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I will discuss the following nontrivial questions:

Spin distribution ●

Beyond quasi-particles ●

Covariance & equal-time ●

Local & global equilibrium ●

Relaxation time approximation ●
……
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Introduction



Classical transport    

1) Boltzmann equation for particle number 𝑓:                                          

𝑝𝜇𝜕𝜇 + 𝐹𝜇𝜕𝜇
𝑝
𝑓 𝑥, 𝑝 = 𝐶

2) Quasi-particles (on-shell):   

𝑝2 −𝑚2 𝑓(𝑥, 𝑝) = 0 → 𝑓(𝑥, Ԧ𝑝)
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Spin      

● Spin is a typical quantity in quantum mechanics. Many quantum anomalies in science are 

induced by spin, for instance the CME and CVE in nuclear physics..

number distribution 𝑓 (scalar) → Wigner function W (matrix):

𝑊 𝑥, 𝑝 = න𝑑4𝑦𝑒𝑖𝑝𝑦 𝜓(𝑥 +
𝑦

2
) ത𝜓(𝑥 −

𝑦

2
)
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Off-shell      

● Considering inelastic interaction in medium, particles  are in general not quasi-particles (off-

shell effect), especially in high energy physics.

1) On-shell → Off-shell:

𝑝2 −𝑚2 𝑓(𝑥, 𝑝) → 𝑝2 −𝑚2 + ℏ𝒜 𝑝 𝑊(𝑥, 𝑝)

2) Equal-time formalism

𝑊 𝑥, Ԧ𝑝 = න𝑑𝑝0𝑊(𝑥, 𝑝)

Task:                                  

self-consistently and completely construct a quantum kinetic theory 

including spin and off-shell effect. 
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General formalism:

Covariant & equal-time kinetic equations



Wigner function

● Covariant Wigner operator for fermions interacting with a gauge field:  

𝑊 𝑥, 𝑝 = න𝑑4𝑦𝑒𝑖𝑝𝑦 𝜓(𝑥 +
𝑦

2
)𝑒

𝑖𝑞 1/2−
1/2

𝑑𝑠 𝐴 𝑥+𝑠𝑦 𝑦 ത𝜓(𝑥 −
𝑦

2
)

gauge link 𝑒
𝑖𝑞 1/2−

1/2
𝑑𝑠 𝐴 𝑥+𝑠𝑦 𝑦

to guarantee gauge invariance

Wigner function

𝑊 𝑥, 𝑝 = 𝑊 𝑥, 𝑝 (𝑊 = 𝑊 𝑖𝑛 𝑞𝑢𝑎𝑛𝑡𝑢𝑚 𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑠), 4 × 4 𝑚𝑎𝑡𝑟𝑖𝑥

16 distribution functions in phase space

● Dyson-Schwinger equation for quantum fields 𝜓 or Dirac equation for wave function 𝜓

→ kinetic equations for 𝑊(𝑥, 𝑝)
QED: D.Vasak, M.Gyulassy and H.-Th.Elze, Ann. Phys. 173, 462(1987)

QCD: H.-Th.Elze and U.Heinz, Phys. Rep. 183, 81(1989)

● Problem:              

Initial 𝑊(𝑥, 𝑝) is related to the fields 𝜓(𝑥) and መ𝐴(𝑥) at all times (due to −∞
∞

𝑑𝑦0) 

→ In general the covariant kinetic equation cannot be solved as an initial value problem !
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● Equal-time Wigner function

𝑊0 𝑥, Ԧ𝑝 = න𝑑3 Ԧ𝑦𝑒−𝑖 Ԧ𝑝⋅𝑦 𝜓(𝑥 + Ԧ𝑦/2)𝑒
−𝑖𝑞 1/2−

1/2
𝑑𝑠 Ԧ𝐴 𝑥+𝑠𝑦 ⋅𝑦 𝜓+(𝑥 − Ԧ𝑦/2)



Dirac-Heisenberg-Wigner equation

● Fermions in external electromagnetic field (quantum mechanics system)

𝑖𝛾𝜇𝒟𝜇 −𝑚 𝜓 𝑥 = 0

→ DHW transport equation:

𝐷𝑡𝑊0 = −
1

2
𝐷 ∙ 𝜌1 Ԧ𝜎,𝑊0 −

𝑖

ℏ
𝜌1 Ԧ𝜎 ∙ Ԧ𝑃 + 𝜌3𝑚,𝑊0

𝐷𝑡 = 𝜕𝑡 + 𝑞 1/2−
1/2

𝑑𝑠𝐸( Ԧ𝑥 + 𝑖𝑠ℏ𝛻𝑝) ∙ 𝛻𝑝,

𝐷 = 𝛻 + 𝑞 1/2−
1/2

𝑑𝑠𝐵( Ԧ𝑥 + 𝑖𝑠ℏ𝛻𝑝) ×𝛻𝑝

Ԧ𝑃 = Ԧ𝑝 − 𝑖𝑞ℏ 1/2−
1/2

𝑑𝑠𝑠𝐵( Ԧ𝑥 + 𝑖𝑠ℏ𝛻𝑝) ×𝛻𝑝

● However, 𝑊0 𝑥, Ԧ𝑝 = 𝑑𝑝0𝑊 𝑥, 𝑝 𝛾0 is not equivalent to 𝑊(𝑥, 𝑝)!

