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Motivation I: understanding QCD phases
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Is there a CP between QGP and hadron gas phases?

Q2: Is there phase coexistence, i.e., 1st order transition? Likely.

Unfortunately, lattice QCD cannot reach beyond µB ⇠ 2T .
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But 1st order transition (and thus C.P.) is ubiquitous in models of QCD:
NJL, RM, Holography, Strong coupl. Lattice QCD, . . .
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QCD critical point 
(hadron-QGP)

Nuclear critical point 
(nuclear liquid-gas)

Pochodzalla et al, 1995

TBA

• Heavy-ion collisions → QCD phase diagram.       

• Understanding the finite temperature and density regime is challenging (sign problem).
• A simpler task: search the landmark (critical point) where singularity occurs.
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Motivation I: understanding QCD phases
• RHIC BES-II data seem to advocate the intriguing hint (non-monotonicity) of QCD 

critical point based on equilibrium assumption at qualitative level.
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Theory vs BES-II data
(universal EOS) critical �n :

(irreducible correlations) FCn[Np] ⇠ �n (Pradeep, MS 2211.09142), !n ⌘ FCn/FC1

Bzdak et al review 1906.00936

Expected signatures: bump in !2 and !3, dip then bump in !4

for CP at µB > 420 MeV
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QCD critical point

Where on the QCD phase boundary is the CP?
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theory (equilibrium)

experiment
STAR, 2504.00817; Stephanov, 2410.02861
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Motivation I: understanding QCD phases
• NA61/SHINE at CERN SPS

6

NA61/SHINE, 2503.22484; CERN 2024 report

• HADES at GSI
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FIG. 29. (Color online) Au+Au data: Evolution of the scaled cumulants Kn/K2 as a function of center-of-mass energy
p
sNN

for two centrality bins (0 – 10% or 0 – 5%, red symbols, and 30 – 40%, black symbols) and shown as �1 ⇥ � (left column) and
�2 ⇥ �2 (right column). STAR data [27, 33] is shown for a y0 ± 0.5 phase-space bite, HADES data for y0 ± 0.2 (top row) and
y0 ± 0.4 (bottom row), respectively. Vertical bars are statistical errors; full systematic errors are shown for the HADES data
as shaded bars and for the STAR data points as cups.

posed in the literature for stripping o↵ volume fluctua-
tions by including the higher-order correction terms re-
quired in the low-energy regime where HADES operates.
The resulting fully corrected proton cumulants and cor-
relators are presented and discussed as a function of cen-
trality and phase-space acceptance. When only a very
narrow rapidity bin is selected, we find that the observed
proton distributions are, as expected, close to Poisson.
However, this behavior changes dramatically when the
acceptance opens up and multi-particle correlations set
in. In particular, from the dependence of the correlators
on the number of emitted protons, we conclude that our
results are dominated by rather long-range (�ycorr � 1)
correlations, strongly positive in second and fourth or-
der, but negative in third order. Why and how these
correlations in momentum space at freeze-out build up

from spatial correlations in the initial state and/or ex-
pansion phase of the fireball, remains to be investigated
by theory. When joined with the STAR results [27, 33]
obtained in the first RHIC beam-energy scan, our data al-
low to extend the excitation function of net-proton cumu-
lants in central Au+Au collisions to low energies. While
the present data show a rather smooth trend for K3/K2

with
p
sNN , they indicate a distinctive change of sign

of K4/K2 when moving from RHIC to SIS18 energies.
Again, the interpretation of these observations requires
input from advanced quantitative calculations, e.g. hydro
or transport models including phase boundaries.

An interesting avenue to follow next is to evaluate
fluctuations of bound protons by including nuclear
cluster production – foremost deuteron, triton, and He
isotopes – into the analysis. Indeed, in order to elucidate
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Figure 9: The energy dependence of ω2/(ω+1 +ω
→
1 ) (top), ω3/ω1 (middle), and ω4/ω2 (bottom) of net-charge distirbution

in the 1% most central 40Ar+45Sc interactions. Color triangles correspond to quantities obtained from corrected
distributions, while gray circles correspond to those obtained from uncorrected distributions (statistical uncertainties
not indicated). The error bars correspond to statistical uncertainties, while the color bands correspond to systematic
uncertainties. The solid color lines show the Epos1.99 model predictions. The dashed line at unity corresponds to
the reference value of the Skellam distribution. The solid line at zero corresponds to the case with no fluctuations
in the system.
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Status: “No clear critical point signatures either at SPS/GSI energies” †

HADES 2002.08701

Next: “dynamical model calculations including the criticality needed to fully understand the data” †

Others: spin correlations; light nuclei production; etc
Chen et al, 2410.20704; Shuryak et al, Sun et al, 2020; STAR, 2506.05499, 2209.08058; etc  Quark Matter 2025 summary†

Au-Au

Ar-Cs

Freezeout:  Karthein et al, 2508.19237; etc

mailto:xinan@ugent.be
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Motivation I: understanding QCD phases

7

Theoretical idealization

• long time (equilibrium)

• large size (thermodynamic limit)

• short time (non-equilibrium)

• small size (non-thermodynamics)

Experimental realization
QCD critical point

Where on the QCD phase boundary is the CP?
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XA et al, 2312.17237, 2503.15719 and WIP

T

μ
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Motivation II: understanding QGP thermalization

8

• Heavy-ion collisions → fast hydrodynamization/thermalization.       

