asymmetry, and baryon asymmetry of the universe”. In: Pisma Zh. Eksp.
Teor. Fiz. 5 (1967), pp. 32-35.

tc. Jarlskog. “Commutator of the Quark Mass Matrices in the Standard Electroweak Model and a Measure of Maximal CP
Violation". In: Phys. Rev. Lett. 55 (1985), p. 1039. DOI: 10.1103/PhysRevLett.55.1039.

1. Bernabeu, G. C. Branco, and M. Gronau. “CP Restrictions on Quark Mass Matrices”. In: Phys. Lett. B 169 (1986),
pp. 243-247.

§G. C. Branco, L. Lavoura, and M. N. Rebelo. “Majorana Neutrinos and CP Violation in the Leptonic Sector”. In: Phys.
Lett. B 180 (1986), pp. 264-268.
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Conditions for CP Conservation

TABLE 1. Summary of the number of independent CP phases
and the weak-basis invariants chosen to guarantee CP conserva-
tion in the low-energy effective theory. Notice that the choice of
weak-basis invariants is by no means unique.

Low-energy effective ~ Number of

Weak-basis invariants
theory CP phases eak-basis invariants

=Te([H,. 1)}
m{Tr[H,H,G,]}
m{Tt[H,H}G,]}

No degeneracy 3
(my # my # m3)

Partial degeneracy 2 T, = Im{Tr[H,H,G,,]}
(my = m # my) T, = Te{(G,,. H))'}

Full degeneracy 1 Iy =Tr{[G,,. H/*}
(my = my = my)

No degeneracy 2 T, =Tr{[H,.H)*}
with 1, = 0 T, = Im{Te[H,H,G,}

B.Yu and S.Zhou, Phys.Lett.B 800 (2020) 135085
B.Yu and S.Zhou, Phys.Rev.D 103 (2021) 3, 035017

TABLE Il Summary of the number of independent CP phases

and the weak-bz

is invariants chosen to gt
tion in the canonical seesaw model. Noti

antee CP conserva-
that the choice of

weak-basis invariants is by no means unique.

Canonical seesaw
model

Number of

CP phases

Weak-basis invariants

No degeneracy
(M, # My # Ms)

Partial degeneracy
(M, = My # My)

Full degeneracy
(M) =M, =M5)

Minimal seesaw
model (M, # M,)

Minimal seesaw
model (M, = My)

6

S

=Im{Tr[HpHrGpr|}
= Im{Tr[HpHE Gpgl}
Te{[Hy. Hp)*}
Im{Tr[H,HxG, |}
Im{Tr[H,H}G,]}
Im{Tr[H, HeG, H]}
Im{Tr[Hp, Hy Gprl}
Tr{[Gor- Hpl*}
Te{[Gy. Hy '}

Tr{[Gy. Ha?}

Ty9 = Te{[G5. Hs]}
Tr{[Gor. Hp|*}
Tr{[G. 1]}
Tr{[Gy. Hof'}
Tr{[Gs. Hs]'}

1y = Im{Tr[Hp Hg Gpgl}
Ty = Im{Tr[H, HxG,]}
7, in Eq. (3.32)

7, in Eq. (3.32)

7, in Eq. (3.33)

]
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= Flavor invariants, which are basis-independent and contain only
physical degrees of freedom, have proved to be extremely useful in
studying the flavor structures of fermions as well as the CP violation
in the quark and leptonic sector.
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= Flavor invariants, which are basis-independent and contain only
physical degrees of freedom, have proved to be extremely useful in
studying the flavor structures of fermions as well as the CP violation
in the quark and leptonic sector.

= Flavor invariants provide a novel way to establish the relationship
between the UV-complete theories and their low-energy effective
counterparts.
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= Flavor invariants, which are basis-independent and contain only
physical degrees of freedom, have proved to be extremely useful in
studying the flavor structures of fermions as well as the CP violation
in the quark and leptonic sector.

= Flavor invariants provide a novel way to establish the relationship
between the UV-complete theories and their low-energy effective
counterparts.

< |nvariant theory supplies a systematic approach to studying the
algebraic structure of the invariant ring and constructing all the basic
invariants. The applications of invariant theory to flavor physics need
more dedicated studies.
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Thank youl!
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