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Quantum ChromoDynamics

QCD is a non-Abelian gauge theory which describes the strong
interaction between hadrons and also quarks, gluons inside.

Asymptotic free behavior in large energy scale
In lower energy scale

1 confinement

2 dynamical mass generation

Dynamics(Non-perturbative):
(1) mass generation of quark (DCSB);
(2)gluon mass generation might be related to confinement.
Topology: special feature of non-Abelian gauge theory.
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dynamical mass generation

DCSB from quark propagator in
fQCD approach.
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Rapid acquisition of mass is

Gluon would also become massive
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phenomena

Mapping QCD in heavy ion collision and universe evolution:
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Quantum ChromoDynamics

All these phenomena can be mapped into one phase diagram:

quark-gluon plasma at high
temperature and chemical potential
Color-superconducting phase at low
temperature and high baryon
density
The phase transition between the
normal hadron phase and the
quark-gluon plasma phase driven
by different combination of
temperature and chemical potential,
and connected with crossover at low
density by critical end point (CEP)

when ordinary substances are 
subjected to variations in tempera-

ture or pressure, they will often undergo 
a phase transition: a physical change 
from one state to another. At normal 
atmospheric pressure, for example, water 
suddenly changes from liquid to vapor 
as its temperature is raised past 100° C; 
in a word, it boils. Water also boils if the 
temperature is held fixed and the pres-
sure is lowered—at high altitude, say. The 
boundary between liquid and vapor for 
any given substance can be plotted as a 
curve in its phase diagram, a graph of tem-
perature versus pressure. Another curve 
traces the boundary between solid and 
liquid. And depending on the substance, 
still other curves may trace more exotic 
phase transitions. (Such a phase diagram 
may also require more exotic variables, as 
in the figure).

One striking fact made apparent by 
the phase diagram is that the liquid-
vapor curve can come to an end. Beyond 
this “critical point,” the sharp distinction 
between liquid and vapor is lost, and 
the transition becomes continuous. The 
location of this critical point and the 
phase boundaries represent two of the 
most fundamental characteristics of any 
substance. The critical point of water, for 
example, lies at 374° C and 218 times nor-
mal atmospheric pressure. 

The schematic phase diagram shown 
in the figure shows the different phases 
of nuclear matter predicted for various 
combinations of temperature and baryon 
chemical potential. The baryon chemical 
potential determines the energy required 
to add or remove a baryon at fixed pres-
sure and temperature. It reflects the net 
baryon density of the matter, in a similar 
way as the temperature can be thought to 
determine its energy density from micro-
scopic kinetic motion. At small chemical 
potential (corresponding to small net 
baryon density) and high temperatures, 
one obtains the quark-gluon plasma phase; 

a phase explored by 
the early universe dur-
ing the first few micro-
seconds after the Big 
Bang. At low tempera-
tures and high baryon 
density, such as those 
encountered in the 
core of neutron stars, 
the predictions call for 
color-superconduct-
ing phases. The phase 
transition between a 
quark-gluon plasma 
and a gas of ordinary 
hadrons seems to be 
continuous for small 
chemical potential 
(the dashed line in 
the figure). However, 
model studies sug-
gest that a critical 
point appears at 
higher values of the 
potential, beyond 
which the bound-
ary between these 
phases becomes a sharp line (solid line in 
the figure). Experimentally verifying the 
location of these fundamental “landmarks” 
is central to a quantitative understanding 
of the nuclear matter phase diagram.

Theoretical predictions of the loca-
tion of the critical point and the phase 
boundaries are still uncertain. However, 
several pioneering lattice QCD calculations 
have indicated that the critical point is 
located within the range of temperatures 
and chemical potentials accessible with 
the current RHIC facility, with the envi-
sioned RHIC II accelerator upgrade, and at 
existing and future facilities in Europe (i.e., 
the CERN SPS and the GSI FAIR). Indeed, 
the recent discovery of the quark-gluon 
plasma at RHIC gives evidence for the 
expected continuous transition (dashed 
line in the figure) from plasma to hadron 
gas. Physicists are now eagerly anticipat-

ing further experiments in which nuclear 
matter will be prepared with a broad range 
of chemical potentials and temperatures, 
so as to explore the critical point and the 
phase boundary fully. As the experiments 
close in, for example, the researchers 
expect the critical point to announce itself 
through large-scale fluctuations in several 
observables. These required inputs will be 
achieved by heavy-ion collisions spanning 
a broad range of collision energies at RHIC, 
RHIC II, the CERN SPS and the FAIR at GSI.