• Understanding the early-time physics is challenging (measurable after freezeout).
• A simpler task: find the legacy of non-hydrodynamics.

Aleksas Mazeliauskas aleksas.eu

QCD thermalisation

2

High-energy limit αs≪1 of QCD 

Berges, Heller, AM, Venugopalan RMP (2021)

● Initial conditions: highly occupied gluons 5elds
● Intermediate times: quark and gluon quasi-particles 

Courtesy of A. Mazeliauskas
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"
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for minimum bias and central d$ Au collisions, and for
p$ p collisions [6]. Only particles within j#j<0:7 are
included in the analysis. Ntrigger is the number of particles
within 4< pT!trig"< 6 GeV=c, referred to as trigger
particles. The distribution results from the correlation of
each trigger particle with all associated particles in the
same event having 2<pT < pT!trig", where " is the
tracking efficiency of the associated particles. The nor-
malization uncertainties are less than 5%.

The azimuthal distributions in d$ Au collisions in-
clude a nearside (!!% 0) peak similar to that seen in
p$ p and Au$ Au collisions [6] that is typical of jet
production, and a back-to-back (!!% $) peak similar to
that seen in p$ p and peripheral Au$ Au collisions [6]
that is typical of di-jet events. The azimuthal distributions
are characterized by a fit to the sum of nearside (first
term) and back-to-back (second term) Gaussian peaks
and a constant:

D!!!" & AN
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N

!!!!!!!

2$
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e'!j!!j'$"2=2%2
B

!!!!!!!

2$
p

%B
$ P: (3)

Fit parameters are given in Table I. Their systematic
uncertainties are highly correlated between the data
sets, are less than 20% for %N , and are less than 10%
for all other parameters. The only large difference in the
azimuthal distributions in p$ p and d$ Au collisions is
the growth of the pedestal P. It increases with increasing
hNbini, but is not proportional to hNbini as might be ex-

pected for incoherent production. Both %N and %B exhibit
at most a small increase from p$ p to central d$ Au
collisions. A small growth in %B is expected to result
from initial-state multiple scattering [24,25]. The modest
reduction in the correlation strengths AN and AB from
p$ p to central d$ Au collisions is similar to that seen
previously for peripheral Au$ Au collisions [6].

Figure 4(b) shows the pedestal-subtracted azimuthal
distributions for p$ p and central d$ Au collisions.
The azimuthal distributions are shown also for central
Au$ Au collisions after subtraction of the elliptic flow
and pedestal contributions [6]. The nearside peak is simi-
lar in all three systems, while the back-to-back peak in
central Au$ Au shows a dramatic suppression relative to
p$ p and d$ Au.

The contrast between d$ Au and central Au$ Au
collisions in Figs. 3 and 4 indicates that the cause of the
strong high pT suppression observed previously is asso-
ciated with the medium produced in Au$ Au but not in
d$ Au collisions. The suppression of the inclusive hadron
yield at high pT in central Au$ Au collisions has been
discussed theoretically in various approaches (see [5] for
references). Measurements of central Au$ Au collisions
[5] are described both by pQCD calculations that incor-
porate shadowing, the Cronin effect, and partonic energy
loss in dense matter, and by a calculation extending the
saturation model to high momentum transfer. How-
ever, predictions of these models differ significantly for
d$ Au collisions. Because of the Cronin effect, pQCD
models predict that RAB!pT" > 1 within 2< pT <
6 GeV=c for minimum bias d$ Au collisions, with a
peak magnitude of 1.1–1.5 in the range 2:5< pT <
4 GeV=c [11]. The enhancement is expected to be larger
for central collisions [12]. The saturation model calcula-
tion in [7] predicts RAB!pT"< 1, with larger suppression
for more central events, achieving RAB!pT" % 0:75 for the
20% most-central collisions. In contrast, another satura-
tion model calculation [15] generates an enhancement in
RAB!pT", similar to the Cronin effect, for both d$ Au
and Au$ Au collisions. Figure 3 shows that RAB!pT" is
qualitatively different in d$ Au and central Au$ Au
collisions: in d$ Au, RAB!pT" significantly exceeds
unity. These results are consistent with expectations
from pQCD calculations but not the saturation model in
[7]. Scattering of the hadronic fragments of jets also may
contribute to the suppression of the inclusive yield [5,26].

TABLE I. Fit parameters from Eq. (3). Errors are statistical
only.

p$ p min. bias d$ Au min. bias d$ Au central

AN 0:081( 0:005 0:073( 0:003 0:067( 0:004
%N 0:18( 0:01 0:20( 0:01 0:22( 0:02
AB 0:119( 0:007 0:097( 0:004 0:098( 0:007
%B 0:45( 0:03 0:48( 0:02 0:51( 0:03
P 0:008( 0:001 0:039( 0:001 0:052( 0:002
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FIG. 4 (color online). (a) Efficiency corrected two-particle
azimuthal distributions for minimum bias and central d$ Au
collisions, and for p$ p collisions [6]. Curves are fits using
Eq. (3), with parameters given in Table I. (b) Comparison of
two-particle azimuthal distributions for central d$ Au colli-
sions to those seen in p$ p and central Au$ Au collisions [6].
The respective pedestals have been subtracted.
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Hard probe: jet etc
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LHC energies [20]. The agreement with experimental results from LHC shown in
Fig. 6 is particularly striking.
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Fig. 6. Left: Root-mean-square anisotropic flow coe�cients hv2ni1/2 in the IP-Glasma model [20],
computed as a function of centrality, compared to experimental data of vn{2}, n 2 {2, 3, 4},
by the ALICE collaboration [182] (points). Right: Root-mean-square anisotropic flow coe�cients
hv2ni1/2 as a function of transverse momentum, compared to experimental data by the ATLAS
collaboration using the event plane (EP) method [22] (points). Bands indicate statistical errors.

