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Gravitational form factors(GFFs)

• Energy Momentum Tensor (EMT) 
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 DVCS @ EicC (lower  v.s. US-EIC)Q2

✤Mellin moments (Diehl, 2003; Belitsky, Radyushkin, 2005)

n → 1n → 0

|N⟩
strong 

interaction

probe by

• {EM form factor, PDFs}  GPDs 

     

∈

p

p′ 

2P = (p′ + p) = (2E, ⃗0 )

Δ = (p′ − p) = (0, ⃗Δ)
Breit frame:

t = Δ2

anti-collinear 

✤nucleon GFFs: Polyakov & Schweitzer, 2018)

(a = q, g)

(Kobzarev & Okun 1962; Pagels 1966; 

mass

spin

D-term

t → 0

external 
properties

“internal” 
property

“Druck”
(Polyakov, 1999) 

gluon GFFs in pQCD 

X.-B. Tong, J.-P. Ma, F. Yuan, 2101.02395

• GPDs  GFFs (polynomiality) (Ji, 1996) 

        

      Ji sum 

↔



GFFs of spin-1 

• Definition: 
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6 conserving  

3 non-conserving

✤ gravitational multipole form factors 

 

• spin operators, etc. … 

     (for )S = 1

• multipole expansion: (Polyakov, BDS, 2019) 

     

(Holstein, 2006; Cosyn, Cotogno, Freese, Lorcé, 2019;       
Cosyn, Freese, Pire, 2019; Polyakov, BDS, 2019)



GFFs of spin-3/2 

• Definition:     
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Rarita-Schwinger spinor: 

7 conserving  

3 non-conserving

• octupole operator:

• -rank irreducible tensors:n

✤ gravitational multipole form factors 

(spin)

(Cotogno, Lorcé, Lowdon, Morales, 2020; Kim, BDS, 2020)

• multipole expansion: (Kim, BDS, 2020) 

      

(Cotogno, Lorcé, Lowdon, Morales, 2020)



Static EMT

• Definition (Polyakov, 2003) 

         

• energy(mass) densities 

        

• spin density 

           

• pressure and shear forces: (“mechanical properties”)  
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(Kim, BDS, 2020)

 (Polyakov, BDS, 2019,  
   Panteleeva, Polyakov, 2020)

✤ radii: (energy, spin, mechanical) 

✤ energy deform by spin: 

✤ generalized -terms: (Panteleeva, Polyakov, 2020)D

(Kim, BDS, 2020):

(Kim, BDS, 2020)

(n = 0)



Fn(r)

Ft(r)

 and , normal/tangential force, stability conditionsp(r) s(r)

• force acting on the area element  

        

dS = dSr ̂er + dSθ ̂eθ + dSϕ ̂eϕ
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normal force: 

tangential force:

equilibrium relation ( ): ∂μ
̂Tμν = 0

 (Goeke, et al, 2007)

• dispersion relations (Polyakov 2003; Teryaev, 2005; Anikin, Teryaev , 2007; Diehl, Ivanov, 2007)  

      
 (Gegenbauer polynomials)

• stability condition (von Laue 1911):   

• local stability condition :  

    (unpolarized / spherically symmetric hadron)

• -term(unp): D

(Polyakov & Schweitzer, 2018)



 and : spin 1, 3/2p(r) s(r)

• equilibrium relation:  

• solution in general (Polyakov & Schweitzer, 2018):    

         

• solution for spin 1, 3/2, (BDS, Dong, 2020; Kim, BDS, 2020) 

            

• inverse to get  Dn(t)
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for  meson in a quark model  
(BDS, Dong, 2020)

ρ

(valid for  ?)J ≥ 2

✤ generalized -terms (Kim, BDS, 2020)D



FREE massive vector particle
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• Proca Lagrangian + a non-minimal term (?):  

           

✤ all GFFs are -independent:  free of interaction 

✤  : week interaction matters 

✤  : interaction! 

✤  : seems NOT allowed …

t

Dπ = − 1 → −
1
3

Dfermion = 0 → ≠ 0

Dρ ≤ 0 ?↔ h ≥
1
12

 (Holstein, 2006; Polyakov, BDS, 2019)

Pagels, 1966; Novikov, Shifman, 1980; 
Hudson,Schweitzer, 2017; 
Polyakov & Schweitzer, 2018, etc.

