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Theoretical�side

Experimental�side
1.�Introduction

����Very�recently,�the�LHCb�Collaboration�researched�the�J/Ψ�pairs�invariant�
mass�spectrum�and�observed�two�structure,
����The�broad�structure�ranging�from�6.2�to�6.8�GeV,

����The�narrow�structure�around�6.9�GeV,�denoted�as�X(6900).
����The�structures�are�made�up�of�four�charm�quarks.�However,�their�properties�
and�spin-parity�quantum�numbers�are�not�completely�clear�so�far.�

����The�dynamics�is�very�simple,�one�gluon�exchange�(OGE),�color�confinement�
potential,�weak�Relativistic�effects.�
���More�than�40�years,��various�theoretical�frameworks:��QCD�sum,�Bethe-
Salpeter�equation�lattice�QCD,�MIT�bag�model,�…



A.�Color-magnetic�interaction�model�
OGE�
interaction:�����

2.�Three�models

color-coulomb:�����

color-
magnetic:�����

among�different�spin�is�determined�by�the�color-magnetic�term.
��������Under�the�assumption�of��the�same�size,�the�meson�and�baryon�mass�splitting

���Other�dynamic�effects�are�assumed�to�be�absorbed�by�the�effective�quark�masses!

Mass�formula�:�����



Taken�from�Yan-Rui�Liu,�et�al,�Prog.�Part.�Nucl.�Phys.�107�(2019)�237-320

Ground�state�meson�spectrum



No�dynamical�effect！�Everything�depends�only�on�the�color-spin�algebra.����

�����������and����������������are�the�physical�mass�of�the�reference�system�and�its�color-�����

magnetic�interaction�energy,�respectively.�Di-meson,�meson-baryon,�di-baryon.
�

������One�can�define�the�binding�energy�as
�

�������The��mass�formula�has��been�widely�used�to�study�the�multiquark�states,�see

����Prog.�Part.�Nucl.�Phys.�107�(2019)�237-320.�
�

���The�predicted�masses�are�generally�overestimated!�Therefore,�the�mass�formular�

is�modified��in�the�generalization�from�conventional�hadrons�to�multiquark�states.
�



B.�Constituent�Quark�Model�(Isgur-Karl�model)

�OGE�interaction:������

�Confinement:�����

�Total�Hamiltonian:�����



Dynamical�calculation

���The�Gaussian�expansion�method�(GEM)�has�been�proven�to�be�a�rather�high

precision�computational�method.�According�to�the�GEM,�the�relative�motion�

wave�function�between�the�quark�and�antiquark��can�be�written�as�����

���Gaussian�size�parameters�are�taken�as�geometric�progression,

����With�r_1�=�0.2�fm,�r_nmax�=�2.0�fm�and�n_max�=�7,�the�converged�numerical�

results�can�be�achieved.



Ground�state�heavy-meson�spectrum

Different�size,�such�as�D�and�D^*.

��The�ratio�of�the�color-magnetic�
term��is�not�strict�3∶1�but�between
3∶1�and�4∶1.

��The�Coulomb�interaction�provides�
an�extremely�strong�short-range
attraction.



C.�Multi-quark�color�flux-tube�model

LQCD�static�potential

����������������,��C_d�is�the�eigenvalue�of�the�Casimir�operator�associated�with�the�SU(3)�color�

representation�d,�C_3=4/3,�C_6=10/3,�and�C_8=3.

Coulomb�potential�+�linear�confinement



���The�minimum�of�the�confinement�potential�can�be�obtained�by�taking�the�

variation�with�respect�to�y_12�and�y_34,�

���The�canonical�coordinates�R_i�have�the�following�forms,�

���The�OGE�interaction�is�also�involved�in�the�MCFTM.�It�is�not�a�completely�new�

model�but�the�updated�version�of�the�CQM�based�on�the�color�flux-tube�

picture�of�hadrons�in�the�lattice�QCD.�In�fact,�it�merely�modifies�the�two-body�

confinement�potential�into�the�multibody�one.�



3.�Wave�function
Total�wave�
function:

�Overall�color-
singlet:

In�the�center-of-mass�reference�frame,�the�Jacobi�coordinates�can�be�defined�as

���The�diquark�and�antidiquark�are�in�the�S-wave,�angular�excitation�only�occurs��
between�the�diquark�and�antidiquark.��Identical�particles,�Pauli�principle.