This agreement indicates that initial state fluctuations in the deposited energy
density, translated by hydrodynamic evolution into anisotropies in the particle pro-
duction, are the main ingredient to explain the measured flow coe�cients.

Because of this feature, some e↵ort has been concentrated on characterizing the
initial state in a way that ties it directly to the measured flow. The simplest way of
doing so is to compare the initial eccentricities of the system

"n =

p
hrn cos(n�)i2 + hrn sin(n�)i2

hrni (13)

to the final flow harmonics vn. However, in particular for v4 and higher harmonics,
the nonlinear nature of hydrodynamics becomes important [183] and more accurate
predictors for flow coe�cients involve both linear and nonlinear terms, e.g. v5 has
contributions from "5 and "2"3, and it was shown [184] that the nonlinear term
becomes more dominant with increasing viscosity.

The fact that linear terms are damped more by viscosity leads to a growing
correlation of di↵erent event planes

 n =
1

n
arctan

hsin(n�)i
hcos(n�)i , (14)

with increasing viscosity [184], a result that is in line with findings in a di↵erent
work [185], where experimental data on event plane correlations from the ATLAS
collaboration [186] was compared to hydrodynamic calculations in di↵erent scenar-
ios.

Soft probe: flow

Gale et al, 1301.5893
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Fit parameters are given in Table I. Their systematic
uncertainties are highly correlated between the data
sets, are less than 20% for %N , and are less than 10%
for all other parameters. The only large difference in the
azimuthal distributions in p$ p and d$ Au collisions is
the growth of the pedestal P. It increases with increasing
hNbini, but is not proportional to hNbini as might be ex-

pected for incoherent production. Both %N and %B exhibit
at most a small increase from p$ p to central d$ Au
collisions. A small growth in %B is expected to result
from initial-state multiple scattering [24,25]. The modest
reduction in the correlation strengths AN and AB from
p$ p to central d$ Au collisions is similar to that seen
previously for peripheral Au$ Au collisions [6].

Figure 4(b) shows the pedestal-subtracted azimuthal
distributions for p$ p and central d$ Au collisions.
The azimuthal distributions are shown also for central
Au$ Au collisions after subtraction of the elliptic flow
and pedestal contributions [6]. The nearside peak is simi-
lar in all three systems, while the back-to-back peak in
central Au$ Au shows a dramatic suppression relative to
p$ p and d$ Au.

The contrast between d$ Au and central Au$ Au
collisions in Figs. 3 and 4 indicates that the cause of the
strong high pT suppression observed previously is asso-
ciated with the medium produced in Au$ Au but not in
d$ Au collisions. The suppression of the inclusive hadron
yield at high pT in central Au$ Au collisions has been
discussed theoretically in various approaches (see [5] for
references). Measurements of central Au$ Au collisions
[5] are described both by pQCD calculations that incor-
porate shadowing, the Cronin effect, and partonic energy
loss in dense matter, and by a calculation extending the
saturation model to high momentum transfer. How-
ever, predictions of these models differ significantly for
d$ Au collisions. Because of the Cronin effect, pQCD
models predict that RAB!pT" > 1 within 2< pT <
6 GeV=c for minimum bias d$ Au collisions, with a
peak magnitude of 1.1–1.5 in the range 2:5< pT <
4 GeV=c [11]. The enhancement is expected to be larger
for central collisions [12]. The saturation model calcula-
tion in [7] predicts RAB!pT"< 1, with larger suppression
for more central events, achieving RAB!pT" % 0:75 for the
20% most-central collisions. In contrast, another satura-
tion model calculation [15] generates an enhancement in
RAB!pT", similar to the Cronin effect, for both d$ Au
and Au$ Au collisions. Figure 3 shows that RAB!pT" is
qualitatively different in d$ Au and central Au$ Au
collisions: in d$ Au, RAB!pT" significantly exceeds
unity. These results are consistent with expectations
from pQCD calculations but not the saturation model in
[7]. Scattering of the hadronic fragments of jets also may
contribute to the suppression of the inclusive yield [5,26].

