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Sadi Carnot's Legacy - Celebrating 200 years of thermodynamics - Sciencesconf.org

https://carnot-legacy.sciencesconf.org/resource/page/id/2


Thermodynamics is a phenomenological theory
Not relevant to quantum or classical, 
Not relevant to relativistic or non-relativistic

Classical thermodynamics



Background and motivation

Large system: many degrees of freedom,
many particles,
average values,
vanishingly small fluctuation,
near equilibrium process,

Thermodynamics of the 19th century

Sadi Carnot Rdolf Clausius James Joule William Thomson

http://upload.wikimedia.org/wikipedia/commons/e/ec/Carnot2.jpg
http://upload.wikimedia.org/wikipedia/commons/4/40/Clausius.jpg
http://upload.wikimedia.org/wikipedia/commons/0/0f/Joule_James_sitting.jpg
http://upload.wikimedia.org/wikipedia/commons/a/a0/Lord_Kelvin_photograph.jpg
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Small system: few degrees of freedom,
single particles,
ample fluctuations,
quantum effects,
non-equilibrium process,

Thermodynamics of the 21th century

Magnetic domains in ferromagnets: less than 300nm
Quantum dots: less than 100nm
Biological molecular machines: range from 2 to 100nm

Mark Haw, Physics World, 20, No 11, 25, 2007. 
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Key point: introduction of the equation of motion



Microscopic work and heat along trajectories

Textbook definition of work:
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Modern definition of work:

The first law along trajectories:
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K. Sekimoto, Stochastic Energetics, Springer, (2010)
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Work, heat and Entropy as functionals of a trajectory
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C. Jarzynski, Phys. Rev. Lett 78, 2690 (1997)
K. Sekimoto, J. Phys. Soc. Jap. 66, 1234 (1997)

Basic notions of stochastic thermodynamics
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For overdamped Langevin Dynamics

Heat:

Work:
Ken Sekimoto, Stochastic 
Energetics (2010)



L. Onsager, S. Machlup, Phys. Rev.  91, 1505 (1953).

Lars Onsager



Timeline of the second law
➢ Maximum Work Principle (1876)

➢ Fluctuation-Dissipation relation
(1950)

➢ Jarzynski equality (1997)

➢ Hummer-Szabo relation (2001)
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➢Crooks Fluctuation Theorem (1998)

➢Differential Fluctuation Theorem (2008)
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Experimental test of Jarzynski’s equality



Arthur Ashkin
“Optical tweezer”

Key application:
Study of Stochastic 
thermodynamics



T. M. Hoang, …, HTQ., and T. Li, Phys. Rev. Lett. 120, 080602 (2018)
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Quantum Heat Engines and Quantum Thermodynamics

The concept of “quantum” originated from Boltzmann’s hypothesis of 
discrete energy unit in 1872 and 1877

Planck proposed the energy quantization when he studied the blackbody 
radiation. Hence quantum mechanics and thermodynamics has been 
interweaved

Within the framework of quantum mechanics, some thermodynamic 
concepts can be understood in a transparent way. For example, what is 
work, heat and what is isothermal process.



Hamiltonian

Probability distribution

Internal energy

HTQ, Yu-xi Liu, C. P. Sun F. Nori, Phys. Rev. E 76, 031105 (2007)

Work and heat in discrete energy system

For small systems, the second law are still valid on the ensemble level.



Work and heat in discrete energy system

HTQ, Yu-xi Liu, C. P. Sun F. Nori, Phys. Rev. E 76, 031105 (2007)



𝜂 = 1 −
𝜔1
𝜔2

𝑇1 > 1 − 𝜔2
𝜔1

𝑇2Efficiency Positive-Work 
condition

HTQ, Yu-xi Liu, C. P. Sun F. Nori, Phys. Rev. E 76, 031105 (2007)

Quantum Otto Cycle



Thermoelectric 
effect

Photon-
Carnot 
engine

Quantum Heat Engines



Recent Review on about Quantum Heat Engines
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Finite-Time thermodynamics and Curzon-Ahlborn 
Heat Engine

Actually we are interested in the maximum-power 
cycle. One question is what is the efficiency
corresponding to the maximum power. This is the
starting point of finite-time thermodynamics since
about fifty years ago.



What about finite-time heat engines with finite power output? 

One important property is the EMP (efficiency at maximum power). 
The EMP of endoreversible heat engine is

Curzon-Ahlborn efficiency

F. L. Curzon and B. Ahlborn, Am. J. Phys 43, 22 (1975).

Citation number: 2960
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Application of stochastic thermodynamics: Heat engine 
based on a single atom



T. Schmiedl and U. Seifert, Phys. Rev. Lett., 98, 108301 (2007)

A harmonic oscillator with a varying stiffness

How to achieve the maximum work output in an 
isothermal process for a fixed period of time?

What work protocol will lead to the maximum work output? optimization



Optimal protocol for the piston system:

Zongping Gong, Yueheng Lan, and HTQ, Phys. Rev. Lett, 117, 180603 (2016)      

How to achieve the maximum work output in an 
isothermal process for a fixed period of time?

What work protocol will lead to the maximum work output? optimization



Efficiency at the maximum power of a Carnot cycle

T. Schmiedl and U. Seifert, Europhys. Lett., 81, 20003 (2008)



Carnot cycle based on a single Brownian particle in an externally 
controlled potential

V. Blickle and C. Bechinger, Nat. Phys. 8, 143 (2011).
I. A. Martínez, É. Roldán, L. Dinis, D. Petrov, J. M. R. Parrondo, 
and R. A. Rica,    Nat. Phys. 12, 67 (2015). 

