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Motivation



Motivation: illustration of heavy-ion collisions

credit: Chun Shen
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Motivation: exploring the QCD phase diagram with heavy-ion collisions

Nuclear Physics: Exploring the Heart of Matter

Copyright National Academy of Sciences. All rights reserved.

92 n u c l e a r  P h y s i c s

The Search for the Critical Point

Lattice QCD calculations show that in a matter- antimatter symmetric envi-
ronment the transition between a gas composed of mesons and baryons to the 
QGP occurs smoothly as a function of increasing temperature, with many ther-
modynamic properties changing dramatically but continuously within a narrow 
temperature range. In contrast, if nuclear matter is squeezed to higher and higher 
densities without heating it significantly—a feat accomplished in nature in the 
cores of neutron stars (see Box 2.4)—sharp phase transitions (as in the boiling or 
freezing of water) may result. A map of the expected QCD phase diagram (Figure 
2.25) predicts that the continuous crossover currently being explored in heavy-ion 
collisions at the highest RHIC energies will become discontinuous if the excess 
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FIGURE 2.25 The phase diagram of QCD is shown as a function of baryon chemical potential (a 
measure of the matter to antimatter excess) and temperature. A prominent feature in this landscape 
is the location of the critical point, which indicates the end of the first-order phase transition line in 
this plane. SOURCE: DOE/NSF, Nuclear Science Advisory Committee, 2007, The Frontiers of Nuclear 
Science: A Long Range Plan.

2007 NSAC Long Range Plan

Theoretical modeling of heavy-ion collisions at low

energies faces:

complicated interpenetration dynamics;

dynamics of conserved charges, large baryon

doping; (Part I)

singularity associated with the QCD critical

point in the thermal properties of the medium;

large �uctuations and strong correlations near

the critical point; their dynamics; (Part II)

. . .
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Hydrodynamics at non-zero net baryon density



Initial conditions: construction in (3+1)D
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Collision geometry and the maximum overlap time of Au-Au collision [C. Shen and B. Schenke, 1710.00881; L. Du, D. Everett and U. Heinz, in preparation].

At low collision energies (e.g. Beam Energy Scan energies), the space-time history of nuclear

interpenetration is complicated;

Hybrid descriptions of heavy-ion collision involving hydrodynamics require (3+1)D initial

conditions in these cases;

Challenges: large theoretical uncertainties [G. Denicol et al, 1804.10557], e.g. amount of baryon stopping [A.

Bialas et al, 1608.07041; L. Du et al, 1807.04721; C. Shen and B. Schenke, 1710.00881]; interplay between (3+1)D

pre-hydrodynamics and hydrodynamics [C. Shen and B. Schenke, 1710.00881; Y. Akamatsu et al, 1805.09024; Y. Kanakubo et al,

1806.10329;]
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Baryon evolution: recent developments

The conservation laws for energy, momentum and the baryon charge are

dµTµν = 0 , with Tµν = euµuν − (p + Π)∆µν + πµν ,

dµNµ = 0 , with Nµ = nuµ + nµ .

Equation of State

At non-zero charge density:

[A. Monnai et al, 1902.05095; J. Noronha-Hostler et al, 1902.06723]

With a critical point: [P. Parotto et al, 1805.05249]

Transport coe�cients

Shear and bulk viscosity (η/s)(µ, T), (ζ/s)(µ, T):

e.g. [J. Noronha-Hostler et al, 0811.1571; G. Denicol, 1512.01538]

Baryon di�usion coe�cient κn(µ, T):

e.g. [G. Denicol et al, 1804.10557; R. Rougemont, 1507.06972; O. Soloveva et

al, 1911.08547; Fotakis et al, 1912.09103]

(3+1)D hydrodynamic simulation

MUSIC [G. Denicol et al, 1804.10557]

BEShydro [L. Du and U. Heinz, 1906.11181]

CLVisc [X. Wu, QM2019]; Frankfurt [J. Fotakis, QM2019];
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Speed of sound from a Lattice-QCD-based Equation of State with a

critical point [P. Parotto et al, 1805.05249]
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(1+1)D comparison (r = 0) between MUSIC and BEShydro [L. Du

and U. Heinz, 1906.11181], both using DNMR theory [G. Denicol et al,

1004.5013; G. Denicol et al, 1202.4551]
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Baryon di�usion: smoothen baryon gradients

The relaxation equation for baryon di�usion:

uν∂νnµ = −
1

τn

[
nµ − κn∇µ

(
µ

T

)]
+ . . . ,

where the baryon di�usion coe�cient (κn ∝ CB) controls the response of di�usion current to the driving force.