We must consider all the energy moments 

𝑊𝑛 𝑥, Ԧ𝑝 = 𝑑𝑝0𝑝0
𝑛𝑊 𝑥, 𝑝 𝛾0 (𝑛 = 0,1,2, … ).

● Only when particles are quasi-particles (on-shell, 𝑝2 −𝑚2 = 0),  

𝑊𝑛 𝑥, Ԧ𝑝 = 𝐸𝑝
𝑛𝑊0 𝑥, Ԧ𝑝 ,

𝑊0(𝑥, Ԧ𝑝) is enough to describe the system.

I.Bialynicki-Birula, P.Gornicki and J.Rafelski, PRD44, 1825(1991) 

PZ and U.Heinz, Ann.Phys.245, 311(1996)
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From covariant to equal-time kinetic equations I

以量子力学系统为例。

1) Covariant kinetic equations

𝛾𝜇𝐾𝜇 −𝑀 𝑊 = 0

𝐾𝜇 = Π𝜇 +
𝑖ℏ

2
𝐷𝜇 , 𝑀 = 𝑀1 + 𝑖𝑀2,

Π𝜇 = 𝑝𝜇 − 𝑖𝑞ℏ1/2−
1/2

𝑑𝑠𝑠𝐹𝜇𝜈(𝑥 − 𝑖ℏ𝑠𝜕𝑝)𝜕𝑝
𝜈,                𝑀1 = 𝑚0 − cos

ℏ

2
𝜕𝑥𝜕𝑝 𝑚 𝑥 −𝑚0 , 

𝐷𝜇 = 𝜕𝜇 − 𝑞 
−
1

2

1

2 𝑑𝑠𝐹𝜇𝜈 𝑥 − 𝑖ℏ𝑠𝜕𝑝 𝜕𝑝
𝜈 𝑀2 = sin(

ℏ

2
𝜕𝑥𝜕𝑝) 𝑚 𝑥 −𝑚0

Constraint (with 𝑝𝜇 , off-shell) and transport (with 𝜕𝜇) equations

൝
𝛾𝜇 𝐾𝜇 + 𝐾𝜇

+ − 𝑀 +𝑀+ 𝑊 𝑥, 𝑝 = 0

𝛾𝜇 𝐾𝜇 − 𝐾𝜇
+ − 𝑀 −𝑀+ 𝑊(𝑥, 𝑝) = 0

PZ and U.Heinz, PRD57, 6525(1998)

2) Equal-time hierarchy for 𝑾𝒏(𝒙, 𝒑)
𝑝0-integrating the covariant equations:

ቊ
𝑇𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝑊0 𝑥, Ԧ𝑝 → 𝐷𝐻𝑊 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑊1 𝑥, Ԧ𝑝

𝑝0-integrating 𝑝0 ∙ (covariant equations):

ቊ
𝑇𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝑊1(𝑥, Ԧ𝑝)

𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑊2(𝑥, Ԧ𝑝)

……
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From covariant to equal-time kinetic equations II

3) Spin decomposition 

𝑊+ = 𝛾0𝑊𝛾0 ≠ 𝑊, the Wigner function itself is not a physics quantity.

𝑊0 𝑥, Ԧ𝑝 =
1

4
𝑓0 + 𝛾5𝑓1 − 𝑖𝛾0𝛾5𝑓2 + 𝛾0𝑓3 + 𝛾5𝛾0 Ԧ𝛾 ∙ Ԧ𝑔0 + 𝛾0 Ԧ𝛾 ∙ Ԧ𝑔1 − 𝑖 Ԧ𝛾 ∙ Ԧ𝑔2 − 𝛾5 Ԧ𝛾 ∙ Ԧ𝑔3

D.Vasak, M.Gyulassy and H.-Th.Elze, Ann. Phys. 173, 462(1987)

