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Disclaimer: There are many excellent works, but can not covered in this talk.
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Factorization: Parton Model & PDF
4

Factorization theorems:

𝑑𝜎 ∼ $𝑑𝑥!𝑑𝑥" ∗ 𝑓 𝑥! ∗ 𝑓 𝑥" ∗ 𝐶(𝑥!, 𝑥", 𝑄)

PDF: basic inputs for particle physics at hadron colliders. 

parton parton
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Global Fit of Data

12 18. Structure functions

Figure 18.4: Kinematic domains in x and Q2 probed by fixed-target and collider
experiments. Some of the final states accessible at the LHC are indicated in
the appropriate regions, where y is the rapidity. The incoming partons have
x1,2 = (M/14 TeV)e±y with Q = M where M is the mass of the state shown in
blue in the figure. For example, exclusive J/! and ! production at high |y| at the
LHC may probe the gluon PDF down to x ! 10!5.

using the “Hessian” formulation. The free parameters are expanded around their best
fit values, and orthogonal eigenvector sets of PDFs depending on linear combinations of
the parameter variations are obtained. The uncertainty is then the quadratic sum of the
uncertainties arising from each eigenvector. The NNPDF group combines a Monte Carlo
representation of the probability measure in the space of PDFs with the use of neural
networks. Fits are performed to a number of “replica” data sets obtained by allowing
individual data points to fluctuate randomly by amounts determined by the size of the
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Figure 18.5: The bands are x times the unpolarized (a,b) parton distributions
f(x) (where f = uv, dv, u, d, s ! s̄, c = c̄, b = b̄, g) obtained in NNLO NNPDF3.0
global analysis [56] at scales µ2 = 10 GeV2 (left) and µ2 = 104 GeV2 (right), with
!s(M2

Z) = 0.118. The analogous results obtained in the NNLO MMHT analysis can
be found in Fig. 1 of Ref [55]. The corresponding polarized parton distributions are
shown (c,d), obtained in NLO with NNPDFpol1.1 [15].
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Global Fit of Data
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PDF updates
✦ Percent-level precision of PDFs requires careful evaluations of various 

systematic uncertainty sources from data and theory at the LHC 

main challenging are inclusion of theoretical uncertainties, possible tensions between 
different datas and correlations of experimental systematics

From Jun Gao



7
PDF From First Principle? 

• Fitting Results rely on data

• First-principle calculation can cover regions 
where experiments cannot constrain so well 

• The cost of improving calculations could be 
much lower than building large experiments.



8
Gluon PDF

5

LHC implications
✦ Implications on LHC program: searches for new physics beyond the 

SM in multi- TeV region, especially non-resonance signature hiding in 
high mass and pT tails 

looking for possible resonances above 
LHC direct reach, smooth signal can not 
be distinguished with PDF uncertainties 

[Czakon+, 2017]
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Figure 1. Our best predictions for the four LHC 13 TeV tt̄ di↵erential distributions considered in
this work. The predictions are based on the multiplicative approach. Shown are the scale, PDF and
combined (in quadrature) theory uncertainties for each QCD⇥ EW distribution. The boundaries
of the PDF variation band are marked with black dashed lines. Also shown is the ratio of central
scales for the combined QCD and EW prediction with respect to the NNLO QCD one.

interested reader to consult secs. 3 and 4 where detailed comparisons between the two PDF

sets as well as between the two approaches for combining QCD and EW corrections can

be found.

From the plots shown in fig. 1 we conclude that the impact of the EW corrections

relative to NNLO QCD depends strongly on the kinematic distribution. The smallest

impact is observed in the two rapidity distributions: the relative e↵ect for yavt is around

2 permil and is much smaller than the scale uncertainty. The y(tt̄) distribution is slightly

– 4 –

prediction for top pair production

PDF uncertainty dominant

same region where PDFs are less known 
and contribute the dominant systematics
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Figure 4: Di!erential cross section for top pair production at the LHC 8 TeV as predicted by
the benchmark parameters in Eqs. (6)-(7). The solid blue line is the SM+NP mtt̄ distribution
when both the vector and axial KK gluons are present, while the dashed red line shows the
spectrum obtained by the SM and the vector KK gluon only (mA ! mV ); the dotted black
line is the SM QCD expectation alone.

7.2 Bottom and lepton-based top AFB at the Tevatron

The dominant production mechanism for top AFB is through ūRuR " t̄LtL. This is a direct
consequence of the EWPTs which forces the RH tops to be rather elementary. Since LH tops
are dominantly produced a potentially sizable charge asymmetry in bottom pair production is
also expected. Such a measurement is currently performed by the CDF collaboration which
the expected sensitivity was reported in Ref. [73]. We show on Fig. 5 the prediction of our
model for the benchmark parameters of Eqs. (6)-(7). For mbb̄ ! 200GeV, which is the regime
to be probed first by CDF the expected AFB is rather small, typically less than O(1%). This
small value is mostly due the fact that the O(2 TeV) vector and axial KK gluons are almost
totally decoupled at these low energies. An interestingly large asymmetry of O(10%) is however
predicted at invariant masses above mbb̄ " 600GeV, a regime possibly in reach by the Tevatron
experiments. Furthermore we show that most of this NP asymmetry in bottom pair production
is supported by the axial state.