Energy and baryon evolution in transverse plane [L. Du and U. Heinz, 1906.11181]

Baryon di�usion leaves no pronounced signatures in the evolution of the energy density but smoothes out

gradients in baryon density [L. Du and U. Heinz, 1906.11181].

An active topic: see also e.g. [A. Monnai, 1204.4713; C. Shen et al, 1704.04109; G. Moritz et al, 1711.08680; G. Denicol et al, 1804.10557; M.

Li and C. Shen, 1809.04034; X. Wu, QM2019; Fotakis et al, 1912.09103].
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Energy and baryon evolution in longitudinal direction in (1+1)D evolution (adapted from [L. Du et al, 1807.04721])
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BEShydro: internal workings

Physics, internal workings and validation schemes are well documented:

BEShydro paper [L. Du and U. Heinz, 1906.11181]

User manual
on GitHub

Stay tuned for more validation schemes, which can be used for other codes
on GitHub

With documents and validation schemes, BEShydro can be a good tool for knowing internal workings of

hydrodynamic code, and it is especially suitable for doing exploratory studies.
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Fluctuation dynamics near the QCD critical point



Critical �uctuations: necessity of o�-equilibrium dynamics

A critical point features large �uctuations and correlations [Gitterman, Rev. Mod. Phys., 1978]; dependence on the

correlation length ξ stronger in higher-order cumulants, e.g. K3 ∝ ξ4.5,K4 ∝ ξ7
; non-monotonic dependence

of the cumulants on beam energies — proposed as telltale signature of QCD critical point [M. Stephanov, 0809.3450

and 1104.1627];

Illustration of the critical regime and normalized quartic cumulant of proton multiplicity as a function of µ (equivalently, collision energy

√
sNN )

[M. Stephanov, 0809.3450 and 1104.1627; A. Bzdak et al, 1906.00936]

Equilibration of such �uctuations can be slow because of critical slowing-down [Hohenberg and Halperin, Rev. Mod.
Phys., 1977]; the QCD matter created in heavy-ion collisions evolves very rapidly; — o�-equilibrium e�ects of the

�uctuations become essential [Y. Yin, 1811.06519];

Hydro+ framework: conventional hydrodynamics coupled to slowly evolving critical modes. The slowest

mode in the system created in heavy-ion collisions is, δ(s/n)p [M. Stephanov and Y. Yin, 1712.10305].
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Critical �uctuations: equilibrium value

Introduce a phase-space density for the slow degrees of freedom, φQ(x), via the Wigner transform of the

two-point correlation of δ(s/n)p [M. Stephanov and Y. Yin, 1712.10305; see also X. An et al, 1902.09517 and 1912.13456]:

φQ(x) ∼
∫

∆x

〈
δ
s
n

(
x +

∆x
2

)
δ
s
n

(
x −

∆x
2

)〉
eiQ·∆x .

dependence of two point correlation on x of scale ` (homogeneity scale of �uid), on ∆x of scale ξ (correlation

length);

With the scale separation `� ξ, in the hydrodynamic limit Q → 0, i.e. Q � ξ−1 (Q = |Q|), the equilibrium

value φ̄0 is [M. Stephanov and Y. Yin, 1712.10305; Y. Akamatsu et al, 1811.05081]

φ̄0 = V

〈(
δ
s
n

)
2

〉
=

cp
n2

,

where cp = nT(∂(s/n)/∂T)p is the heat capacity.

In the critical regime (Q � ξ−1
), the Q- and ξ-dependent equilibrium value is given as [M. Stephanov and Y. Yin,

1712.10305; Y. Akamatsu et al, 1811.05081; X. An et al, 1912.13456]

φ̄Q = φ̄0f2(Qξ) =

[(
cp
n2

)(
ξ

ξ0

)
2

]
1

1 + (Qξ)2

,

where spatial isotropy for the Q-dependence is assumed (see also [K. Rajagopal et al, 1908.08539]).
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Critical �uctuations: o�-equilibrium dynamics

The equations of motion of slow modes are of relaxation form [M. Stephanov and Y. Yin, 1712.10305; Y. Akamatsu et

al, 1811.05081; X. An et al, 1912.13456]

uµ∂µφQ = −ΓQ (φQ − φ̄Q) ,

where uµ the �ow velocity and uµ∂µ the time-derivative in local rest frame.

Near the critical point, the Q-dependent relaxation rate ΓQ is [Y. Akamatsu et al, 1811.05081; X. An et al, 1912.13456]

ΓQ = ΓξfΓ(Qξ) =

[
2

(
λT

cpξ2

)(
ξ0

ξ

)
2

]
[(Qξ)2(1 + (Qξ)2)] ,

with λT being the heat conductivity (note: “model B” in use, Γξ ∝ ξ−4

, cf. [K. Rajagopal et al, 1908.08539]).

Dynamics φQ is resulted from competition between expansion of the system and the relaxation of

φQ . Introduce the “critical Knudsen number” to characterize this competition quantitatively:

Kn(Q) ≡ θ/ΓQ .

Slow modes with large critical Knudsen numbers will lag behind, not being able to follow the

hydrodynamic evolution of the equilibrium value φ̄Q(x) [L. Du, U. Heinz, K. Rajagopal, and Y. Yin, 2004.02719].
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Critical �uctuations: back-reaction to the �uid

The slow modes are additional, non-thermal degrees of freedom, which contribute to the entropy

density, s(+)(e, n, φ) ≡ seq(e, n) + ∆s, with [M. Stephanov and Y. Yin, 1712.10305] (denoting x ≡ φQ/φ̄Q )

∆s(e, n, φ) =

∫
dQ

Q2

(2π)2

[
log

φQ

φ̄Q
− φQ

φ̄Q
+ 1

]
.

Note: Q2

in the phase space factor.

�Γ(�)

�(�)

� � � � � �
�

���

���

���

���

���

���

�

(�)

���(�)-�+�

� � � � �

-���

-���

-���

-���

���

�

(�)

Thus they modify the inverse temperature and chemical potential as follows:

β(+) =

(
∂s(+)

∂e

)
nφ

≡ 1

T
+ ∆β , α(+) = −

(
∂s(+)

∂n

)
eφ

≡ µ

T
+ ∆α .

The pressure of the system at partial-equilibrium is

p(+) = (s(+) − β(+)e + α(+)n)/β(+) ≡ p + ∆p ,

where ∆p is the additional contribution from the slow modes.

Slow modes have back-reaction to the �uid.
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Setup: parameterization and background �uid

Parameterization: cp = s2/(αn) [Y. Akamatsu et al, 1811.05081] and λT ∝ T 2
and ξ(T) [K. Rajagopal et al, 1908.08539];

ξ = ξ(�)

��� ��� ��� ��� ��� ���
���

���

���

���

���

� [���]
ξ
[�
�
]

���������������� �� ξ

(�)

�� = ��� ��-�

�� = ��� ��-�

�� �� �� ��
���

���

���

���

���

τ [��]

ξ
[�
�
]

����������� ������ ξ(τ)

(�)

Illustration of the parameterization ξ(T), and its evolution in a Bjorken expanding �uid

Ideal Gubser �ow [S. Gubser, 1006.0006] with no back-reaction; temperature pro�le given as

T(τ, r) = C/(τ cosh2/3 ρ(τ, r)) (other quantities from conformal EoS, e.g., e ∝ T 4
and n ∝ T 3

).
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O�-equilibrium dynamics: dependence on Q and ξ

Dashed lines: ξ = ξ0 ; solid lines: ξ = ξ(T) [L. Du, U. Heinz, K. Rajagopal, and Y. Yin, 2004.02719].

Equations of motion

(uτ∂τ+ur∂r)φQ = −ΓQ (φQ−φ̄Q) ,

Note: equilibrium

value φ̄Q is evolving

and a “moving target”

for φQ

Two e�ects at play: (1) the initial peak in the �uctuations carried outward by advection (outward through

ur∂r -term); (2) out-of-equilibrium �uctuations relax but more slowly due to critical slowing down (inward

through ΓQ-term);

Small Q modes (Q < ξ−1

max
): relaxation is invisible because of large Kn(Q). Large Q modes (Q & ξ−1

0
): relax

more quickly to equilibrium and the initial peak dissipates more rapidly; advection is invisible.
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O�-equilibrium dynamics: e�ects on entropy density

Test di�erent aspects of the dynamics

(uτ∂τ + ur∂r)φQ = −ΓQ (φQ − φ̄Q) ,

where the equilibrium value φ̄Q and relaxation rate

ΓQ in the critical regime given as

φ̄Q =

[(
cp
n2

)(
ξ

ξ0

)
2

]
f2(Qξ) ,

ΓQ =

[
2

(
λT

cpξ2

)(
ξ0

ξ

)
2

]
fΓ(Qξ) .

Four dynamical models:

- (I) full dynamics of the slow modes,

- (II) with the advection o� (ur = 0),

- (III) with constant ξ = ξ0 = 1 fm,

- (IV) with (T , µ)-independent cp/n2, λT/cp
(cf. [K. Rajagopal et al, 1908.08539]).

Note: background �uid unchanged.

Large di�erence in the correction between (I,II) and

(III,IV). The correction is small (∼ O(10
−4))

compared to seq.
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Evolution of correction to entropy density

[L. Du, U. Heinz, K. Rajagopal, and Y. Yin, 2004.02719].
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O�-equilibrium dynamics: e�ects on eccentricities

(a) temperature and �ow pro�le, (b) with ξ = ξ0 , (c) with ξ = ξ(T) [L. Du, U. Heinz, K. Rajagopal, and Y. Yin, 2004.02719].

Using Gubser pro�le at early time regime (τ � 1/q), with deformation [Y. Hatta et al, 1405.1984 and 1505.04226];

Tiso ≈
C
τ 1/3

(2q)2/3

(1 + q2r2)2/3

, T(τ, r, φ) = Tiso(1− εnAnδ) , An ≡
(

2qr
1 + (qr)2

)n

cos(nφ) .

Large correction to entropy happens at large advection and is enhanced by large correlation length;

The ellipticity is slightly increased by the correction from slow modes (of relative order . 10
−4

).
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Limits of the Hydro+ framework

Foundation of Hydro+: scale separation `� ξ, where ξ is the correlation length and ` the

hydrodynamic homogeneity length;

For a quasi-1-dimensional expansion geometry, only one macroscopic length scale parameter

describing the (in-)homogeneity of the system, ` ∼ 1/θ. The necessary scale separation thus

requires ξ/` ∼ ξθ < O(1).

(a) estimation of hydrodynamic homogeneity length ` (b) estimation of ξ/` ∼ ξθ
[L. Du, U. Heinz, K. Rajagopal, and Y. Yin, 2004.02719]

One sees that the framework gets challenged mostly in an arrow region around Tc but elsewhere it

works well, even at very early times where the homogeneity length ` is short.

Besides, critical dynamics for o�-/far-away-from-equilibrium systems?
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Conclusions



Conclusions

Part I: Dissipative hydrodynamics at non-zero net baryon density

Hydrodynamics at low collision energies requires (3+1)D dynamical initialization;

Baryon di�usion can have e�ects on observables and should be included in

hydrodynamic simulations for Beam Energy Scan studies;

BEShydro is designed for this purpose and well documented.

Part II: Fluctuation dynamics near the QCD critical point

Di�erent aspects of the o�-equilibrium dynamics controlling the evolution of

critical �uctuations are analyzed in details;

It provides useful guidance for more realistic studies on observables a�ected by

critical �uctuations;

Back-reaction o�-equilibrium e�ects of critical �uctuations are small on the bulk

properties of the �uid;
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Thank you very much!
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