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QCD phase diagram

•QCD phase diagram in the T-muB plane. 
•Critical end point (or critical point) is a key feature of QCD phase structure. 
• Experimental programs: RHIC-BES, FAIR, NICA, HIAF. 
• Some hints from RHIC-BES experiment: net-baryon (proton) cumulants, 

directed flow, HBT radii, light nuclei……

Chemical Potential  μNuclear Superfluid B

K. Fukushima, C. Sasaki, arXiv:1301.6377. 



High-order net-proton cumulants

RHIC:

J. Adam et al. (STAR), arXiv: 2001.02852The Hot QCD White Paper (2015)

•Non-monotonic energy dependence of the kurtosis => hint of entering critical region.
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Quantum fluctuations with FRG

glue sector matter part

FRG

Flow equation:
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Propagators and anomalous dimensions
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Quark anomalous dimension:

⌘�,k(p0, ~p) = � 1

Z�,k

1

�ij

@

@(|~p|2)
�2@t�k

�⇡i(�p)�⇡j(p)
,

Meson anomalous dimension:

Flow equation:
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On the side of theories, lattice QCD simulation is a
nonperturbative first-principle approach, which has pro-
vided us with lots of remarkable insights and understand-
ing in recent years, such as the determination of freeze-
our parameters through the confrontation of lattice re-
sults with experiments [? ? ? ], the QCD equation
of state and fluctuations of conserved charges at finite
chemical potentials using Taylor expansions or analyti-
cal continuation [? ? ? ? ], etc. However, because of
the sign problem, lattice calculations are usually limited
to some specific region in the QCD phase diagram, say
µB/T  2, which corresponds to center-of-mass energies
& 12 GeV, and in this regime the existence of a CEP is
disfavored [? ]. Functional continuum field approaches,
e.g., the Dyson-Schwinger equation [? ? ? ? ], and the
functional renormalization group (FRG) [? ? ? ? ? ? ],
etc., which are complementary to the lattice QCD, have
also seen significant progresses on the studies of the non-
perturbative QCD and QCD thermodynamics in recent
years.

The FRG approach is a nonperturbative continuum
field theory [? ], which encodes successively quantum
fluctuations of di↵erent scales with the evolution of the
renormalization group (RG) scale. And thus a full quan-
tum e↵ective action is obtained from a classical one, af-
ter the RG scale evolves from the ultraviolet to infrared
region. For more discussions about the FRG, see, e.g.,
QCD related reviews in [? ? ? ? ? ] and recent devel-

opments in [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?
].

In the past several yeas a remarkable progress on the
studies of FRG is the first-principle calculations in the
Yang-Mills theory and QCD, e.g. the quenched [? ] and
unquenched [? ] QCD in the vacuum, the Yang-Mills
gauge theory in the vacuum [? ] and finite tempera-
ture [? ], the unquenched QCD in the vacuum with a
simplified truncation [? ? ]. In this work, we would
like to perform the first-principle QCD calculations at
finite temperature and baryon chemical potential within
the FRG approach. QCD phase transitions including the
chiral phase transition and the color deconfinement phase
transition will be investigated. We will also study the
QCD correlation functions and their dependence on the
external parameters. Moreover, a T �µB phase diagram
will be presented based on our computation.

This paper is organized as follows. In Sec. ?? we in-
troduce the functional renormalisation group approach to
QCD. In Sec. ?? correlation functions including propaga-
tors, the strong couplings, and the dynamical hadroniza-
tion are discussed. In Sec. ?? numerical results and re-
lated discussions are presented, and a summary and out-
look is given in Sec. ??. Details about our calculations,
such as the flow equations for the e↵ective potential and
couplings, anomalous dimensions, the glue potential, nu-
merical setup, and the threshold functions, are presented

Glue sector:
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A,vac +�⌘glueA +�⌘qA



Gluon dressing function

Thermal quark loop:
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Gluon propagator at finite T and muB

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991



Dynamical hadronization 

QCD phase structure at finite temperature and density
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We discuss the QCD phase structure at finite temperature and chemical potential within the
functional renormalisation group approach. Results are presented for Nf = 2 and Nf = 2 + 1
flavours. These results are compared with lattice results for low densities and with other functional
results for the whole density regime. The curvature of the phase boundary for small chemical
potential,  = 0.0159±0.0020, is consistent with recent lattice results. For Nf = 2+1 a critical end
point is found at (TCEP , µBCEP

) = (117± 5MeV, 645± 40MeV). This density regime is beyond the
validity regime of the current approximation, and we discuss the necessary systematic enhancements.