The forward-backward charged lepton (or lepton-based) asymmetry in tt̄ production at the
Tevatron is a useful discriminant in order to better characterize the NP source explaining to
the top AFB [74–76]. In particular, the lepton-based asymmetry near the tt̄ threshold directly
probes the chiralities of the initial qq̄ pair [75]. Since NP AFB contributions here originate
from RH up quark/antiquark collisions, a negative contribution to the lepton-based asymmetry
is expected near threshold. At higher tt̄ invariant masses (mtt̄ " 1TeV) the produced tops
become ultra-relativistic and valuable informations about their chiralities (or helicities) can be

18

1705.04105v2

PDF at large x gives 
dominant errors: 
important to study 
heavy particles. 
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Lattice QCD(K.G.Wilson,1974) 

ØNumerical simulation in discretized 
Euclidean space-time

ØFinite volume (L should be large)

ØFinite lattice spacing (a should be 
small)

Tremendous successes in hadron spectroscopy, decay constants, 
strong coupling, form factors, etc. 
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Lattice QCD: PDF?

PDF (or more general parton physics):  
Minkowski space, real time
infinite momentum frame, on the light-cone

Lattice QCD:

Euclidean space, imaginary time (t=i*tau)
Difficulty in time 

𝑥#
$ 𝑥#

$ =0, 𝑥#
$ =(0,0,0,0)

Unable to distinguish local operator and light-cone operator
Sign problem in simulating real-time dynamics.
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Lattice QCD: PDF?

One can form local moments to get rid of the time-
dependence    

▪ 〈𝑥!〉 = ∫ 𝑓 𝑥 𝑥!𝑑𝑥 ∶matrix elements of local operators

▪ However, one can only calculate lowest few 
moments in practice. 

▪ Higher moments quickly become noisy.
Early attempts of lattice 

calculations	
Computation of the Mellin moments of the PDF: 

 
•  Local	operators	are	calculable	on	the	lattice;	
•  Fitting	the	PDF	with	a	parametrized	form	from	the	moments;	
•  Due	to	broken	Lorentz	symmetry,	operator	mixing	limits	the	number	

of	calculable	moments	to	no	more	than	3.	

Can we directly compute the x-dependence?	
 

8/7/18 T.-D. Lee Institute, Shanghai 18 

		 
dx
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a2
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W. Detmold et al., EPJ 2001, PRD 2002; D. Dolgov et al. (LHPC, TXL), PRD 2002; 
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Quasi Parton Distribution Functions
and 

Large Momentum Effective Theory
(LaMET)

X. Ji, Phys. Rev. Lett. 110 (2013) 262002 
X. Ji, Sci.China Phys.Mech.Astron. 57 (2014) 1407-1412 
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Quasi-PDFs

Space

equal time 
correlation

Time

PDF: 
light-cone 
correlation

Frame transformation: 
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Quasi-PDFs

PDF: 
light-cone separation;
Cannot be calculated 
on the lattice

Quasi-PDF :
Equal-time correlation;
Directly calculable on 
the lattice

Lorentz boost
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Quasi-PDFs:Finite but large Pz

• The distribution at a finite but large Pz shall be
calculable in lattice QCD.

• Since it differs from the standard PDF by simply an
infinite Pz limit, it shall have the same infrared
(collinear) physics.

• It shall be related to the standard PDF by a matching
factor 𝑍( μ

!"
) which is perturbatively calculable.
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quasi PDF in LaMET

ü Formalism: factorization, renormalization, power 

corrections

üMatching: perturbative corrections to Z

üLattice QCD calculations
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Lattice Simulations

Lattice Collaboration working on quasi-PDFs:

Ø Lattice Parton Physics Project (LP3) Collaboration 
J.W. Chen, T. Ishikawa, L. Jin, R.-Z. Li, H.-W. Lin, Y.-S. Liu, A. Schaefer, Y.-B. 
Yang, J.-H. Zhang, R. Zhang, and Y. Zhao, et al

Ø European Twisted Mass Collaboration (ETMC)
C. Alexandrou (U. Cyprus) , M. Constantinou (Temple U.), K.Cichy
(Adam    Mickiewicz U.), K. Jansen (NIC, DESY), F. Steffens (Bonn U.), et 
al. 

Ø DESY, Zeuthen J. Green, et al. 
Ø Brookhaven group

T. Izubuchi, L. Jin, K. Kallidonis, N. Karthik, S. Mukherje, P. Petreczky, C. 
Schugert, S. Syritsyn. 

Ø MSU group
H.-W. Lin

Ø Lattice Parton Collaboration (LPC)
X.Ji, P.Sun, A.Schafer, W.Wang, Y.Yang, J.Zhang, et al

Ø …
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Lattice Progress on quasi PDF:quark
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Progress on quasi-PDF

ü More Precision Calculations:
ü Lattice QCD Simulations
ü 2-loop Perturbative Matching
ü …

ü New Distributions: 
ü Gluons PDFs
ü Transverse Momentum Dependent PDF
ü …

Many Progress has been made on quasi PDFs, see Reviews: 
Alexandrou et al., 1902.00587
Ji, et al. 2004.03543, Rev.Mod.Phy. 
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2-Loop Perturbative Corrections