Conservation laws → Physics of the spin components

𝑓0 : 𝑛𝑢𝑚𝑏𝑒𝑟 𝑑𝑒𝑛𝑠𝑖𝑡𝑦,      Ԧ𝑔0 : 𝑠𝑝𝑖𝑛 𝑑𝑒𝑛𝑠𝑖𝑡𝑦

𝑓1 : ℎ𝑒𝑙𝑖𝑐𝑖𝑡𝑦 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 ,       𝑓2 : 𝑡𝑜𝑝𝑜𝑙𝑜𝑔𝑖𝑐 𝑐ℎ𝑎𝑟𝑔𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦,       𝑓3 : 𝑚𝑎𝑠𝑠 𝑑𝑒𝑛𝑠𝑖𝑡𝑦

Ԧ𝑔1 : 𝑛𝑢𝑚𝑏𝑒𝑟 𝑐𝑢𝑟𝑟𝑒𝑛𝑡,        Ԧ𝑔3 : 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑚𝑜𝑚𝑒𝑛𝑡

16 constraint equations + 16 transport equations

4) Truncating the hierarchy 

spin 1/2 particles: 𝑊0 and 𝑊1 form a closed subgroup

spin 0 particles: 𝑊0,𝑊1 and 𝑊2 form a closed subgroup

PZ and U.Heinz, PRD57, 6525(1998)
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Quantum mechanics systems:               

Spin interaction with external fields



Spin interaction with electromagnetic field: ℏ0

● Constraint equations → only 4 independent components: 

number density 𝑓0 and spin density Ԧ𝑔0

● Boltzmann equation for number density 𝑓0:  

𝐷𝑡 +
Ԧ𝑝

𝐸𝑝
∙ 𝐷 𝑓0 −

1

2𝐸𝑝
𝛻𝑚2 ∙ 𝛻𝑝 𝑓0 = 0

𝐷𝑡 = 𝜕𝑡 + 𝑞𝐸 ∙ 𝛻𝑝, 𝐷 = 𝛻 + 𝑞𝐵 × 𝛻𝑝

● Bargmann-Michel-Telegdi equation for spin density Ԧ𝑔0:

𝐷𝑡 +
Ԧ𝑝

𝐸𝑝
∙ 𝐷 Ԧ𝑔0 −

1

2𝐸𝑝
𝛻𝑚2 ∙ 𝛻𝑝 Ԧ𝑔0 =

𝑞

𝐸𝑝
2 Ԧ𝑝 × 𝐸 × Ԧ𝑔0 − 𝐸𝑝𝐵 × Ԧ𝑔0

the phase-space version of the Bargmann-Michel-Telegdi equation to describe spin 

precession in electromagnetic fields   

V.Bargmann, L.Michel and V.Telegdi, PRL2, 435(1959)

𝑊0 𝑥, Ԧ𝑝 = 𝑊0
(0)

𝑥, Ԧ𝑝 + ℏ𝑊0
(1)

𝑥, Ԧ𝑝 + ⋯
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PZ and U.Heinz, PRD53, 2096(1996)



M.Stephanov and Y.Yin, PRL109, 162001 (2012)

D.Son and N.Yamamoto. PRD, 87, 85016(2013)                                                                                                         

J.Chen, S.Pu, Q.Wang and X.Wang, PRL110, 262301(2013)

Y.Hidaka, S.Pu and D.Yang. PRD95, 091901(2017)                                                                                                                          

Wu, Hou, Ren, PRD 96 (2017)096015

……

Chiral fermions in electromagnetic field: ℏ1

● chiral fermions to the first order in ℏ:

𝑓± = 𝑓0 ± 𝑓1

𝜕𝑡 +
ሶԦ𝑥 ∙ 𝛻 + ሶԦ𝑝 ∙ 𝛻𝑝 𝑓± = −

𝑓± − 𝑓±
𝑡ℎ

𝜏

ሶԦ𝑥 =
1

1 + 𝑞𝐵 ∙ 𝑏±

Ԧ𝑝

Ԧ𝑝
1 + 2𝑞𝐵 ∙ 𝑏±

ሶԦ𝑝 =
1

1 + 𝑞𝐵 ∙ 𝑏±
𝑞

Ԧ𝑝

Ԧ𝑝
× 𝐵, 𝑏± = ±

Ԧ𝑝

Ԧ𝑝 3

CME: a chirality imbalance induced electric current in external magnetic field, a 

probe of nontrivial topology of QCD.  

● Mass correction

𝜕𝑡𝑓𝜒 +
ሶԦ𝑥 ∙ 𝛻𝑓𝜒 +

ሶԦ𝑝 ∙ 𝛻𝑝𝑓𝜒 = 
ℏ𝑚

𝐺
𝐴 Ԧ𝑔0

Mass correction is from the residual spin effect, it is small. 