TABLE I. Fit parameters from Eq. (3). Errors are statistical
only.
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FIG. 4 (color online). (a) Efficiency corrected two-particle
azimuthal distributions for minimum bias and central d$ Au
collisions, and for p$ p collisions [6]. Curves are fits using
Eq. (3), with parameters given in Table I. (b) Comparison of
two-particle azimuthal distributions for central d$ Au colli-
sions to those seen in p$ p and central Au$ Au collisions [6].
The respective pedestals have been subtracted.
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Motivation III: ubiquity and universality
• Fluctuations/hydrodynamics describe systems across different scales: from 

big bang to small bang.
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Measuring pair correlations in Bose and Fermi gases via atom-resolved microscopy

Ruixiao Yao, Sungjae Chi, Mingxuan Wang, Richard J. Fletcher, and Martin Zwierlein
MIT-Harvard Center for Ultracold Atoms, Research Laboratory of Electronics, and Department

of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

(Dated: April 10, 2025)

We demonstrate atom-resolved detection of itinerant bosonic 23Na and fermionic 6Li quantum
gases, enabling the direct in situ measurement of interparticle correlations. In contrast to prior
work on lattice-trapped gases, here we realize microscopy of quantum gases in the continuum. We
reveal Bose-Einstein condensation with single-atom resolution, measure the enhancement of two-
particle g(2) correlations of thermal bosons, and observe the suppression of g(2) for fermions; the
Fermi or exchange hole. For strongly interacting Fermi gases confined to two dimensions, we directly
observe non-local fermion pairs in the BEC-BCS crossover. We obtain the pairing gap, the pair size,
and the short-range contact directly from the pair correlations. In situ thermometry is enabled via
the fluctuation-dissipation theorem. Our technique opens the door to the atom-resolved study of
strongly correlated quantum gases of bosons, fermions, and their mixtures.

Quantum many-body physics is at its heart the study
of interparticle correlations. These can be of purely quan-
tum statistical origin, as in the case of the ideal Bose and
Fermi gases, or they can be brought about by interactions
between particles. The interplay of quantum statistics
and strong correlations renders many problems of inter-
est highly challenging to solve theoretically. The idea
of quantum simulation is to employ ultracold quantum
gases of atoms or molecules to realize model systems for
such strongly interacting matter, from high-temperature
superfluids [1–3] to quantum magnets [4] and topological
systems [5].

A breakthrough for experiments on lattice-trapped
atomic gases, realizing Hubbard models or spin physics,
was the implementation of single-atom, single-lattice
site resolved imaging for bosons [6, 7] and fermions [8–
13]. These quantum gas microscopes have enabled the
direct measurement of particle correlations, revealing
anti-ferromagnetic correlations [14–16] and fermion pair-
ing [17] in Hubbard systems.

However, paradigmatic systems of many-body physics,
e.g. weakly interacting Bose gases [18], or strongly inter-
acting Fermi gases in the BEC-BCS crossover [1–3], exist
in the continuum, without an underlying lattice poten-
tial. Their study thus far involved more coarse-grained
probes, principally absorption imaging. Correlations in
momentum space were observed with single-atom detec-
tion using time-of-flight expansion techniques, from the
enhancement and suppression of two-particle correlations
in Bose and Fermi gases [19], to noise correlations [20, 21]
and recently momentum correlations of atom pairs in
strongly interacting few-fermion systems [22].

Here we demonstrate real-space, atom-resolved mi-
croscopy of quantum gases in the continuum, and ap-
ply the technique to two paradigmatic systems, the
weakly interacting two-dimensional (2D) Bose gas and
the strongly interacting 2D Fermi gas in the BEC-BCS
crossover. Imaging quantum gases in situ at the resolu-
tion of single atoms realizes the ultimate depth of infor-
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FIG. 1. Atom-resolved microscopy of quantum gases in the
continuum. (a) Itinerant atoms in an atom trap (red) are
suddenly frozen in place via an applied optical lattice and im-
aged via Raman sideband cooling [8]. (b) Microscope images
of bosonic 23Na forming a Bose-Einstein condensate (left), of
a single spin state in a weakly interacting 6Li Fermi mixture
(middle), and of both spin states of a strongly interacting
Fermi mixture, directly revealing pair formation (right).

mation one may obtain in real space. Not only may one
obtain thermodynamic quantities such as density, com-
pressibility and pressure [23, 24], which were previously
accessible with coarse-graining probes, but also interpar-
ticle correlations of in principle arbitrary order are ac-
cessible. The technique developed here is general and
can be applied to other continuum systems of interest,
from spin-imbalanced Fermi gases [25] putatively host-
ing the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase
of finite-momentum Cooper pairs [26–28], to Bose-Fermi
mixtures with their intricate phase diagram [29, 30],
dipolar atomic [31] and molecular [32] quantum gases
hosting supersolids and topological superfluids [33], and
to the wide array of impurity problems such as Bose and
Fermi polarons [34].

Here we focus on two-particle correlations, revealing
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Quantum gases (Yao et al)
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Fermi gases, or they can be brought about by interactions
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and strong correlations renders many problems of inter-
est highly challenging to solve theoretically. The idea
of quantum simulation is to employ ultracold quantum
gases of atoms or molecules to realize model systems for
such strongly interacting matter, from high-temperature
superfluids [1–3] to quantum magnets [4] and topological
systems [5].