Ricci scalar term breaks CI !

• Riemann tensor , Weyl tensor , etc., but NO suitable mass-dim-4 terms!Rμνρσ Cμνρσ

• conformal transformation: (Carroll,  2004; Dabrowski, 2009) 

  

• choices of : conformal invariance (CI) (or not)S



 meson GFFs by a quark modelρ
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Dρ = − 0.21 < 0

 (Abidin et al, 2008; Freese et al,  2019; BDS, Dong, 2019)

deuteron GPDs: (Berger, Cano, Diehl, Pire, 2001) 

sum rules: (Cosyn, Freese, Pire, 2019.  etc. )



 meson densities by a quark model (BDS, Dong, 2017, 2020)ρ
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 densities by SU(2) Skyrme model (Kim, BDS, 2020)Δ
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 GFFs/GMFFs by SU(2) Skyrme model (Kim, BDS, 2020)Δ
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Trace Anomaly contribution to Hydrogen atom mass

• trace of QED EMT:   

          

• hydrogen mass at LO (omitting proton mass / Coulomb potential): 

         

• subtraction scheme: (Adler et al, 1977; Rodini et al 2020; Metz et al,  2020)  
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FF

(a)

m0Ψ̄Ψ

(b)

← ←

ψ† e
2m0

("p+ "p ′) · "Aψ

(b)(a)

↑ ↑
ψ† e

2m0
("p + "p ′) · "Aψ

vacuum polarization

self-energy 

(free, nonrelativistic)

self-energy 

(bound state)

• NLO corrections: (BDS, Sun, Zhou, 2020)

1, most mass splittings in the Charmonium(-like) States:

     W. Sun, Y. Chen,  P. Sun, Y.-B. Yang, 2012.06228 

2, most of  the nucleon mass (First Lattice for QCD EMT trace anomaly): 

     F. He, P. Sun, Y.-B. Yang, 2101.04942

 contributes:⟨F2⟩



First two terms: (BDS, Sun, Zhou, 2020)

• in Coulomb gauge:  
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FF

(a)

m0Ψ̄Ψ

(b)

← ←

Lamb shift by  
vacuum polarization effect! 

under non-relativistic limit:  

(Weinberg, 1994; Peskin, 1995; et al)



self-energy corrections (free):
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m0 (1 + γm) Ψ̄Ψ m0Ψ̄Ψ

(a) (b)

m0Ψ̄Ψ

(c)

↑ ↑ ↑

physical mass of a free electron

An all order proof: Callan-Symanzik equation 

(Adler, Collins, Duncan, 1977):



self-energy corrections (in bound state): (BDS, Sun, Zhou, 2020; Weinberg, 1994, Chapter 14)
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m0 (1 + γm) Ψ̄Ψ m0Ψ̄Ψ

(a) (b)

m0Ψ̄Ψ

(c)

↑ ↑ ↑

• NRQED: 

         

dipole vertex  same as LO  spin-orbital term   

( )  

→ 0
⃗p ′ ≈ ⃗p

A trick:   
(vector current conservation)

Z2 = Z3

spinor in nonrelativistic limit:  

 

(Weinberg, 1994; et al)



self-energy corrections (in bound state):
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ψ† e
2m0

("p+ "p ′) · "Aψ

(b)(a)

↑ ↑
ψ† e

2m0
("p + "p ′) · "Aψ

• electron propagator: 

• photon propagator: 

• energy shift for ground state: 

= Bethe 1947’s result! (with ) μ = m

(scale cut off )μ < m

   Trace anomaly contribution 
 Lamb shift (part of)!=

Conclusion:

(Lamb, et al, 1947)
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Thanks! & Happy New Year!

Summary

• Energy Momentum Tensor(EMT), and the gravitational form factors(GFFs) defined by the 

matrix elements of EMT.  The relation (sum-rules) between GFFs and GPDs, and the 

fundamental properties (mass, spin, -term & pressure and shear forces). 

• Model estimations for spin-1  meson and spin-3/2  isobar.  

• QED EMT Trace Anomaly contribution to Hydrogen atom mass, which turns out to be part of 
Lamb shift. 

D

ρ Δ