Z.Wang and PZ, PRD100, 014015(2019)

The 5th international conference on 

chirality, vorticity and magnetic field 

Tsinghua University, 2019
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A.Huang, S.Shi, Y.Jiang, J.Liao and PZ, PRD98, 036010(2018)



∎ Analytic solution of the chiral transport equation

𝑓± 𝑥, Ԧ𝑝 = 𝑓± 𝑥0, Ԧ𝑝0 𝑒−
𝑡−𝑡0
𝜏 +

1

𝜏
න
𝑡0

𝑡

𝑓±
𝑒𝑞

𝑥′, Ԧ𝑝′ 𝑒−
𝑡−𝑡′
𝜏 𝑑𝑡′

𝐵 = 𝐵(𝑡) Ԧ𝑒𝑦
initial imbalance 𝑓±~1 ± 𝜆

∎ Charge separation in nuclear collisions

A.Huang, Y.Jiang, S.Shi, J.Liao and PZ, PLB777, 177(2018) 

Charge separation 
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(Heavy) fermions in vortical field 

S.Chen, Z.Wang and PZ, ArXiv: 2101.07596  

∎ In rotational frame,

∎ Covariant kinetic equation

∎ Equal-time (on-shell) transport equations at order ℏ0

∎ Equal-time (off-shell) transport equations at order ℏ1
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Quantum field systems:

Spin interaction among particles (collision term)
Li, Yee, PRD100 (2019), 056022

Ayala, PLB.801 (2020) 135169

Kapusta, Rrapaj, Rudaz, PRC101 (2020), 024907

Chen, Son, Stephanov, PRL115 (2015) 021601

Zhang, Fang, Q.Wang, X.Wang, PRC100 (2019), 064904

Yang, Hattori, Hidaka, JHEP 2020 (2020) 070, arXiv:2002.02612

Weickgenannt, Speranza, Sheng, Wang, Rischke, arXiv:2005.01506,   arXiv: 2103.10636

……



Kadanoff-Baym equations

Dyson-Schwinger equation

Schwinger-Keldish formalism

Constraint and transport equations with collision terms

𝛾𝜇𝑝𝜇 −𝑚 , 𝑆< +
𝑖ℏ

2
𝛾𝜇 , 𝛻𝜇𝑆

< =
𝑖ℏ

2
Σ<, 𝑆> ∗ − Σ>, 𝑆< ∗

𝛾𝜇𝑝𝜇 −𝑚 , 𝑆< +
𝑖ℏ

2
𝛾𝜇 , 𝛻𝜇𝑆

< =
𝑖ℏ

2
Σ<, 𝑆> ∗ − Σ>, 𝑆< ∗

𝐴 ∗ 𝐵 = 𝐴𝐵 +
𝑖ℏ

2
𝐴𝐵 𝑃.𝐵. + 𝒪 ℏ2

● Spin decomposition for Wigner function, self-energies and Collision terms
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General collision terms
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NJL model
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Fermionic 2 by 2 collisions by contact interaction

● Collision term (non-equilibrium state) is model dependent.

● Local equilibrium state is determined by detailed balance principle (loss term and gain 

term cancel to each other), and therefore model independent.

● Global equilibrium state is determined by detailed balance + Killing condition

𝛽𝜇 = 𝑢𝜇/𝑇

and therefore model independent.

● The model dependence of near-equilibrium state is weaker.



Spin distribution in equilibrium state
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Detailed balance → Zeroth-order spin distribution:

𝐴𝜇
0

𝑥, 𝑝 = 0

Detailed balance → First-order spin distribution:

Single-particle Wigner function should have only one momentum scale. The second 

term depends on two momenta 𝑝 and 𝑞, it should disappear ! This is guaranteed by 

the Killing condition!  

● Spin can reach only global equilibrium, very different from the number distribution!



Anderson-Witting relaxation time approximation (RTA)
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Different degrees of freedom (spin components) have the same thermalization

time. 

Is it true?



RTA from Kadanoff-Baym equations
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Quantum kinetic equations in states close to equilibrium:

𝑊 = 𝑊𝑡ℎ + 𝛿𝑊



Different thermalization time scales

charge is thermalized earlier and spin is thermalized later.
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Summary

● A self-consistent way to go from quantum field theory (quantum mechanics) 

to quantum kinetic theory in Wigner function formalism.

● Massive particles are in general not quasi-particles → equal-time kinetic 

hierarchy.

● Semi-classical expansion. 

● CME & CVE at first order in ℏ. 

● Spin polarization can be generated via thermal vorticity in global equilibrium 

state. 

● Spin is thermalized later in comparison with charge. 

● ……

谢谢大家！
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I learned a lot from working together with 

王梓岳(清华)

郭星雨(华南师大) 黄安平(国科大)施舒哲(McGill) 陈诗乐(清华)
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