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Outline

• Methodology inverting the Schroedinger equation

- what is Deep Neural Network

- new algorithm using DNN to obtain  from 


• Application

- heavy flavor potential from Bottomonium mass & thermal width

- phenomenological consequences

V(r) {En}



Schroedinger Equation

Ĥ ψn = − ∇2

2m
ψn + V(r) ψn = En ψn

•  known ⟹ : numerical methods established.


•  known ⟹ :


•  known ⟹ :           ???

V(r) {En, ψn(r)}

ψn(r) V(r)

{En} V(r)

∇2ψn

2m ψn
= V(r) − En
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How to learn  from ?V(r) {En}

• parameterize the potential , scan the whole -space, 

minimize  

• a gradient-descent based method: 

• goal -- find the -point that  

• update  iteratively according to  

• general unbiased parameterization scheme? Deep Neural Network!

V(r |θ) θ
χ2 ≡ ∑

i
(Eθ,i − Ei

δEi
)

2

θ ∇θ χ2 = 0
θ Δθ ∝ ∇θ χ2

∇θ χ2 = 2∑
i

Eθ,i − Ei

(δEi)2 ∇θEθ,i

∇θEθ,i = ⟨ψi |∇θV(θ) |ψi⟩
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What are Deep Neural Networks?
--- a general parameterization scheme to approximate continuous functions.

03

example: approximate  for  y = x2 x ∈ [0,1]
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What are Deep Neural Networks?
--- a general parameterization scheme to approximate continuous functions.

03

example: approximate  for  y = x2 x ∈ [0,1]
defineσ(0.25x) + σ(0.5(x − 0.5))
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What are Deep Neural Networks?
--- a general parameterization scheme to approximate continuous functions.

03

example: approximate  for  y = x2 x ∈ [0,1]
define
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: intercept

: change of slope

∑
i

σ(si(x − xi))

xi
si



What are Deep Neural Networks?
--- a general parameterization scheme to approximate continuous functions.

03

example: approximate  for  y = x2 x ∈ [0,1]
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: intercept

: change of slope

∑
i

σ(si(x − xi))

xi
si

x y

each      represents one of  σ(si(x − xi))



… … …

…r V

What are Deep Neural Networks?

Each      is an intermediate function :

- At the first layer:


(a(l)
i )

linear
nonlinear

(iterative function substitution)
V (r) ≈ VDNN(r |parameters)

z(1)
i = b(1)

i + W(1)
i,1 r, a(1)

i = σ(z(1)
i )

--- a general parameterization scheme to approximate continuous functions.
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… … …

…r V

What are Deep Neural Networks?

Each      is an intermediate function :

- At the first layer:

- At later layers:

(a(l)
i )

z(l)
i = b(l)

i + ∑
j

W(l)
i,j a(l−1)

j , a(l)
i = σ(z(l)

i )

parameters  to be optimized(W(l)
i,j , b(l)

i )

(iterative function substitution)

linear
nonlinear

z(1)
i = b(1)

i + W(1)
i,1 r, a(1)

i = σ(z(1)
i )

V (r) ≈ VDNN(r |parameters)

--- a general parameterization scheme to approximate continuous functions.
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How to learn  from  using DNN?V(r) {En} 05



Can we really learn  from ?V(r) {En}

discrete, finite
continuous 
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target spectrum "ta
rge

t" 
po

ten
tia

l 

initial potential 
current potential 

r (GeV−1)

|ψ
n | 2+

E
n

or
V

(G
eV)

learn  according to
V(r)

{En} = {3
2 , 7

2 , 11
2 , 15

2 , 19
2 } GeV
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target spectrum "ta
rge

t" 
po

ten
tia

l 

initial potential 
current potential 

r (GeV−1)

|ψ
n | 2+

E
n

or
V

(G
eV)

Deviate from the exact potential 

where all ψn → 0,

δEn = ⟨ψn |δV(r) |ψn⟩

learn  according to
V(r)

{En} = {3
2 , 7

2 , 11
2 , 15

2 , 19
2 } GeV

-- Yes! (for a certain r range)
Can we really learn  from ?V(r) {En} 06



Can we really learn  from ?V(r) {En}

{En} = { 0.5, 1.5, 2.5, 3.5, 4.5,
5.5, 6.5, 7.5, 8.5, 9.5} GeV
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Can we really learn  from ?V(r) {En}

{En} = { 0.5, 1.5, 2.5, 3.5, 4.5,
5.5, 6.5, 7.5, 8.5, 9.5,

10.5, 11.5, 12.5, 13.5, 14.5} GeV
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Can we really learn  from ?V(r) {En}

{En} = { 0.5, 1.5, 2.5, 3.5, 4.5,
5.5, 6.5, 7.5, 8.5, 9.5,

10.6, 11.7, 12.8, 13.9, 15.0} GeV
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Application: Heavy Flavor Potential



Quarkonium in the QGP

Hard Thermal Loop potentials 







see e.g., Laine, Philipsen, Romatschke, and Tassler, JHEP 03, 054 (2007)

VR(T, r) = σ
μD

(2 − (2 + μDr)e−μDr) − α(μD + e−μDr

r ) + B ,

VI(T, r) = −
π

4 μDTσr3G2,2
2,4 (

− 1
2 ,− 1

2

1
2 , 1

2 ,− 3
2 ,−1

μ2
Dr2

4 ) − α T ϕ(μDr) .