Realizing Carnot heat engine with a single Brownian 
particle in a potential



The work parameter is tuned slowly

D. S. P. Salazar and S. A. Lira, J. Phys. A: Math. Theor. 49, 465001 (2016).
D. S. Salazar and S. A. Lira, Phys. Rev. E 99, 062119 (2019). 

Realizing Curzon-Ahlborn heat engine with a single 
Brownian particle in a potential

In the underdamped limit, the period of the 
Brownian particle satisfies

Working substance: single Brownian particle in an external 
potential. Work is done when tuning the potential



Work parameter in a 
cycle

Effective temperature of 
the system in a cycle

A. Dechant, N. Kisel, and E. Lutz, Europhys. Lett. 119, 500003 (2017).
Y. H. Chen, Jinfu Chen, Zhaoyu Fei, HTQ, PRE, 106, 024105 (2022)

Realizing Curzon-Ahlborn heat engine with a single 
Brownian particle in a potential



outline
•Classical Thermodynamics

•Stochastic Thermodynamics and Fluctuation Theorems

•Stochastic Thermodynamics and Quantum Thermodynamics

•Stochastic Thermodynamics and Finite-Time 
Thermodynamics

•Stochastic Thermodynamics and and Special Relativity

•Summary



A fundamental requirement: Covariance of physical 
laws

• Newton’s equation is invariant under Galileo transformation (1687)

• Maxwell’s equations are invariant under Lorentz transformation (1904)

Coordinates do not exist a priori in nature, but are only artifices used in 
describing nature, and hence should play no role in the formulation of 
fundamental physical laws.----Wikipedia article “general covariance”



Equilibrium distribution in special relativity

• Relativistic covariant equilibrium distribution (Juttner distribution for a 
single rest particle system), valid for arbitrary observer

• For rest system, 𝑢𝜇 = (1,0,0,0), it reduces to 

4-vector inverse temperature 
4-velocity of the moving system

metric

4-momentum

(rest) inverse temperature

D. van Dantzig, Physica 6, 673 (1939)
N.G. van Kampen, Phys. Rev. 173, 295 (1968)
Z. C. Wu, Europhys.Lett., 88, 20005 (2009)



More on the 4-vector inverse temperature

Kamran Derakhshani, arXiv: 1908.08599 NASA’s COBE, 1993



Nobel prize in 2006

James Peebles 

for theoretical 
discoveries in 
physical cosmology

John C. Mather, George F. Smoot

for their discovery of the blackbo
dy form and anisotropy of the co
smic microwave background radi
ation

Nobel prize in 2019



Covariant thermodynamic quantities

Momentum components and energy component are equally 
important for moving systems

• Covariant generalization of trajectory work and trajectory heat:

• 4-vector work:  4-momentum change due to external driving

• 4-vector heat:  4-momentum change due to energy exchange with 
the heat bath

N.G. van Kampen, Phys. Rev. 173, 295 (1968)
K. Sekimoto, Stochastic Energetics, Springer, (2010)



Covariant Fluctuation Theorems

• Integral fluctuation theorems (IFTs)

• All statements of the second law and FTs should be modified to include 
momentum components, e.g.

modified Clausius statement for 
relaxation process

modified Kelvin statement for 
cyclic driving process

(Lorentz covariant Jarzynski’s equality)

(Lorentz covariant heat exchange 
fluctuation theorem)

J. H. Pei, J. F Chen, HTQ, Phys. Rev. Lett. 134, 237102 (2025)
Editor’s suggestion



A century-long debate about the temperature 
transformation in special relativity

Plank, Einstein(1908): 𝑇′ = 𝑇
𝛾
, 𝛾 = 1

1−𝑣
2

𝑐2

Ott, Arzeliès (1963): 𝑇′ = 𝛾𝑇
Landsberg (1966): 𝑇′ = 𝑇

van Kampen (1968): 𝛽𝜇 = 𝛽𝑢𝜇, 𝛽 = 1
𝑘𝐵𝑇

Landsberg van KampenPlanckEinstein



A possible solution to the long debate about the 
temperature transformation in special relativity？



Personal Perspective

➢ Microscopic equation 
of motion

➢ Nonequilibrium many-
body system

“More is different”

Macroscopic 
Thermodynamic

s

Stochastic 
thermodynamics

Macroscopic microscopic

➢ Quasistatic process only



outline
•Classical Thermodynamics

•Stochastic Thermodynamics and Fluctuation Theorems

•Stochastic Thermodynamics and Quantum Thermodynamics

•Stochastic Thermodynamics and Finite-Time 
Thermodynamics

•Stochastic Thermodynamics and and Special Relativity

•Summary



Summary

•On the ensemble averaged level, thermodynamic laws are still valid in small 
systems, but fluctuation theorems are nonnegligible

•The fluctuations of thermodynamic quantities satisfy strict equalities—
fluctuation theorems, and the second law can be derived from these quantities.

•Quantum extension of the stochastic thermodynamics

•Stochastic thermodynamics may have potential applications in finite-time 
thermodynamics

•Fluctuation theorems are promoted to covariant forms, and shed new light on 
the theory of relativistic thermodynamics
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