PACS numbers: 11.30.Rd, 11.10.Wx, 05.10.Cc, 12.38.Mh

I. INTRODUCTION

QCD phase structure is a highly active scientific re-
search topic in recent years. A plethora of relevant impor-
tant results has been obtained from both experimental
measurements and theoretical studies, see, e.g., reviews
in [? ? ? ? ? ? ? ? ] and references therein. How-
ever, our knowledge concerning the QCD phase diagram
at high baryon chemical potential remains rare and elu-
sive, and in particular, the key questions whether there
is a critical end point (CEP) in the phase diagram, and
if it exits where it is, are still open to be answered. For-

tunately, lots of e↵orts are currently being performed in
order to unravel the mysterious veil. Experimentally, the
Beam Energy Scan (BES) Program at Relativistic Heavy-
Ion Collider (RHIC) has presented significant measure-
ments [? ? ? ? ], and BES phase II is under way
for the moment; searching for CEP and studies of QCD
phase structure are also planned at other facilities all
over the world with di↵erent collision energies and lumi-
nosities, such as the FAIR/CBM in Germany [? ] , the
NICA/MPD in Russia [? ], the J-PARC-HI in Japan [?
], and the HIAF in China [? ].
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+ (gluons $ mesons)

+ (permutations of the regulator insertions)
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Introduce a scale-dependent 
meson field:

h@t�̂ki =Ȧk q̄⌧q + Ḃk �+ Ċk ê� ,

The Wetterich equation is modified:
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Flow of 4-quark coupling—gluon versus 
meson

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 



Yukawa coupling 
Two different Yukawa coupling:

h⇡ =h(⇢0) = �(3)
(q̄~⌧q)~⇡[�0] ,

h� =h(⇢0) + ⇢h0(⇢0) = �(3)
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QCD strong couplings  
among quarks and gluons

2
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@t = � � + +

+ (permutations of the regulator insertions)

On the side of theories, lattice QCD simulation is a
nonperturbative first-principle approach, which has pro-
vided us with lots of remarkable insights and understand-
ing in recent years, such as the determination of freeze-
our parameters through the confrontation of lattice re-
sults with experiments [? ? ? ], the QCD equation
of state and fluctuations of conserved charges at finite
chemical potentials using Taylor expansions or analyti-
cal continuation [? ? ? ? ], etc. However, because of
the sign problem, lattice calculations are usually limited
to some specific region in the QCD phase diagram, say
µB/T  2, which corresponds to center-of-mass energies
& 12 GeV, and in this regime the existence of a CEP is
disfavored [? ]. Functional continuum field approaches,
e.g., the Dyson-Schwinger equation [? ? ? ? ], and the
functional renormalization group (FRG) [? ? ? ? ? ? ],
etc., which are complementary to the lattice QCD, have
also seen significant progresses on the studies of the non-
perturbative QCD and QCD thermodynamics in recent
years.

The FRG approach is a nonperturbative continuum
field theory [? ], which encodes successively quantum
fluctuations of di↵erent scales with the evolution of the
renormalization group (RG) scale. And thus a full quan-
tum e↵ective action is obtained from a classical one, af-
ter the RG scale evolves from the ultraviolet to infrared
region. For more discussions about the FRG, see, e.g.,
QCD related reviews in [? ? ? ? ? ] and recent devel-

opments in [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?
].
In the past several yeas a remarkable progress on the

studies of FRG is the first-principle calculations in the
Yang-Mills theory and QCD, e.g. the quenched [? ] and
unquenched [? ] QCD in the vacuum, the Yang-Mills
gauge theory in the vacuum [? ] and finite tempera-
ture [? ], the unquenched QCD in the vacuum with a
simplified truncation [? ? ]. In this work, we would
like to perform the first-principle QCD calculations at
finite temperature and baryon chemical potential within
the FRG approach. QCD phase transitions including the
chiral phase transition and the color deconfinement phase
transition will be investigated. We will also study the
QCD correlation functions and their dependence on the
external parameters. Moreover, a T �µB phase diagram
will be presented based on our computation.
This paper is organized as follows. In Sec. ?? we in-

troduce the functional renormalisation group approach to
QCD. In Sec. ?? correlation functions including propaga-
tors, the strong couplings, and the dynamical hadroniza-
tion are discussed. In Sec. ?? numerical results and re-
lated discussions are presented, and a summary and out-
look is given in Sec. ??. Details about our calculations,
such as the flow equations for the e↵ective potential and
couplings, anomalous dimensions, the glue potential, nu-
merical setup, and the threshold functions, are presented
in appendices.