• In heavy-ion collisions, quarkonium production serves as a probe of the QGP.

• Accurate understanding of the in-medium heavy-quark interaction?

‣ Real potential modified by color-screening


‣ Imaginary potential arises due to , Landau damping, ...(QQ̄)1 → (QQ̄)8
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R. Larsen, S. Meinel, S. Mukherjee, and P. Petreczky:

          Phys.Rev.D100,074506(2019), Phys.Lett.B800,135119(2020), Phys.Rev.D102,114508(2020) 
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Mass Thermal Width

Bottomonium mass and thermal width, lattice QCD with finite mQ
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D. Lafferty and A. Rothkopf, PhysRevD.101.056010(2020)

High excitations (2P, 3S) can survive at ;

Mass - mild temperature dependence;

Thermal width - quantitatively larger.

T = 334 MeV

Bottomonium mass and thermal width, lattice QCD with finite mQ 09
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Can we understand the new lattice result using Hard Thermal Loop potential? 10

Ĥ ψn = − ∇2

2mμ
ψn + V(r) ψn = En ψn

V(T, r) = VR (T, r) + i VI (T, r)
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 fitted by LQCDmD(T)
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Can we understand the new lattice result using Hard Thermal Loop potential?

Ĥ ψn = − ∇2

2mμ
ψn + V(r) ψn = En ψn

V(T, r) = VR (T, r) + i VI (T, r)
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New lattice QCD results cannot be explained by the HTL potential

We extract the potential in a model-independent way 

Deep Neural Works (DNN)
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r rT T
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How to learn potential using DNN? 11

Ĥ ψn = − ∇2

2mμ
ψn + V(r) ψn = En ψnV(T, r) = VR (T, r) + i VI (T, r)

χ2 = ∑
T, i

(mT,i − mlattice
T,i

δmlattice
T,i

)
2

+ (ΓT,i − Γlattice
T,i

δΓlattice
T,i

)
2

,
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• Compute  at




• Learn the potential using DNN (dash + band)

VR(T, r) = σ
μD

(2 − (2 + μDr)e−μDr) − α(μD + e−μDr

r ) + B ,

VI(T, r) = −
π

4 μDTσr3G2,2
2,4 (

− 1
2 ,− 1

2

1
2 , 1

2 ,− 3
2 ,−1

μ2
Dr2

4 ) − α T ϕ(μDr) .

{mn , Γn}
T = {0, 151, 173 ,199, 251, 334} MeV

-- Yes!Test - Can we recover a known complex  ?V(T, r) 12
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• Learn the potential using DNN (dash + band)

VR(T, r) = σ
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(2 − (2 + μDr)e−μDr) − α(μD + e−μDr

r ) + B ,

VI(T, r) = −
π

4 μDTσr3G2,2
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4 ) − α T ϕ(μDr) .

{mn , Γn}
T = {0, 151, 173 ,199, 251, 334} MeV

Gray region: 

extrapolations

extrapolation is risky!Test - Can we recover a known complex  ?V(T, r) 12



Results 12



Results
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What physics we have learned from ?VDNN (T, r) 13
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--- compare with HTL potential used in [1]

[1] A. Islam and M. Strickland, JHEP03(2021)235 
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--- compare with HTL potential used in [1]

[1] A. Islam and M. Strickland, JHEP03(2021)235 
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HQQD - Υ(1s)
HQQD - Υ(2s)
HQQD - Υ(3s)

ALICE - Y(1s)
ATLAS - Y(1s)
CMS - Y(1s)
ATLAS - Y(2s)
CMS - Y(2s)

0 100 200 300 400
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R
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5.02 TeV Pb-Pb
ALICE: pT < 15 GeV and 2.5 < y < 4
ATLAS: pT < 15 GeV and |y| < 1.5
CMS: pT < 30 GeV and |y| < 2.4
HQQD: pT < 30 GeV and y=0

weaker T dependence for    ⟹   higher    ⟹   larger VR (r) Tmelt RAA

larger magnitude for    ⟹   larger    ⟹   smaller VI (r) Γ RAA

What physics we have learned from ?VDNN (T, r)

centrality dependence and v2!
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Summary and Outlook

• Develop new algorithm employing DNN to learn  from .


• Extract HF complex  from LQCD results of bottomonium  and .


• Phenomenological consequences in heavy-ion collisions?

V(r) {En}

V(T, r) m Γ