Higher-order corrections are important:
ü If μ = 2GeV, αs(μ = 2GeV) ∼ 0.3, αs2-correction is needed for a 

precision prediction
ü The factorization proof at NNLO is nontrivial 

2005.13757, PRD RC
2006.10917, JHEP
2006.14825

Chen, WW, Zhu, See also Li,Ma,Qiu,2006.12370 
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2-Loop Perturbative Corrections

Higher order corrections bring about a large number (79+ at 
NNLO) of Feynman diagrams 

p p

p + k2

k2

k2 + p+ px!k1 + p+ px

k1 + k2
p+ px

k1

cut1 cut2 cut3
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2-Loop Perturbative Corrections

Check Master Integrals using the numerical integration package FIESTA 

Divergences between quasi and lightcone PDFs cancel!
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2-Loop Perturbative Corrections
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Chen,WW, Zhu, 
2006.14825
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Gluon quasi PDF:
Renormalization

✦ PDFs for LHC physics: extraction of the SM Higgs couplings 
through cross section measurements

7

PDF sets �(H)NNLO [pb]
nominal ↵s(MZ)

�(H)NNLO [pb]
↵s(MZ) = 0.115

�(H)NNLO [pb]
↵s(MZ) = 0.118

ABM12 [2] 39.80±0.84 41.62±0.46 44.70±0.50

CJ15 [1] a 42.45 + 0.43
� 0.18 39.48 + 0.40

� 0.17 42.45 + 0.43
� 0.18

CT14 [3] b 42.33 + 1.43
� 1.68 39.41 + 1.33

� 1.56 42.33 + 1.43
� 1.68

(40.10)

HERAPDF2.0 [4] c 42.62 + 0.35
� 0.43 39.68 + 0.32

� 0.40 42.62 + 0.35
� 0.43

(40.88)

JR14 (dyn) [5] 38.01±0.34 39.34±0.22 42.25±0.24

MMHT14 [6] 42.36 + 0.56
� 0.78 39.43 + 0.53

� 0.73 42.36 + 0.56
� 0.78

(40.48)

NNPDF3.0 [7] 42.59±0.80 39.65±0.74 42.59±0.80
(40.74±0.88)

PDF4LHC15 [8] 42.42±0.78 39.49±0.73 42.42±0.78

a The CJ15 PDFs have been determined at NLO accuracy in QCD. The PDF uncertainties quoted by CJ15 denote
the 90% c.l. and should be reduced by a factor of 1.645 for comparison with the 68% c.l. uncertainties quoted by
other groups.

b The PDF uncertainties quoted by CT14 denote the 90% c.l. and should be reduced by a factor of 1.645 for
comparison with the 68% c.l. uncertainties quoted by other groups.

c The model uncertainities of the HERAPDF20_NNLO_VAR set are not included in the uncertainty estimates.

TABLE 10: The Higgs cross section at NNLO in QCD (computed in the e↵ective theory) at
p

s = 13 TeV
for mH = 125.0 GeV at the nominal scale µr = µ f = mH with the PDF (and, if available, also ↵s) un-
certainties. The columns correspond to di↵erent choices for the central value of ↵s(MZ) using the
nominal PDF set. The numbers in parenthesis are obtained using the PDF sets CT14nnlo_as_0115,
HERAPDF20_NNLO_ALPHAS_115, MMHT2014nnlo_asmzlargerange and NNPDF30_nnlo_as_0115.

than 13% and contradicts the most recent estimates of the combined PDF and ↵s uncertainties
in the inclusive cross section [106], which quotes 3.2%. In general, the findings underpin the
importance of controlling the accuracy and the correlation of the strong coupling constant with the
PDF parameters in fits.

Of particular interest is the impact of additional parameters in the PDF fits, such as the charm-
quark mass, on the Higgs cross section. The di↵erences in the treatment of heavy quarks and
the consequences for the quality of the description of charm-quark DIS data have already been
discussed in Sec. 3. ABM12 [2] fits the value of mc(mc) in the MSscheme and the uncertainties
in the charm-quark mass are included in the uncertainties quoted in Tab. 10. Other groups keep a
fixed value of the charm-quark mass in the on-shell scheme, cf. Tabs. 4 and 5, and vary the value
of mpole

c within some range. Such studies have been performed in the past by NNPDF2.1 [170]
and MSTW [171] and more recently by MMHT [172].

In Tabs. 11, 12 and 13 we display the results of these fits together with the values of �2/NDP
for the DIS charm-quark data [165], mostly computed with xFitter [166, 167], as well as the

39

1603.08906, A. Accardi et al.measurement on Higgs couplings

predictions (inc. N3LO QCD) at 13 TeV, 1603.08906, C. Anastasiou et al.
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High precision determination of the gluon fusion

Higgs boson cross-section at the LHC

Charalampos Anastasiou
a
, Claude Duhr

b,c⇤
, Falko Dulat

a
, Elisabetta Furlan

a
, Thomas

Gehrmann
e
, Franz Herzog

f
, Achilleas Lazopoulos

a
, Bernhard Mistlberger
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aInstitute for Theoretical Physics, ETH Zürich, 8093 Zürich, Switzerland
bTheoretical Physics Department, CERN, Geneva, Switzerland
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Abstract: We present the most precise value for the Higgs boson cross-section in the

gluon-fusion production mode at the LHC. Our result is based on a perturbative expansion

through N3LO in QCD, in an e↵ective theory where the top-quark is assumed to be in-

finitely heavy, while all other Standard Model quarks are massless. We combine this result

with QCD corrections to the cross-section where all finite quark-mass e↵ects are included

exactly through NLO. In addition, electroweak corrections and the first corrections in the

inverse mass of the top-quark are incorporated at three loops. We also investigate the

e↵ects of threshold resummation, both in the traditional QCD framework and following a