A breakthrough for experiments on lattice-trapped
atomic gases, realizing Hubbard models or spin physics,
was the implementation of single-atom, single-lattice
site resolved imaging for bosons [6, 7] and fermions [8–
13]. These quantum gas microscopes have enabled the
direct measurement of particle correlations, revealing
anti-ferromagnetic correlations [14–16] and fermion pair-
ing [17] in Hubbard systems.
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e.g. weakly interacting Bose gases [18], or strongly inter-
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tion using time-of-flight expansion techniques, from the
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mation one may obtain in real space. Not only may one
obtain thermodynamic quantities such as density, com-
pressibility and pressure [23, 24], which were previously
accessible with coarse-graining probes, but also interpar-
ticle correlations of in principle arbitrary order are ac-
cessible. The technique developed here is general and
can be applied to other continuum systems of interest,
from spin-imbalanced Fermi gases [25] putatively host-
ing the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase
of finite-momentum Cooper pairs [26–28], to Bose-Fermi
mixtures with their intricate phase diagram [29, 30],
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to the wide array of impurity problems such as Bose and
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We demonstrate atom-resolved detection of itinerant bosonic 23Na and fermionic 6Li quantum
gases, enabling the direct in situ measurement of interparticle correlations. In contrast to prior
work on lattice-trapped gases, here we realize microscopy of quantum gases in the continuum. We
reveal Bose-Einstein condensation with single-atom resolution, measure the enhancement of two-
particle g(2) correlations of thermal bosons, and observe the suppression of g(2) for fermions; the
Fermi or exchange hole. For strongly interacting Fermi gases confined to two dimensions, we directly
observe non-local fermion pairs in the BEC-BCS crossover. We obtain the pairing gap, the pair size,
and the short-range contact directly from the pair correlations. In situ thermometry is enabled via
the fluctuation-dissipation theorem. Our technique opens the door to the atom-resolved study of
strongly correlated quantum gases of bosons, fermions, and their mixtures.

Quantum many-body physics is at its heart the study
of interparticle correlations. These can be of purely quan-
tum statistical origin, as in the case of the ideal Bose and
Fermi gases, or they can be brought about by interactions
between particles. The interplay of quantum statistics
and strong correlations renders many problems of inter-
est highly challenging to solve theoretically. The idea
of quantum simulation is to employ ultracold quantum
gases of atoms or molecules to realize model systems for
such strongly interacting matter, from high-temperature
superfluids [1–3] to quantum magnets [4] and topological
systems [5].

A breakthrough for experiments on lattice-trapped
atomic gases, realizing Hubbard models or spin physics,
was the implementation of single-atom, single-lattice
site resolved imaging for bosons [6, 7] and fermions [8–
13]. These quantum gas microscopes have enabled the
direct measurement of particle correlations, revealing
anti-ferromagnetic correlations [14–16] and fermion pair-
ing [17] in Hubbard systems.

However, paradigmatic systems of many-body physics,
e.g. weakly interacting Bose gases [18], or strongly inter-
acting Fermi gases in the BEC-BCS crossover [1–3], exist
in the continuum, without an underlying lattice poten-
tial. Their study thus far involved more coarse-grained
probes, principally absorption imaging. Correlations in
momentum space were observed with single-atom detec-
tion using time-of-flight expansion techniques, from the
enhancement and suppression of two-particle correlations
in Bose and Fermi gases [19], to noise correlations [20, 21]
and recently momentum correlations of atom pairs in
strongly interacting few-fermion systems [22].

Here we demonstrate real-space, atom-resolved mi-
croscopy of quantum gases in the continuum, and ap-
ply the technique to two paradigmatic systems, the
weakly interacting two-dimensional (2D) Bose gas and
the strongly interacting 2D Fermi gas in the BEC-BCS
crossover. Imaging quantum gases in situ at the resolu-
tion of single atoms realizes the ultimate depth of infor-
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mation one may obtain in real space. Not only may one
obtain thermodynamic quantities such as density, com-
pressibility and pressure [23, 24], which were previously
accessible with coarse-graining probes, but also interpar-
ticle correlations of in principle arbitrary order are ac-
cessible. The technique developed here is general and
can be applied to other continuum systems of interest,
from spin-imbalanced Fermi gases [25] putatively host-
ing the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase
of finite-momentum Cooper pairs [26–28], to Bose-Fermi
mixtures with their intricate phase diagram [29, 30],
dipolar atomic [31] and molecular [32] quantum gases
hosting supersolids and topological superfluids [33], and
to the wide array of impurity problems such as Bose and
Fermi polarons [34].
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Effective theories and scale separation
• Hydrodynamics + fluctuation & noise (source):

10

Top-down:

e.g., Schwinger-Keldysh

Bottom-up:

e.g., Langevin / Fokker-Planck

integrating out 

UV DOFs

emergence of: 
short-range


stochastic noises

&


long-range 
conserved quantities

UV

IR
The scale hierarchy ensures the applicability of: 

1) thermodynamics ( ); 

2) hydrodynamics ( ).

ℓmic ≪ b
ℓmic ≪ L

p(T, μ)

L

b

ℓmic
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Theoretical/numerical approaches
• Different approaches are complementary and related

Stochastic Navier-Stokes

Deterministic equations

Metropolis algorithm

Schwinger-Keldysh formalism  

·ψi = Fi + ξi,
⟨ξi(t)ξj(t′ )⟩ = Mijδtt′ 

·ψi = −MijH, j + ξi,
P[ψ] = e−H[ψ]

·ψi = Mij(S, j + S, jkℓGkℓ) + … 𝕃(ψr , ψa) = Ei(ψr)ψa
i + iψa

i Mij
−1ψa

j

ti tf
ψ+
ψ−

infinite/multiplicative noise; unstable & acausal stable; need renormalized quantities

analytic; so far hydro regime field-theoretical, top-down

ξΔt

Txx
0 t

t

11
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Full hydrodynamics:  
SO(3) covariant formalism
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Goals and constraints
• Goals in the deterministic method:

13

‣ The systems must be SO(1,3)/Lorentz covariant;

• Bottom-up symmetry constraints:

‣ Deal with stochastic process as if one knows nothing about randomness 
(i.e., like how one deals with non-fluctuating theories).