����The�relative�motion�wave�functions�should�be�expressed�as�the�superposition�
of�many�different�size�Gaussian�functions,



4.�Numerical�results�and�discussions

���More�results�can�be�found�in�Ref.�(Chengrong�Deng�et�al,�PRD�103,�014001�(2021)�).�

The�mass�spectra�of�the�ground�states�[cc][\barc\barc],�unit�in�MeV.

���In�addition,��the�CMIM�motivated�by�the�QCD-string�junction�picture,�6192�MeV,�

Karliner�et�al.,�PRD�95,�034011�(2017).�The�CMIM,�in�which�the�tetraquark�is�

regarded�as�point-like�diquark�(antidiquark)�in�color�three,�5970�MeV,�Berezhnoy�

et�al.,�PRD�84,�094023�(2011)�.��

����The�masses�given�by�various�CMIMs�are�around�the�threshold�and�generally�lower�

than�those�in�the�dynamical�models.�



The�values�of�various�parts�of�the�Hamiltonian�in�the�MCFTM,�unit�in�MeV.

1.�The�color-magnetic�interaction�is�overestimated�in�the�CMIM.
����
2.�The�dynamical�effects�in�the�meson-meson�thresholds�and�the�tetraquark�states
����are�obviously�different,�especially�the�color-coulomb�interaction,�which�induces
����that�the�masses�are�much�higher�the�threshold�in�the�MCFTM.

3.�The�CMIMs�are�difficult�to�completely�describe�the�dynamical�effects�in�the��
����extension�from��the�heavy�mesons�to�fully-heavy�tetraquark�states.



The�values�of�various�parts�of�the�Hamiltonian�and�average�distances�in�the�
MCFTM.

2.�The�tetraquark�states�and�mesons�(0.30~0.35�fm)�do�not�share�the�same�size.�
�����

1.�The�color-coulomb�interaction�is�still�strong�while�the�color-magnetic�one�is�weak�.

3.�Three-dimensional�spatial�configuration.�The�sizes�of�the�diquark�(antidiquark)�do�
����not�dramatically�change�with�L�while�the��distance�X�between�the�diquark�and���
����antidiquark�remarkably�change.��



The�values�of�various�parts�of�the�Hamiltonian�and�average�distances�in�the�
MCFTM.

�����
5.�The�color�configuration�3�is�absolutely����
����dominant�in�the�excited�states�because�of����
����the�strong�Coulomb�attraction.

4.�The�color�configuration�6��should�not�be���
����ignored�in�the�ground�states�due�to�the�
����strong�Coulomb�attraction.



Masses�of�the�ground�state�
[cc][\barc\barc]��in�various�dynamical�
models,�unit�in�MeV.

Masses�of�the�excited�state�
[cc][\barc\barc]�in�the�CQM�and�MCFTM,�
unit�in�MeV..

�1.�Various�dynamical�models�present�similar�mass�spectra,�which�are�much�higher�than��
�����the�corresponding�thresholds.�The�broad�structure�locating�at�around�6490�MeV�can
�����be�described�as�a�ground�state�[cc][\barc\barc]�in�the�dynamical�models.��

�2.�In�the�excited�states,�the�difference�between�two�models�is�obvious,�(L=1,�180MeV)�,�
�����(L=2,�240MeV).�

�3.�The�narrow�structure�X(6900)�can�be�interpreted�as�a�excited�state�[cc][\barc\barc]����
����with�L=1�in�the�CQM�and�L=2�in�the�MCFTM.�



5.��Summary
�1.�The�CMIMs�cannot�completely�absorb�QCD�dynamic�effects�and�may�overestimate�
�����the��c-m�interaction�in�the�extension�from�heavy�mesons�to�the�fully-heavy�states.��

�2.�The�Coulomb�interaction�is�very�strong�while�the�color-magnetic�interaction�is�weak���
�����in�the�heavy�mesons�and�the�fully-heavy�states.��

�3.�The�color�configuration-6�can�not�be�ignored�in�the�ground�states�owing�to�the�
�����strong�Coulomb�interaction.�However,�the�color�configuration-3�is�absolutely���
�����dominant�in�the�excited�states.

�4.�The�J/Ψ-pair�resonances�observed�recently�by�the�LHCb�Collaboration�are�difficult�
�����to�be�accommodated�in�the�CMIMs.��

�5.�The�broad�structure�locating�at�around�6490�MeV�can�be�described�as�a�ground�
�����state�[cc][\barc\barc]�in�the�dynamical�models.�The�narrow�structure�X(6900)�can��
�����be�interpreted�as�a�excited�state�with�L=1�in�the�CQM�and�L=2�in�the�MCFTM.�
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