SCET approach, which resums a class of ⇡2 contributions to all orders. We assess the uncer-

tainty of the cross-section from missing higher-order corrections due to both perturbative

QCD e↵ects beyond N3LO and unknown mixed QCD-electroweak e↵ects. In addition, we

determine the sensitivity of the cross-section to the choice of parton distribution function

(PDF) sets and to the parametric uncertainty in the strong coupling constant and quark

masses. For a Higgs mass of mH = 125 GeV and an LHC center-of-mass energy of 13 TeV,

our best prediction for the gluon fusion cross-section is

� = 48.58 pb+2.22 pb (+4.56%)

�3.27 pb (�6.72%)
(theory)± 1.56 pb (3.20%) (PDF+↵s)

Keywords: Higgs physics, QCD, gluon fusion.
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uncertainty with the ABM12 set8:

�ABM12 = 45.07 pb+2.00 pb (+4.43%)

�2.88 pb (�6.39%)
(theory)± 0.52 pb (1.17%) (PDF+↵s) . (8.3)

The significantly lower central value is mostly due to the smaller value of ↵s, which

however is also smaller than the world average.

It is also interesting to compare our prediction (8.1) to the value one would have

obtained without the knowledge of the N3LO corrections in the rEFT. We find

�NNLO = 47.02 pb +5.13 pb (10.9%)

�5.17 pb (11.0%)
(theory)+1.48 pb

�1.46 pb

(3.14%)

(3.11%)
(PDF+↵s) . (8.4)

The central value in eq. (8.4) is obtained by summing all terms in eq. (8.2) except for

the term in the last line. Moreover, we do not include the uncertainties �(PDF-TH)

and �(trunc) from missing higher orders in the extraction of the parton densities and

from the truncation of the threshold expansion (because the NNLO cross-sections are

known in a closed analytic form). The scale variation uncertainty �(scale) at NNLO is

approximately five times larger than at N3LO. This explains the reduction by a factor

of two in the total �(theory) uncertainty by including the N3LO corrections presented in

this publication. We stress at this point that uncertainties on the NNLO cross-section

have been investigated by di↵erent groups in the past, yielding a variety of uncertainty

estimates at NNLO [46, 51, 52, 100, 119, 120, 121, 122]. Here we adopt exactly the same

prescription to estimate the uncertainty at NNLO and at N3LO, and we do not only rely

on scale variation for the NNLO uncertainty estimate, as was often done in the past.

Finally, we have also studied how our predictions change as we vary the center-of-mass

energy and the value of the Higgs mass. Our predictions for di↵erent values of the proton-

proton collision energy and a Higgs mass of mH = 125 GeV are summarized in Tab. 10.

In comparison to the o�cial recommendation of the LHC Higgs Cross-section Working

Group earlier than our work [48], our results have a larger central value by about 11%.

The di↵erence can be attributed to the choice of optimal renormalization and factorization

scale, the e↵ect of the N3LO corrections, the di↵erent sets of parton distribution functions

and value of ↵s as well as smaller di↵erences due to the treatment of finite quark-mass

e↵ects. In comparison to the earlier recommendation from some of the authors in ref. [120],

our result has a central value which is higher by 3.5%. The di↵erence can be attributed to

the e↵ect of the N3LO corrections, the di↵erent sets of parton distribution functions and

value of ↵s as well as smaller di↵erences due to the treatment of finite quark-mass e↵ects.

Additional cross-section predictions for a variety of collider energies and Higgs boson

masses can be found in Appendix E.

9. Conclusion

In this paper we have presented the most precise prediction for the Higgs boson gluon-

fusion cross-section at the LHC. In order to achieve this task, we have combined all known

8We use the abm11 5 as nlo and abm11 5 as nnlo set to estimate the �(PDF-TH): these sets are fits

with a fixed value of ↵s which allows us to compare NLO and NNLO grids for the same ↵s value. Using

this prescription �(PDF-TH)= 1.1% very similar to the corresponding uncertainty for the set.
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Higgs Production:
gluon-gluon fusion

✦ PDFs for LHC physics: extraction of the SM Higgs couplings 
through cross section measurements

7

PDF sets �(H)NNLO [pb]
nominal ↵s(MZ)

�(H)NNLO [pb]
↵s(MZ) = 0.115

�(H)NNLO [pb]
↵s(MZ) = 0.118

ABM12 [2] 39.80±0.84 41.62±0.46 44.70±0.50

CJ15 [1] a 42.45 + 0.43
� 0.18 39.48 + 0.40

� 0.17 42.45 + 0.43
� 0.18

CT14 [3] b 42.33 + 1.43
� 1.68 39.41 + 1.33

� 1.56 42.33 + 1.43
� 1.68

(40.10)

HERAPDF2.0 [4] c 42.62 + 0.35
� 0.43 39.68 + 0.32

� 0.40 42.62 + 0.35
� 0.43

(40.88)