‣ The systems in any local rest frame must be SO(3) covariant;

‣ The systems must satisfy fluctuation-dissipation relations (KMS Z(2) invariant).

‣ Deal with relativity/covariance as if one knows nothing about relativity 
(i.e., like how one deals with non-relativistic theories in the lab).

‣ Deal with multi-point correlations as if one knows nothing about multiple points 
(i.e., like how one deals with one-point functions).

mailto:xinan@ugent.be


Hydrodynamics
• Hydrodynamics deals with a collection of thermodynamical yet 

inhomogeneous systems.

xinan@ugent.be 14

x′ 

p(T′ , μ′ )

x

p(T, μ)

conserved quantities equilibrate via diffusion

∂t n = D∂2n (Fick’s law, 1855)

hydro pole:

gapless when k → 0

−iDk2

ω

GR(ω, k) ∼ 1
−iω + Dk2
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Hydrodynamic frames

15

• There are infinitely many equilibrium proxies for a non-equilibrium state, 
choosing a proxy amounts to specifying a hydrodynamic frame.

TμνuE
ν = − εuμ

E + Δqμ Jμ = nuμ
N + ΔJμ

Landau frame (E-frame) Eckart frame (N-frame)

uμ
E

uμ
N

ε + Δε = Tμνuμuν

n + Δn = − Jμuμ

Energy:

Charge:

Velocity:

No heat flux Δqμ

No diffusion current ΔJμ

 Non-equilibrium quantitiesΔX :

mailto:xinan@ugent.be


uμ

eμ
1

eμ
2
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Stochastic (Landau) frames

16

Stochastic frames (comoving)Averaged frame

⟨T̆μν⟩uν = − εuμ

⟨J̆μ⟩uμ = − n
T̆μνŭν = − ε̆ŭμ

J̆μŭμ = − n̆

T̆μνuν = −ε̃uμ + π̃aeμ
a

J̆μuμ = −ñ

⟨π̃a⟩ = 0
⟨ε̃⟩ = ε
⟨ñ⟩ = n

⟨ŭμ⟩ ≠ uμ

ψ̃ = (π̃, ε̃, ñ)

Primary variables are 
unconstrained & conserved:

ŭμ

XA, Basar and Stephanov, to appear
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Thermodynamics in different frames

17

uμ

eμ
1

eμ
2

ŭμ

T̃ds̃ = − v ⋅ dπ̃ + dε̃ − μ̃dñ

p,ε̃ =
p,ε̆ + v2c2

s

1 − v2c2s

c2
s = p,ε̆ + n̆

ε̆ + p
p,n̆

averaged frame

(hydro simulation)

vμ = π̃μ

ε̃ + p

• Thermodynamic laws:

‣ 2nd law for :Sμ = s̃(uμ + vμ) + ΔSμ

∂μ Sμ > 0

‣ 1st law for :ψ̃ = (π̃, ε̃, ñ)

• Thermodynamic relations:

stochastic frame 
(Lattice QCD input)
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Confluent transport

18

• More convenient to work with fluid mechanics independent of its kinematics.

∂μ uν ≠ 0
∂μ eν

a ≠ 0

∇̄μuν = ∂μuν + Γν
μλuλ = 0

∇̄μeν
a = ∂μeν

a + Γν
μλeλ

a − Γb
μaeν

b = 0

uμ

eμ
1

eμ
2x

x′ 

uμ
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SO(3) covariant formalism

19

One-point-like evolution
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SO(3) covariant formalism

20
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SO(3) covariant formalism

21

Ḡa1…aN
(x1, …, xN) ≡ ⟨

N

∏
i=1

[R(x, xi)ϕ(xi)]ai⟩
R(x, x′ ) b

a ≡ e(x)a ⋅ Λ(x, x′ ) ⋅ e(x′ )b

projectionboostrotation

x1

x2

x3

x

In terms of  and , 

equations are manifestly 


SO(3) covariant

∇̄ Ḡ
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Generic equation of motion: a priori 

22

• Assuming the most generic form of the full nonlinear equations for any :ψ̃a

u ⋅ ∇̄ψ̃a = Ba + Aμ b
a ∇̄ψ̃b

+Dμν b
a ∇̄μ ∇̄νψ̃b + D̃νμ bc

a ( ∇̄μψ̃b)( ∇̄νψ̃c) + …
+ Cμ

̂c a( ∇̄μη ̂c ) + C̃μ b
̂c aη ̂c ( ∇̄μψ̃b) + …

∂μT̆μν = 0, ∂μ J̆μ = 0

⟨η ̂c (x) η ̂d (x′ )⟩ = 2 δ ̂c ̂d δ(4)(x − x′ )

(Ideal/Hamiltonian)

(Dissipation)

(Noise)

We do not need to know anything about operators !ABCD

mailto:xinan@ugent.be
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SO(3) covariant confluent equations