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 



Renormalized light quark condensate
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Other fermionic observables

Reduced condensate:
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Effective four-quark 
coupling:

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 



Quark, meson mass and Polyakov loop

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 



Quark and meson wave function 
renormalization

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 



Sequential decoupling and natural 
emergence of low energy effective theories

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 

Exchange couplings Propagator gapping



Phase diagram and curvature
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FRG curvature of the phase boundary:

 = 0.0149± 0.0021

Lattice result:

R. Bellwied et al. (WB), arXiv:1507.07510. 

A. Bazavov et al. (HotQCD), arXiv:1812.08235. 

CEP:
(TCEP , µBCEP

)Nf=2+1 = (107MeV, 635MeV) ,

(TCEP , µBCEP
)Nf=2 = (117MeV, 630MeV) ,

Nf=2+1 = 0.0142(2)

Nf=2 = 0.0176(1)

 = 0.015± 0.004

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 



QCD Phase Structure: Lattice, DSE and FRG

F. Gao and Y.-x. Liu , PRD 94 (2016) 076009
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A. Bazavov et al. (HotQCD), PLB 
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DSE DSE

Lattice

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991

C.S. Fischer, Prog.Part.Nucl.Phys. 105 (2019) 1, 
arXiv:1810.12938. 

FRG



Inhomogeneous phase?

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 
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Two point function 
for the meson:
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QCD equation of state

FRG results  
at high muB

FRG results  
at muB=0

R.Wen, C. Huang, WF, PRD 99 (2019) 094019, 
arXiv:1809.04233



Baryon number fluctuations from FRG

χ
B 4
/χ

B 2

0

0.2

0.4

0.6

0.8

1

1.2

T/Tc

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

WB continuum limit

0

0.5

1

0.5 1 1.5

present work
results from [2]

Nf = 2

Nf = 2 + 1

R.Wen, C. Huang, WF, PRD 99 (2019) 094019, 
arXiv:1809.04233



High-order baryon number fluctuations



Strangeness neutrality and  
baryon-strangeness correlations

WF, J.M. Pawlowski, F. Rennecke, PRD 100 (2019) 
111501(R), 1809.01594; 1808.00410.

Baryon-strangeness 
correlation:
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neutrality:



Correlations of conserved charges

Rui Wen, WF, arXiv:1909.12564

Baryon-strangeness correlations
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Generalized susceptibilities:

Baryon-electric-charge correlations

Correlations:



Baryon number probability distribution

K.-x. Sun, R. Wen, WF, PRD 98 (2018) 074028, 
1805.12025
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Probability distribution:



Running versus fixed expansion for the 
effective potential

S. Yin, R.Wen, WF, PRD 100 (2019) 
094029, arXiv:1907.10262.



Thermal splitting of the meson wave 
function renormalization

Zphi

Kurtosis

S. Yin, R.Wen, WF, PRD 100 (2019) 
094029, arXiv:1907.10262.



Convergency of the Taylor expansion for  muB

Pressure: Rui Wen, WF, arXiv:1909.12564



Summary and outlook

★We have investigated the QCD phase structure within FRG. 

★A CEP at (T, muB)=(107,635) MeV, as well as indications for 
an inhomogeneous phase for muB >=420 MeV is founded. 

★ The curvature of the phase boundary at small chemical 
potential is kappa=0.0142(2), in agreement with lattice results. 

★ Improvement of our calculation and its applications on other 
observables, e.g., EoS, fluctuations, etc. are highly required.

Thank you very much for your attentions!
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High-order baryon number fluctuations



Phase diagram and curvature

Tc(µB)
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FRG curvature of the phase boundary:

 = 0.0149± 0.0021

Lattice result:

R. Bellwied et al. (WB), arXiv:
1507.07510. 

A. Bazavov et al. (HotQCD), 
arXiv:1812.08235. 

CEP:
(TCEP , µBCEP

)Nf=2+1 = (107MeV, 635MeV) ,

(TCEP , µBCEP
)Nf=2 = (117MeV, 630MeV) ,

Nf=2+1 = 0.0142(2)

Nf=2 = 0.0176(1)

 = 0.015± 0.004

DSE result:
 = 0.0238

C.S. Fischer et al., arXiv:
1405.4762. 
 = 0.038
F. Gao et al., arXiv:
1507.00875. 

DSE
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T 2
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r
DSE

FRG
µB,DSE ,

µBCEP = 631MeV .

WF, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991 