JR14 (dyn) [5] 38.01±0.34 39.34±0.22 42.25±0.24

MMHT14 [6] 42.36 + 0.56
� 0.78 39.43 + 0.53

� 0.73 42.36 + 0.56
� 0.78

(40.48)

NNPDF3.0 [7] 42.59±0.80 39.65±0.74 42.59±0.80
(40.74±0.88)

PDF4LHC15 [8] 42.42±0.78 39.49±0.73 42.42±0.78

a The CJ15 PDFs have been determined at NLO accuracy in QCD. The PDF uncertainties quoted by CJ15 denote
the 90% c.l. and should be reduced by a factor of 1.645 for comparison with the 68% c.l. uncertainties quoted by
other groups.

b The PDF uncertainties quoted by CT14 denote the 90% c.l. and should be reduced by a factor of 1.645 for
comparison with the 68% c.l. uncertainties quoted by other groups.

c The model uncertainities of the HERAPDF20_NNLO_VAR set are not included in the uncertainty estimates.

TABLE 10: The Higgs cross section at NNLO in QCD (computed in the e↵ective theory) at
p

s = 13 TeV
for mH = 125.0 GeV at the nominal scale µr = µ f = mH with the PDF (and, if available, also ↵s) un-
certainties. The columns correspond to di↵erent choices for the central value of ↵s(MZ) using the
nominal PDF set. The numbers in parenthesis are obtained using the PDF sets CT14nnlo_as_0115,
HERAPDF20_NNLO_ALPHAS_115, MMHT2014nnlo_asmzlargerange and NNPDF30_nnlo_as_0115.

than 13% and contradicts the most recent estimates of the combined PDF and ↵s uncertainties
in the inclusive cross section [106], which quotes 3.2%. In general, the findings underpin the
importance of controlling the accuracy and the correlation of the strong coupling constant with the
PDF parameters in fits.

Of particular interest is the impact of additional parameters in the PDF fits, such as the charm-
quark mass, on the Higgs cross section. The di↵erences in the treatment of heavy quarks and
the consequences for the quality of the description of charm-quark DIS data have already been
discussed in Sec. 3. ABM12 [2] fits the value of mc(mc) in the MSscheme and the uncertainties
in the charm-quark mass are included in the uncertainties quoted in Tab. 10. Other groups keep a
fixed value of the charm-quark mass in the on-shell scheme, cf. Tabs. 4 and 5, and vary the value
of mpole

c within some range. Such studies have been performed in the past by NNPDF2.1 [170]
and MSTW [171] and more recently by MMHT [172].

In Tabs. 11, 12 and 13 we display the results of these fits together with the values of �2/NDP
for the DIS charm-quark data [165], mostly computed with xFitter [166, 167], as well as the
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Abstract: We present the most precise value for the Higgs boson cross-section in the

gluon-fusion production mode at the LHC. Our result is based on a perturbative expansion

through N3LO in QCD, in an e↵ective theory where the top-quark is assumed to be in-

finitely heavy, while all other Standard Model quarks are massless. We combine this result

with QCD corrections to the cross-section where all finite quark-mass e↵ects are included

exactly through NLO. In addition, electroweak corrections and the first corrections in the

inverse mass of the top-quark are incorporated at three loops. We also investigate the

e↵ects of threshold resummation, both in the traditional QCD framework and following a

SCET approach, which resums a class of ⇡2 contributions to all orders. We assess the uncer-

tainty of the cross-section from missing higher-order corrections due to both perturbative

QCD e↵ects beyond N3LO and unknown mixed QCD-electroweak e↵ects. In addition, we

determine the sensitivity of the cross-section to the choice of parton distribution function

(PDF) sets and to the parametric uncertainty in the strong coupling constant and quark

masses. For a Higgs mass of mH = 125 GeV and an LHC center-of-mass energy of 13 TeV,

our best prediction for the gluon fusion cross-section is

� = 48.58 pb+2.22 pb (+4.56%)

�3.27 pb (�6.72%)
(theory)± 1.56 pb (3.20%) (PDF+↵s)
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uncertainty with the ABM12 set8:

�ABM12 = 45.07 pb+2.00 pb (+4.43%)

�2.88 pb (�6.39%)
(theory)± 0.52 pb (1.17%) (PDF+↵s) . (8.3)

The significantly lower central value is mostly due to the smaller value of ↵s, which

however is also smaller than the world average.

It is also interesting to compare our prediction (8.1) to the value one would have

obtained without the knowledge of the N3LO corrections in the rEFT. We find

�NNLO = 47.02 pb +5.13 pb (10.9%)

�5.17 pb (11.0%)
(theory)+1.48 pb

�1.46 pb

(3.14%)

(3.11%)
(PDF+↵s) . (8.4)

The central value in eq. (8.4) is obtained by summing all terms in eq. (8.2) except for

the term in the last line. Moreover, we do not include the uncertainties �(PDF-TH)

and �(trunc) from missing higher orders in the extraction of the parton densities and

from the truncation of the threshold expansion (because the NNLO cross-sections are

known in a closed analytic form). The scale variation uncertainty �(scale) at NNLO is

approximately five times larger than at N3LO. This explains the reduction by a factor

of two in the total �(theory) uncertainty by including the N3LO corrections presented in

this publication. We stress at this point that uncertainties on the NNLO cross-section

have been investigated by di↵erent groups in the past, yielding a variety of uncertainty

estimates at NNLO [46, 51, 52, 100, 119, 120, 121, 122]. Here we adopt exactly the same

prescription to estimate the uncertainty at NNLO and at N3LO, and we do not only rely

on scale variation for the NNLO uncertainty estimate, as was often done in the past.