23

u ⋅ ∇̄W(q1,q2)
a1a2

= 2 [Γ b (q1,−q1)
a1

W(q1,q2)
ba2

+ Ξ(q1,q2)
a1a2 ]Perm(12)

u ⋅ ∇̄W(q1,q2,q3)
a1a2a3

= 3 [Γ b (q1,−q1)
a1

W(q1,q2,q3)
ba2a3

+ Γ bc (q1,q2,q3)
a1 (W(−q2,q2)

ba2
, W(−q3,q3)

ca3 ) + Ξ b
a1a2

W(−q3,q3)
ba3 ]

Perm(123)

• Equations for  in full hydrodynamics:Wa1…aN
(q1, …, qN) = FT {Ḡa1…aN

(x1, …, xN)}

Consistent with fluctuation-dissipation relation 
regardless of the explicit form of : 


a very nontrivial check!
ABCD

 depend on Γ, Ξ ABCD

XA, Basar and Stephanov, to appear

Read for use before freezeout
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Far-from-equilibrium regime:  
U(1) diffusion
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Maxwell-Cattaneo diffusion

25

• Fick diffusion (gapped modes are transient)

fast relaxation slow diffusion

∂t n + ⃗∂ ⋅ ⃗J = 0 ⃗J = − D ⃗∂n

• Maxwell-Cattaneo diffusion (e.g., critical slowing down )τ∂t ≫ 1

τ∂t ⃗J = − ( ⃗J + D ⃗∂ n)∂t n + ⃗∂ ⋅ ⃗J = 0

slow relaxation & diffusion

time

non-hydro pole

hydro pole

−i/τ

−iDk2

ω

non-hydro pole
hydro pole

−i/τ
−iDk2

ω

Hydro+

τ ≪ L2/D

τ ≳ L2/D

x

n(
t,x

)

t=0
t=0.05, vanilla hydro
t=0.05, extended hydro

t = 0

t = 0+
Fick
MC

L
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Maxwell-Cattaneo diffusion near critical point

• Evolution of dynamic variable  and n g ≡ ·n = − ⃗∂ ⋅ ⃗J

26

τ∂tWnn(q) = 2τWng(q) |perm

τ∂tWng(q) = − Wng(q) − Dq2Wnn(q) + τWgg(q)
τ∂tWgg(q) = − 2[Wgg(q) + Dq2Wng(q) − λq2/τ]perm

Wnn(q) ≡ ⟨n(q)n(−q)⟩

Dashed: τ ∼ 1 fm

non-hydro pole

hydro pole

−i/τ

−iDq2

ω ω

oscillating poles 
(QNM)

increase q

q = 0.5 fm−1

q = 1.0 fm−1

q = 1.5 fm−1

Solid: τ = 0 fm

Wng(q) ≡ ⟨n(q)g(−q)⟩ Wgg(q) ≡ ⟨g(q)g(−q)⟩

Abbasi, XA and Wu, WIP

Wnn

a toy model for 

full hydrodynamics
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Non-universal non-hydro modes
• Analytic structures of retarded Green functions differ beyond hydro regime.

27

Hydro modes: governed by manifest symmetries associated with conservation laws.


Non-hydro modes: governed by emergent hidden symmetries.

non-hydro cut

hydro pole
−i/τ

−iDk2

ω

non-hydro pole

hydro pole

−i/τ

−iDk2

ω

Maxwell-Cattaneo RTA kinetic

non-hydro poles

hydro pole−iDk2

2πT(−i ± 1)n

ω

Holography

XA, Brants, Heller and Yin, 2511.11555
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Constraint and symmetries in Keldysh formalism
• Starting from UV/bare action to IR/effective action (top-down)

Schwinger, 1961; Keldysh, 1965

ψr = 1
2 (ψ+ + ψ−)

I[ψr, ψa] = I[ψ̃r, ψ̃a] ⟹ ψ̃r(−t) = ψr(t), ψ̃a(−t) = ψa(t) + iβ ·ψr(t)

ti tf
ψ+
ψ−

ψa = ψ+ − ψ−

IRUV

Kubo-Martin-Schwinger Z(2) symmetry:

Glorioso et al, 1805.09331

28

Martin et al, 1973

I*[ψr , ψa] = − I[ψr , − ψa], I[ψr , ψa = 0] = 0, Im I[ψr , ψa] ≥ 0Unitarity:

I0[ψ, χ] I[ψ]
Integrate out χ

(Reflectivity) (Normalizability) (Positivity)

• Constraints:
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Constraint and symmetries in Keldysh formalism
• Starting from IR/effective action to UV/bare action (bottom-up)

ψr = 1
2 (ψ+ + ψ−)

I[χr, χa] = I[ χ̃r, χ̃a] ⟹ χ̃r(−t) = χr(t), χ̃a(−t) = χa(t) + iβ ·χr(t)

ti tf
ψ+, χ+
ψ−, χ−

ψa = ψ+ − ψ−

IRUV

Kubo-Martin-Schwinger Z(2) symmetry:

29

I*[χr , ψa] = − I[χr , − χa], I[χr , ψa = 0] = 0, Im I[χr , χa] ≥ 0Unitarity:

I0[ψ, χ] I[ψ]
Integrate in χ

(Reflectivity) (Normalizability) (Positivity)

• Constraints:

Jain et al, 2309.00511
Mullins et al, 2309.00512
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Explicit U(1) and emergent shift
• The action is invariant under

30

ψr → ψr + λ

unbroken (disordered) phase broken (ordered) phase

‣ Emergent shift symmetry in symmetry unbroken phase:

ψ → ψ + θ(x), Aμ → Aμ − ∂μθ(x) Gauge-invariant block: 𝔸μ = Aμ + ∂μψ

‣ Explicit U(1) gauge symmetry

ψr → ψr + λ(x), 𝔸μ → 𝔸μ + ∂μλ(x)
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Multiple U(1)s
• Generalization to a collection of systems with multiple U(1)s:

31

• Scenarios:

‣ all U(1)s are unbroken

‣ all U(1)s are broken into a diagonal U(1)

‣ mixture of the two above

U(1)U(1) U(1) diagonal U(1)
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Scenario I: Unbroken U(1) and kinetic-like theory 
• All global U(1)s are unbroken

32

IU[{ϕα}] =
N

∑
α=1

∫x
χ0{(∂t ϕr)∂t ϕa + 1

2 [(v ⋅ ∂)ϕr ∂t ϕa + (r ↔ a)]}α

ϕ1 ϕNϕα

Action for  is invariant under shift ϕα
(∂t + v ⋅ ∂) δf + F ⋅ v = 0

px
θ

Fermi surface

U(1) phase

δf = χ0(∂t ϕr)

IU[{ϕr
α , ϕa

α}] = IU[{ϕr
α +λα(x), ϕa

α}]

Delacretaz et al, 2203.05004 

York et al, 0811.0729

Mo et al, 2512.23960
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Scenario II: Broken into diagonal U(1) and holo-like theory

33

• All (local) U(1)s are broken into a diagonal U(1)

IB[{𝔸n}] =
K

∑
n=1

∫x
( f2 Δ𝔸r

t Δ𝔸a
t − g2Δ𝔸r

iΔ𝔸a
i + ϵEr ⋅ Ea − κBr ⋅ Ba + σ𝔸a ⋅ Er)n

Action for  is invariant under (diagonal) shift𝔸n = An + ∂φn

where  is a shift-invariant block with nearest-neighbor couplingΔ𝔸n = 𝔸n+1 − 𝔸n

IB[{𝔸r
n, 𝔸a

n}] = IB{𝔸r
n +∂λ(x), 𝔸a

n}]

φ1 φKφn φ1 φKφn

Holo

boundaryAdS bulk

Nickel and Son, 1009.3094

Holographic liquid with

hidden local symmetry
Son and Stephanov, 0304182

U(1)U(1) U(1) diagonal U(1)
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Scenario II: Broken into diagonal U(1) and holo-like theory

34

• When  (one layer), identifyingK = 1

hydro (diffusive) poleωD

ω

ω− ω+
oscillating mode


(QNM)

n ↔ f2Δ𝔸0, Ji ↔ − g2Δ𝔸i

τ∂t ⃗J = − ( ⃗J + D ⃗∂ n)∂t n + ⃗∂ ⋅ ⃗J = 0,

the model is identical to Maxwell-Cattaneo:

 χ ≡ λ
D

↔ f2 , λ
τ

↔ g2,

Maxwell 1867, Cattaneo 1948

Ahn et al, 2506.00926

NB: the non-hydrodynamic (gapped) mode results from 

mass acquired by Higgs mechanism

• When  (continuous limit), the model is identical to holography via 
dimensional deconstruction.

K → ∞
Arkani-Hamed et al, 0104005
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Scenario III: Mixture
• The analytic structure of the simplest mixture model

35

non-hydro cut

hydro (diffusive) pole
−i/τ

ωD

ω
−q q

ωC

ω− ω+

coupling pole
oscillating mode


(QNM)
ϕ1 ϕNϕα

φ1

φV

I(a) = IU[{ϕr
α , ϕa

α}] + IB[{𝔸r
n, 𝔸a

n}] + ΔI[ϕα , φV]

ΔI = − χU
τR ∑

α
∫x

(∂t ϕα − ∂t φV)(ϕa
α − φa

V)

ωC = − i
(1 + r)

τR
ωD = − i

1 + r (DB + r DR) q2 r = χU
χB

system A 

(kinetic) 

system B 

(holo)

boundary
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Fluctuations and shift symmetry
• “Integrated in” action invariant under shift

36

IFD = ∫x,ω
ω σ χa(−ω)[iχr(ω) + coth ( βω

2 ) χa(ω)]

Ĩ [χ̃] = ∫x ∫
2π

0
dθ

σ
2 [i(∂θ χ̃)2 − β

2π
(∂θ χ̃) ∂t χ̃]

θ χ̃(θ = 2π) = χ+

χ̃(θ = 0) = χ−

Ĩ [χ̃(θ, x)] = Ĩ [χ̃(θ, x) +λ(x)]

The power of shift symmetry: fluctuation-dissipation relation in the far-from-equilibrium regime 

is reproduced very nontrivially!

integrate out χ̃

(local)

(non-local)
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Recap
• Fluctuation equations for full hydrodynamics are ready for use now.


• The non-universal non-hydro behavior are governed by symmetries.

Outlook
• “Dynamical modeling” of the fluctuation equations with QCD critical point, 

compare to experimental data after freezeout.


• Construct EFT with different degrees of freedom (e.g., energy-momentum, spin, 
isospin) and symmetries (e.g., diffeomorphism, SU(2)); Understand the universality 
in far-from-equilibrium dynamics.

Thank You