The large range of temperatures and 
chemical potentials possible at RHIC and 
RHIC II, along with important technical 
advantages provided by a collider coupled 
with advanced detectors, give RHIC scien-
tists excellent opportunity for discovery of 
the critical point and the associated phase 
boundaries.

Search for the Critical Point: “A Landmark Study”
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�� The Phases of Nuclear Matter

1The frontiers of nuclear science, A long range plan[J]. 2008.
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Framework of functional QCD method

Dyson-Schwinger equations (DSEs) and functional
renormailization group (fRG) approach are the nonperturbative
approach in continuum QCD which contain the features of both
confinement and chiral symmetry breaking.
They are both formulated as master equations for the effective
action Γ[Φ] with the superfield Φ = (Aµ, c, c̄,q, q̄). The
derivatives of Γ with respect to the fields,

Γ
(n)
Φi1
···Φin

(p1, ...,pn) =
δΓ[Φ]

δΦi1(p1) · · · δΦin (pn)
, (1)

are the one particle irreducible correlation functions and are
derived by taking field derivatives of the fRG or DSE for the
effective action.
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quark gap equation

Taking the quark two point correlation function as an example,
DSEs are basically integral equations, and can be exhibited as:

−1 −1

= −

FRG are generally differential equations,

+

∂̃t = +

+

−1
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solving the equation

Here we basically employ the framework of DSE, as shown
above

−1 −1

= −

To solve this equation, two ingredients need to be input:
gluon propagator
quark gluon vertex

To obtain the appropriate physical quantities:
Symmetry constrained quark gluon vertex + modelling
gluon propagator together with interaction kernel(RL, BC,
ACM).
FRG quark gluon vertex + FRG gluon propagator with no
need for the interaction parameters in infrared region.
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Towards the realistic phase structure of QCD
lattice QCD simulation:

solid computations at vanishing chemical potential,
due to the sign problem, it is difficult for lattice QCD to
reach large chemical potential region.

Large chemical potential is accessible by functional QCD
approaches.

For functional QCD method, it’s quite straightforward to get the
phase diagram of DCSB since the chiral phases could be
identified by the scalar term in quark propagator.

chiral symmetry breaking phase: Nambu phase
chiral symmetry preserved phase: Wigner phase
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QCD phase diagram

The Cornwall–Jackiw–Tomboulis (CJT) effective potential:

Γ(S) = −Tr [ln(S−1
0 S)− S−1

0 S + 1] + Γ2(S), (2)

where S0 and S stands for the bare and full quark
propagator,Γ2 is the 2PI contribution. Calculating the variation
respective to quark propagator, we have:

∂2Γ

∂S2 = S−2 +
∂Γ2(S)

∂S
. (3)

combing with the derivative on the quark propagator DSE as:

−S−2 ∂S
∂T

= 1 +
∂Γ2(S)

∂S
∂S
∂T

, (4)

The criterion is then given by1:
∂S
∂T

= − 1
∂2Γ/∂S2 . (5)

1Fei Gao, Yu-xin Liu. Phys. Rev. D 94 (2016) 7, 076009.
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gap equation

To solve the gap equation12:
−1 −1

= +

−1
2= +

+ +1
2

= + + −1
2

−1
2

+1
6 + +1

2+

Input: Nf = 2 gluon propagator and quark gluon vertex in
vacuum from FRG.

Difference-DSE: The gluon propagator and quark gluon vertex
in finite temperature and chemical potential by computing the
difference:

Γ(n)(p)
∣∣∣
T ,µB ,Nf

= Γ(n)(p)
∣∣∣
0,0,2

+ ∆Γ(n)(p) . (6)

1Fei Gao and Jan M. Pawlowski, arXiv:2010.13705.
2Fei Gao and Jan M. Pawlowski, Phys. Rev. D 102 (2020) 3, 034027.
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Difference-DSE for gluon propagator:

drop the ghost loop in the difference-DSE for the gluon
propagator
the full three-gluon vertex is approximated by its classical
counterpart.

ghost-gluon correlation functions show a negligible
dependence on quark-content, temperature and density.
the ghost loop in the difference-DSE for the gluon
propagator only shows a thermal dependence, which is
negligible.
the three-gluon vertex dressing of the classical tensor
structure only runs mildly for momenta p2 ∼ 1GeV. For
smaller momenta it drops rapidly and even turns negative
(but stays small). In this regime the strange and density
contributions from the three-gluon diagram are negligible,
as well as the subleading thermal fluctuations.
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Difference-DSE for quark gluon vertex

We only compute the first two triangle diagrams in the first line
within the difference-DSE for the quark-gluon vertex.