Finally, we have also studied how our predictions change as we vary the center-of-mass

energy and the value of the Higgs mass. Our predictions for di↵erent values of the proton-

proton collision energy and a Higgs mass of mH = 125 GeV are summarized in Tab. 10.

In comparison to the o�cial recommendation of the LHC Higgs Cross-section Working

Group earlier than our work [48], our results have a larger central value by about 11%.

The di↵erence can be attributed to the choice of optimal renormalization and factorization

scale, the e↵ect of the N3LO corrections, the di↵erent sets of parton distribution functions

and value of ↵s as well as smaller di↵erences due to the treatment of finite quark-mass

e↵ects. In comparison to the earlier recommendation from some of the authors in ref. [120],

our result has a central value which is higher by 3.5%. The di↵erence can be attributed to

the e↵ect of the N3LO corrections, the di↵erent sets of parton distribution functions and

value of ↵s as well as smaller di↵erences due to the treatment of finite quark-mass e↵ects.

Additional cross-section predictions for a variety of collider energies and Higgs boson

masses can be found in Appendix E.

9. Conclusion

In this paper we have presented the most precise prediction for the Higgs boson gluon-

fusion cross-section at the LHC. In order to achieve this task, we have combined all known

8We use the abm11 5 as nlo and abm11 5 as nnlo set to estimate the �(PDF-TH): these sets are fits

with a fixed value of ↵s which allows us to compare NLO and NNLO grids for the same ↵s value. Using

this prescription �(PDF-TH)= 1.1% very similar to the corresponding uncertainty for the set.
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Cross sections are calculated by Zürich group at N3LO QCD and 
NLO EW accuracies [Anastasiou:2016cez]
mH=125.09 GeV, √𝒔=13 TeV

Total Uncertainty: 3.9% (Gaussian)
PDF: 1.9%
𝜶𝒔: 2.6% 

𝝈=48.52pb
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quasi PDF for gluon: definition?

Definition of quasi and light-cone gluon distribution

ØField Strength Tensor: F

Ø i sums over transverse directions (i=1,2) or full directions

ØW(z1,z2, C) is a Wilson line along contour C.

𝑓!/# ( 𝑥, 𝜇) = 2
𝑑𝜉$

2𝜋𝑥𝑃% 𝑒
$&'(!)"⟨𝑃|𝐹 &

% (𝜉$)𝑊 𝜉$, 0, 𝐿*" 𝐹&% 0 | ⟩𝑃

?𝑓 !/# ( 𝑥, 𝜇) = 2
𝑑𝑧

2𝜋𝑥𝑃+
𝑒$&'+)#⟨𝑃|𝐹 &

+ (𝑧)𝑊 𝑧, 0, 𝐿*# 𝐹&+ 0 | ⟩𝑃

WW,Zhao,Zhu,1708.02458
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Renormalization of gluon PDF:
Auxiliary Field Gervais and Neveu, 1980

Gauge invariant non-local operators                   
pairs of gauge invariant composite local operators 

𝐹!"# 𝑧$ 𝑊#% 𝑧$, 𝑧&; 𝐶 𝐹'(% 𝑧& = (𝐹!"# 𝑧$ 𝒵# 𝜆$ ) (𝒵% 𝜆& 𝐹'(% 𝑧&
= Ω!"

$ (𝑧$)Ω'(
($)(𝑧&)

Ω!"
$ 𝑧$ = 𝐹!"# 𝑧$ 𝒵# 𝜆$ )

Wilson line
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Renormalization of gluon quasi-PDF

⌦(1)
µ⌫ = F a

µ⌫Za,

⌦(2)
µ⌫ = ⌦(1)
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ẋ↵ẋ⌫

ẋ2
� ⌦(1)

⌫↵
ẋ↵ẋµ

ẋ2
,

⌦(3)
µ⌫ = |ẋ|�2(ẋµA

a
⌫ � ẋ⌫A

a
µ)(DZ)a,

Three operators with the same quantum number

⌦ti
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Z22 Z13
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2

and phenomenological extractions is less impressive [61], also indicating that a better understanding of theoretical
uncertainties and lattice artifacts is still needed.
In contrast with the intensive work on lattice calculations for quark PDFs using LaMET, much less e!ort has been

devoted to the study of gluon quasi-PDFs and how to extract gluon PDFs from them. Refs. [22, 23] made the first
e!orts in understanding the renormalization property of gluon quasi-PDFs, where it was discovered that the gluon
quasi-PDF su!ers from a mixing problem with other operators allowed by the symmetry of the theory. In Ref. [64],
a first exploratory attempt to calculate the gluon unpolarized PDF has been made, where the authors assumed
multiplicative renormalization of the gluon quasi-PDF and ignored the non-trivial matching as well as mixing with
quark PDF, both of which start to contribute at O(!s). In a recent paper involving part of the present authors [], we
performed a systematic study of the renormalization property of the gluon quasi-PDF operator, and showed that with
an appropriate choice it can be multiplicatively renormizable. We have identified four independent gluon quasi-PDF
operators that have an easy implementation on the lattice. Also a complete factorization formula for the gluon as well
as the quark quasi-PDF in the presence of mixing has been presented. The proof can be carried out straightforwardly
following the OPE method in Ref. [].
In this paper, we present a complete one-loop computation of hard matching coe"cients that appear in the factor-

ization formula of gluon and quark quasi-PDFs. The results are
The rest of the paper is organized as follows: In Sec. II, we will briefly review the renormalization of the operators

defining the quasi-PDF, and the factorization of quasi-PDFs.
.

II. RENORMALIZATION AND FACTORIZATION OF QUARK AND GLUON QUASI-PDFS

Before moving to detailed calculations, let us briefly review how the quark and gluon quasi-PDFs renormalize, and
how they can be connected to the corresponding quark and gluon PDFs through factorization.
According to Ref. [53], there are four kinds of multiplicative renormalizable gluon quasi distributions.

O(1)(z1, z2) ! F ti(z1)L(z1, z2)F
t

i (z2), (1)

O(2)(z1, z2) ! F zi(z1)L(z1, z2)F
z

i (z2), (2)

O(3)(z1, z2) ! F ti(z1)L(z1, z2)F
z

i (z2), (3)

O(4)(z1, z2) ! F zµ(z1)L(z1, z2)F
z

µ (z2), (4)

with

W (z1, z2) = Pexp

!" z2

z2

dzAz(z)

#
. (5)

These operators can be renormalized as

O(1)
R (z1, z2) = Z2

11e
!m|z2!z1|O(1)(z1, z2), (6)

O(2)
R (z1, z2) = Z2

22e
!m|z2!z1|O(2)(z1, z2), (7)

O(3)
R (z1, z2) = Z11Z22e

!m|z2!z1|O(3)(z1, z2), (8)

O(4)
R (z1, z2) = Z2

22e
!m|z2!z1|O(4)(z1, z2). (9)

One can define four kinds of gluon quasi distribution functions from the above four operators

f̃ (n)
g/H(x, µ2, P z) =

"
dz

2"xP z
eizxP

z

N (n)"P |O(n)
R (z, 0)|P # , (10)

where we have introduced some kinematic factors:

N (2) = N (4) = 1, N (1) =
(p0)2

(pz)2
, N (3) =

p0

pz
. (11)

With these factors, all PDFs at tree-level are:

f̃ (n,0)
g/H (x, µ2, P z) = #(x$ 1). (12)

Renormalization of gluon PDF:
Multiplicatively Renormalizable Operators

Four multiplicative Renormalizable operators 
can be used to define gluon quasi-PDfs

Zhang, Ji, Schafer, WW, Zhao,1808.10824 (PRL 2019)
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Fan, Yang, Anthony, Lin, Liu,1808.02077(PRL)
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ment

H̃0(z, Pz) = hP |O0(z)|P i, (6)

O0 ⌘
P0

�
O(F t

µ
, Fµt; z)� 1

4g
tt
O(Fµ

⌫
, F ⌫

µ
; z)

�

3
4P

2
0 + 1

4P
2
z

,

renormalized at the scale µ with O(F ⇢

µ
, Fµ⌧ ; z) =

F ⇢

µ
(z)U(z, 0)Fµ⌧ (0). When z = 0, H̃0(0, Pz) is a local

operator and equals to hxig. In the large momentum
limit, only the leading twist contribution in g̃(x) sur-
vives, and then g̃(x) can be factorized into the the gluon
PDF g(y) and a perturbative calculable kernel C(x, y),
up to mixing with the quark PDF and the higher-twist
corrections O(1/P 2

z
).

At the same time, the mixing from the quark qausi-
PDF may not be negligible, as shown in the perturbative
calculation of the quark and gluon momentum fractions
under lattice regularization [10]. Thus a complete non-
perturbative renormalization (NPR) and mixing calcula-
tion including both the quark and gluon quasi-PDF will
be necessary in an accurate calculation, following the glue
NPR strategy introduced in Ref. [7].

An alternative solution is, the MS renor-
malized H̃MS

0 (z, Pz, µ) can be factorized into
the perturbatively calculable matching kernel
C(⇠, z2, µ2) = �(⇠ � 1) +O(↵s(µ)) and the MS lightcone
PDF g(x) through the factorization theorem [11–14] as

H̃MS
0 (z, Pz, µ) =

Z
d⇠ C(⇠, z2, µ2)H(⇠zPz, µ)

+O(z2⇤2
QCD) +O(↵s(µ)), (7)

up to higher-twist corrections O(z2⇤2
QCD) and mixing

with the quark PDF at O(↵s(µ)), where H(⌧, µ) =
1
2

R 1
�1 e

i⌧xxg(x, µ)dx with g(�x, µ) ⌘ g(x, µ). When
Pz = 0, the above equation reduces to

H̃MS
0 (z, 0, µ) = H(0, µ)

Z
d⇠ C(⇠, z2, µ2)

+O(z2⇤2
QCD) +O(↵s(µ)).