The contribution of the ghost diagram can safely be
neglected as well as the purely gluonic two-loop diagrams.
The diagram with the four-quark vertex and the
quark-gluon scattering vertex carry information about
hadron resonances, which is the largest source for the
systematic error in the present approximation:

1 In the vacuum it is completely dominated by the sigma-pion
resonance channel

2 At finite density we expect a change of the dominance
order to a diquark channel

3 DSE-studies with resonance contributions shows that the
contribution are subleading, though sizable.
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consistency check

Consistency check between two methods:
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Gluon propagator and Quark gluon vertex at finite T and µB
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Medium effect includes a thermal mass scale in gluon
propagator.
Temperature correction enhances the infrared region of
quark gluon vertex, Chemical potential effect gives non
monotonous behaviour.
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The quark mass function at finite T and µB
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the key feature of QCD is mass running, which leads to the
possible phase transition.
one usually chooses the mass at zero momentum as the
typical scale to identify the quark.
the strict definition needs to analyze the spectral function
of quark.
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phase diagram

Scanning the susceptibility in the whole temperature-chemical
potential plane:

0 5 0 1 0 0 1 5 0 2 0 0 2 5 00
2
4
6
8

1 0
1 2

 

 

 µB =0

 µB =300 M e V
 µB =600 M e V
 µB =750 M e V

ch
ira

l su
sce

pti
bili

ty

T [ M e V ]

low chemical potential,
crossover
large chemical potential,
first order phase
transition

Fei Gao Phase structure and thermal properties of QCD 18/ 38



Backgrounds Framework of functional QCD method Phase structure of QCD QCD states Summary

Fei Gao Phase structure and thermal properties of QCD 19/ 38



Backgrounds Framework of functional QCD method Phase structure of QCD QCD states Summary

QCD phase diagram

Phase diagram in temperature-chemical potential region for
2+1 flavour QCD
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strongly coupling quark gluon plasma

Zero mode in strongly coupling quark gluon
plasma 1

After having a whole picture in the T-µ plane, now we focus on
a short temperature range nearly above phase transition
temperature Tc at µ = 0.

In this region, the QCD matters are strongly coupled quark
gluon plasma (sQGP), and will get an interesting feature from
its nonperturbative property different from the perturbative
results shown in the propagators’ spectral.

1FG et al, Phys. Rev. D 89 (2014)7, 076009.
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strongly coupling quark gluon plasma

The quark spectral could be connected with the quark
propagator as following.

D±(τ, |~p|) = T
∑

n

e−iωnτS±(iωn + µ, |~p|)

=

∫ +∞

−∞

dω
2π

ρ±(ω, |~p|)(
e−(ω+µ)τ

1 + e−(ω+µ)/T ) . (7)

It is an ill-posed problem to obtain the spectral since its degrees
of freedom are much more than the dimension of our data. The
solution cannot been obtained uniquely.
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Maximum Entropy Method

The probability of quark spectral density ρ can be obtained
through Maximum Entropy Method (MEM) when we have
known the information of quark propagator D and some prior
information H.
MEM is based on the Bayes’ theorem

P[ρ|DH] =
P[D|ρH]P[ρ|H]

P[D|H]
, (8)

where P[D|ρH] is the likelihood probability and P[ρ|H] is the
prior probability, P[D|H] is just a normalization constant.

P[D|ρH] =
1
ZL

e−L, (9)

L =

Ndata∑
i

(Ddata(τi)− Dρ(τi))2

2σ2
i

. (10)
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Maximum Entropy Method

P[ρ|Hαm] =
1

ZS
eαS, (11)

S[ρ] =

∫ +∞

−∞
dω
[
ρ(ω)−m(ω)− ρ(ω) log

ρ(ω)

m(ω)

]
, (12)

the quantity m(ω) is the ”default model” which is simply chosen
to be m(ω) = m0θ(Λ2 − ω2). The results should not depend on
the choices for m0, Λ.

It can be proved that after setting this, the maximum solution for
spectral ρ is unique.
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sQGP

We can then extract the quark spectral density.
At temperature T=3Tc , spectral of QGP return to the
perturbative case.
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There’re two collective modes, normal mode and plasmino.

However, there will occur another mode nearly above Tc .
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sQGP

The dispersion relation at T = 1.1Tc
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The new mode near above Tc

new mode different from the normal and plasmino mode in
perturbative computation
zero mode (no thermal mass scale) and spacelike: first
sound

1 indicates the state is strongly-coupled quark gluon plasma
2 in the hydrodynamics region
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sQGP

The mass poles of three collective modes with respect to
temperature.
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All six cases shown similar results:
nearly above Tc , the third mode
occur;
back to the perturbative case at
high temperature.
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sQGP

Z2

∫ ∞
−∞

dω′

2π
ρ±(|~p|, ω′) = 1,

|~p|/GeV Z+ Z0 Z−
∑

i=+,0,− Zi
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sQGP

It shown that the variation domains
for each interaction overlap
considerably and hence it is sensible
to list their averages as conservative
measures of the critical temperature
and zero mode survival domain:
Ts/Tc = 1.53± 0.12

1Fei Gao et al, Phys. Rev. D 89 (2014)7, 076009.
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Thermal hadrons

Hadrons at finite temperature1

The study of in-medium hadron properties has a long history
with many questions of interest however still unsolved.

the real-time properties of strongly interacting systems still
defy a direct determination on nonperturbative
approaches.
it shed light on the physics, probed in current and
upcoming collider facilities.

1Fei Gao and Minghui Ding. Eur.Phys.J.C 80 (2020)12, 1171.
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Pole and screening mass of hadron at finite temperautre

The practical way of computing BSEs for mesons at finite
temperature is through the imaginary time formula which is
simply to change the fourth component of all the momentum in
Euclidean space to Matsubara frequency:

λ(~P2,Ω2
m)Γab

π,ρ(k ; P) = T
∑

n

∫
d3q

(2π)3 g2Dµν(k − q; T )

× γµχab
π,ρ(q; P)γν , (13)

The eigenvalue of the homogeneous BSE becomes 1 when the
meson propagator is on shell, i.e.,

~P2 + P2
0 + M2(~P2,P2

0 ) = 0 ,

where M(~P2,P2
0 ) is the meson mass.
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Pole and screening mass of hadron at finite temperautre

screening mass Mscr via putting Ω2
m = 0, extending ~P into

complex plane and then locating the screening mass at
λ(−M2

scr,0) = 1.
the pole mass is in principle difficult to define since an
analytic continuation of the Matsubara frequency in the
form of spectral representation is required:

1

Ω2
m + ~P2 + M2(~P2,Ω2

m)
=

∫ ∞
−∞

dω
ρ(~P, ω)

ω − iΩm
. (14)

The pole mass is located at λ(~P = 0,P2 = −M2
pole) = 1 through

replacing iΩm with Mpole in the above spectral representation.
Therefore, if people try to obtain the pole mass directly, the BSE
in real time formula with the spectral representation is required.
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A novel method of computing pole mass

A novel method of computing pole mass:

We compute the eigenvalues λ(P2 = Ω2
m) at each Ωm with

m = 1,2, ...,mMax, and extrapolate them to obtain the pole
mass of the meson Mπ,ρ at λ(P2 = −M2

π,ρ) = 1.

The referee reports:

The authors propose to compute the Bethe-Salpeter equation here in Euclidean time, a standard procedure and

then extrapolate their result into the complex plane. This is very reminiscent of the imaginary chemical potential

approach deployed in the lattice community.

Based on the similar consideration to apply this extrapolation,
ie, the extrapolation can work because we know the eigenvalue
of Bethe-Salpeter equation increases smoothly and
monotonously from 0 to 1, as P2

0 goes from positive to the
on-shell pole mass P2

0 = −M2
pole.
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An example of extrapolation for π pole mass at T = 150 MeV
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At low temperature, π pole mass increases monotonously ,
ρ pole mass mass at Ts has reached the vacuum value.
At high temperature, π pole mass gets close to the free
field limit above the critical temperature, while the ρ meson
pole mass is twice as large as this limit.
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monotonous increase for f T
ρ

similar behavior for fπ and fρ
fπ and fρ can be considered as the criterion of phase
transition.
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Summary and future:

Phase diagram: obtained for the first time, QCD phase
diagram without further infrared parameters in functional
QCD method.
The improvement at higher chemical potential needs the
hadron resonance channel.
Thermal states:

1 Quark spectrum in sQGP phase
2 Thermal hadron

Thank you !
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