Thus if the multiplicative renormalization of gluon
quasi-PDF matrix element H̃0(z, Pz) can be proven like
the quark case and the mixing from the quark quasi-PDF
is absent or negligible, then the ratio H̃0(z, Pz)/H̃(z, 0)
is free of renormalization of the operator O0(z) and also
its linear divergence [15, 16] under lattice regularization,
and can be connected to H(⌧, µ) through

H̃0(z, Pz)

H̃0(z, 0)
=

R
d⇠ C(⇠, z2, µ2)H(⇠zPz, µ)

H(0, µ)
R
d⌘C(⌘, z2, µ2)

+O(z2⇤2
QCD) +O(↵s(µ)),

Since the H̃0(0, Pz) is a matrix element with the local
operator which can be trivially renormalized in the MS
scheme, and it exactly equals to H(0, µ) = hxig(µ) at the
MS scale µ, so the “ratio renormalized” gluon quasi-PDF

matrix element (similar to the reduce Io↵e-time distribu-
tion considered in the quark case [17–19])

H̃Ra

0 (z, Pz, µ) =
H̃MS

0 (0, 0, µ)

H̃0(z, 0)
H̃0(z, Pz) (8)

can also be factorized by

H̃Ra

0 (z, Pz, µ) =

Z
d⇠

C(⇠, z2, µ2)R
d⌘C(⌘, z2, µ2)

H(⇠zPz, µ)

+O(z2⇤2
QCD) +O(↵s(µ)), (9)

with the assumption of multiplicative renormalization of
H̃0(z, Pz).
After the renormalization, both the quark and gluon

PDF contribute to the factorization of the gluon qausi-
PDF [15], and the case with the gluon quasi-PDF opera-
tor defined here will be investigated in a future study. In
this work, we will calculate the gluon quasi-PDF matrix
element and apply the “ratio renormalization” to have a
glimpse on the range of z and Pz one can reach on the
lattice, and compare it with the FT of the gluon PDF.

II. NUMERICAL SETUP

The lattice calculation is carried out with valence over-
lap fermions on 203 configurations of the 2 + 1-flavor
domain-wall fermion gauge ensemble “24I” [20] with
L3

⇥T = 243⇥64, a = 0.1105(3) fm, andM sea
⇡

=330 MeV.
For the nucleon two-point function, we calculate with the
overlap fermion and loop over all timeslices with a 2-2-2
Z3 grid source and low-mode substitution [21, 22], and
set the valence-quark mass to be roughly the same as the
sea and strange-quark masses (the corresponding pion
masses are 340 and 678 MeV, respectively). Counting
independent smeared-point sources, the statistics of the
two-point functions are 203⇥64⇥8⇥2 = 207,872, where
the last factor of 2 coming from the averaging between
the forward and backward nucleon propagators.
On the lattice, O0 is defined by

O0 = �
P0

�
OE(Ftµ, Fµt, z)�

1
4OE(Fµ⌫ , F⌫µ; z)

�

3
4P

2
0 + 1

4P
2
z

(10)

whereOE(F⇢µ, Fµ⌧ , z) = 2Tr
⇥
F⇢µ(z)U(z, 0)Fµ⌧ (0)U(0, z)

⇤

is defined in the Euclidean space with the gauge link
U(z, 0) in the fundamental representation, and the clover
definition of the field tensor Fµ⌫ is the same as that
used in our previous calculation of the glue momentum
fraction [7].
The choice for the quasi-PDF operator is not unique.

Any operator that approaches the lightcone one in the
large-momentum limit is a candidate, such as the other
choices inspired by Eq. (4)

O1(z) ⌘
1

Pz

O(F t

µ
, F zµ; z),

O2(z) ⌘
P0

�
O(F z

µ
, Fµz; z)� 1

4g
zz
O(Fµ

⌫
, F ⌫

µ
; z)

�

1
4P

2
0 + 3

4P
2
z

, (11)
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In future: 
Ø More precise
Ø Physical Pion
Ø Large Momentum
Ø Quark-gluon Mixing 
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核子内部结构
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尽管人类对核子(质子)结构的研究取得了多次突破性进
展, 但核子结构的完整图像尚未建立，尤其是广泛研究
的部分子分布函数[1969年诺贝尔奖]只描述了核子内部
夸克和胶子一维结构。

随着美国能源部刚批准的电子离子对撞机(EIC)和我国正在筹建的EicC
的不断推进，人们将首次有可能从实验上深入到核子三维结构。

美国EIC 我国筹建中的EicC
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How to obtain TMDPDF from first-principle? 

Soft-factor

Un-subtracted TMDPDF
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Ji, Liu, Liu, arXiv: 1910.11415, 1911.03840

A four-quark form-factor:
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Ji, Liu, Liu, arXiv: 1910.11415, 1911.03840

Reduced Soft-factor can be calculated from form-factor 
and quasi-TMDWF:  
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格点量子色动力学模拟
核子三维结构
EIC模拟图，非预言

初步完成工作：
软函数(LPC: 2005.14572,submitted to PRL)
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Thank you very much!

LaMET: Parton physics demands new ideas to solve non-
perturbative QCD. 

Recent Progress:
ü Precision:

ü 2-loop Perturbative Matching
ü New Distributions: 

ü Gluons PDFs
ü Transverse Momentum Dependent PDF

In near future, we expect:
ü Lattice calculation of quark PDFs with 2-loop: 10%
ü New Distributions: gluon, TMDPDF, GPD, twist-3



BACKUP
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Ji, Liu, Liu, arXiv: 1910.11415, 1911.03840

TMDWF:


