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We point out that the polarization P of a scattered or produced quark is calculable per-
turbatively in quantum chromodynamics for e e -qq, large-p z hadron reactions, and
large-Q leptoproduction, and is infrared finite. The quantum-chromodynamics predic-
tion is that P =0 in the scaling limit. Experimental tests are or wi11 soon be possible in
pp —AX [where presently p(A) = 25'%%uo for pz, ) 2 Gev/c] and in e+e —quark jets.

In quantum chromodynamics (QCD), observa-
bles which are free of infrared divergences can
be computed in terms of the running coupling con-
stant n, . For an asymptotically free theory,
is expected to be small in a scattering at large
transverse momenta, so that observables can be
computed perturbatively. Thus, provided we can
relate quark observables to observed hadrons,
QCD may be rigorously tested.
This approach has been proposed by Sterman

and steinberg' and by Politzer, ' and recently
used by others' in e'e reactions or leptoproduc-
tion reactions. In this note we propose another
observable which can be measured in e'e reac-
tions, leptoproduction, and large-p r hadron colli-
sions, namely, the polarization of the scattered
or produced quark. More precisely, the relevant
observable is polarization times cross section,
which is given schematically by Im(NE*). For a
nontrivial result, one must have nonf lip (N) and
flip (E) amplitudes with a nonzero relative phase.
Note that this is qualitatively different from other
kinds of spin effects which could be obtained with
relatively real amplitudes and Born terms. 4
For large-pr scattering this procedure is slight-

ly less rigorous since the initial state involves
quarks confined in hadrons. But it has increasing-
ly been accepted' that at large p r one is observ-
ing quark-quark scattering and that in fact large
pr is a domain where a perturbative treatment of
qq -qq, qg- qg, and gg-gg (where g means
gluon) can quantitatively predict jet and hadron
distributions.
The polarization of a scattered quark is another

observable which is infrared finite and can be
computed perturbatively. A determination of the
polarization of a scattered quark can both test
the validity of the assumption that qq-qq, qg-qg,
etc. , dominate at large pr, and serve as a signifi-

cant test of QCD. The same remarks apply to the
polarization of a produced quark in e'e annihila-
tion or in leptoproduction. We give the discus-
sion in terms of large pr because this may be
the first place for an experiment test, We also
predict the large-pr left-right asymmetry on a
polarized test.
Because of confinement, to test the QCD pre-

diction we have to make some assumptions. For
unpolarized beam and target, we assume that the
initial quarks are unpolarized. To compute the
left-right asymmetry on a polarized target, in
general we need to know the wave function of the
quarks in a proton. However, for the actual QCD
prediction the individual qq scatterings produce
only a small left-right asymmetry (see below),
so that we necessarily predict a small left-right
asymmetry on a polarized target independent of
the details of the wave function. For production
of light-quark jets in e e the predicted polariza-
tion is also very small and so any observable
which could reflect polarization is satisfactory.
(For production of massive quarks in e'e the
predicted polarization may not be small above
threshold but below the scaling region, and we
must assume that a hadron, which is a fragment
of a polarized quark, will remember the polariza-
tion of the quark. ) It is, of course, possible that
light quarks could be produced with large polari-
zation (contrary to our QCD prediction), but that
the mechanism of quark fragmentation is such
that the quark spin direction is not remembered.
Because of such a possibility, the QCD predic-
tion would be contradicted by observing large
polarization effects; but an observation of small
polarization effects, while consistent with the
theory, is not a strong confir mation of the theory
until quark fragmentation is better understood.
On the other hand, by a general parity argu-
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These remarks hold if all quantities involved
are free of infrared singularities. The important
one for us is the behavior for m, -0. It is easy
to see by writing down the part of the box dia-
gram which contributes to the polarization (see
below) that it is finite and free of mass singulari-
ties in this limit. When m, -0 there is no helicity
flip in the Born diagram or box diagram, so that
we immediately find p'=0 for all our reactions.
This is easily verified by direct computation.
It is necessary to check that the results are

also finite for zero gluon mass. That is slightly
more subtle since the imaginary part of the box
diagram is not infrared finite. What happens' is
that the box-diagram amplitude can be written
in a form

Mbox = BI+&,
where B is equal to the Born term, I is an in-
frared-divergent, complex, but spin-independent
integral, and R is a spin-dependent remainder
whose imaginary part is infrared finite. This is
easily shown by writing the box-diagram ampli-
tude, and subtracting the part with the loop mo-
mentum set equal to zero in the numerator. Then
it becomes clear that the term BIdoes not con-
tribute to the polarization arising from interfer-
ence with the Born term B. No other contribu-
tions such as the crossed box or soft-gluon emis-
sion can matter since they do not give nonvanish-
ing imaginary parts. A similar procedure al-
lows one to see that to order Q., in all the reac-
tions qq —qq, qg- qg, and e 'e —qq the scat-
tered-quark polarization or the asymmetry on a
polarized target is zero for m, =0.
It is interesting to calculate the deviation from

zero for m, g0, to order n, . The explicit re-
sult for e'e -qq is, for arbitrary m, and large
2

same analysis holds for lepton reactions e'e-e'e, e'e —p, 'p, , etc. , and so similar re-
sults hold there; we have been unable to find any
polarization predictions for these reactions in
the literature.
It has recently been argued" for large-pr

processes that rigorously in QCD one should in-
deed calculate with the parton-model formulas,
but (with nonscaling distributions and) with the
lowest-order term for the qq -qq scattering
cross section calculated using the running cou-
pling constant g(pr'). We assume that this is
also the correct procedure for us to follow. We
assume that for large Q', instanton effects (which
can flip helicity) are irrelevant for our analysis.
In this note we have pointed out that the asym-

metry off a polarized target, and the transverse
polarization of a produced quark in e'e -qq, or
in qq -qq at large p r, or in leptoproduction,
should all be calculable perturbatively in QCD.
The result is zero for m, =0 and is numerically
small if we calculate m, /vs corrections for light
quarks. We discuss how to test the predictions.
At least for the cases when P is small, tests
should be available soon in large-pr production
[where currently P(A) =25% for pra 2 GeV/c],
and e 'e reactions. While fragmentation effects
could dilute polarizations, they cannot (by parity
considerations) induce polarization. Consequent-
ly, observation of significant polarizations in the
above reactions would contradict either QCD or
its applicability.
One of us (G.L.K.) appreciates helpful remarks

from J. Ellis and M. Einhorn, and we are grate-
ful for discussions with York-Peng Yao. This
research is supported in part by the U. S. Depart-
ment of Energy and in part by the National Sci-
ence Foundation.

4m, m, sin 0 cos 6j
3 Q' I+cos'8 '

Whatever observable is used, the variation with
Q' and the c.m. scattering angle tl can be tested.
p' is the polarization transverse to the scattering
plane, calculated through order n, in QCD.
In leptoproduction, because the photon is space-

like, the gluon effects induce no imaginary ampli-
tudes so that the polarization is identically zero
to order a, . To the present order in QCD per-
turbation theory, color does not play a signifi-
cant role. The color averaging involved intro-
duces numerical coefficients of order 1, but no
qualitative features. Up to color factors the

~0. Sterman and S. Weinberg, Phys. Rev. Lett. 39,
1436 (1977).
H. D. Politzer, "QCD off the Light Cone and the De-

mise of the Transverse Momenta Cutoff" (to be pub-
bshed.
H. Oeorgi and M. Machacek, Phys. Rev. Lett. 39,

1237 (19VV); E. Fabri, Phys. Rev. Lett. 3Q, 1587
(1977); C. Louis Bashan, Lowell S. Brown, S. D. Ellis,
and S. T. Love, Phys. Rev. D 17, 2298 (1978); H. Geor-
gi and H. D. Politzer, Harvard Report No. HUTP-77/
A063 (to be published); So-Young Pi, R. L. Jaffe, and
F. E. Low, Phys. Rev. Lett. 41, 142 (1978).
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The first TH predicCon on transverse Λ polarizaCon



The HERMES experiment has measured the transverse polarization of Λ and      hyperons produced 
inclusively in quasi-real photoproduction at a positron beam energy of 27.6 GeV. The transverse 
polarization PΛN of the Λ hyperon is found to be positive while the observed       polarization is 
compatible with zero 

Λ̄

PRD 76, 092008 (2007) 

Λ̄

γ*N → Λ↑X
Quasi Real + Nucleon HERMES

HERMES ‘76

Transverse       polarisation a long historyΛ

PRD  89 Lundberg 

p + Be → Λ↑ + X

Bunce PRL 76 
Heller PRL 78

One of the first transverse spin 
effects at Fermilab (1976): 
Transverse       polarisation a long historyΛ

PRD  89 Lundberg 

p + Be → Λ↑ + X

Bunce PRL 76 
Heller PRL 78

One of the first transverse spin 
effects at Fermilab (1976): 

Bunce et.al. ‘76

pp → Λ↑X
     produced in the inclusive reaction with       = 53 and 62 GeV at the CERN Intersecting Storage Rings (ISR) are 
observed to be polarized along the normal to the production plane. In the ranges of longitudinal and transverse 
momenta, 15-24 and 0.6-1.4 GeV/c, respectively, the mean polarization is found to be -(0.357 +/- 0.055)

sΛ0

Erhan et al.  PLB 1979

Proton-proton

pp → Λ↑X
     produced in the inclusive reaction with       = 53 and 62 GeV at the CERN Intersecting Storage Rings (ISR) are 
observed to be polarized along the normal to the production plane. In the ranges of longitudinal and transverse 
momenta, 15-24 and 0.6-1.4 GeV/c, respectively, the mean polarization is found to be -(0.357 +/- 0.055)

sΛ0

Erhan et al.  PLB 1979

Proton-proton

Erhan et.al. ‘79

νN → Λ↑X
The Λ polarization in νμ charged current interactions measured in the NOMAD experiment. The dependence of 
the absolute value of Py on the Λ transverse momentum with respect to the hadronic jet direction is in qualitative 
agreement with the results from unpolarized hadron–hadron experiments.  

Nuclear Physics B 588 (2000)

Lepton-Nucleon

NOMAD ‘20 νN → Λ↑X
The Λ polarization in νμ charged current interactions measured in the NOMAD experiment. The dependence of 
the absolute value of Py on the Λ transverse momentum with respect to the hadronic jet direction is in qualitative 
agreement with the results from unpolarized hadron–hadron experiments.  

Nuclear Physics B 588 (2000)

Lepton-Nucleon

Recent ATLAS measurement
at √S = 7 TeV 
PRD 91, 032004 (2015)
Polarisation at mid rapidity  

What about LHC? 
Is it feasible at a high energy collider? 

Atlas ‘15

EXP on transverse Λ polarizaCon

Ma, Schmidt, Soffer, Yang ’01 
Liang, Wang ’06 
… …



In N+N or l+N collisions, it is not possible to disentangle iniCal-state effects, related to dynamics 
inside the colliding hadrons, and final-state effects, related to the fragmentaCon of the partons. 

Transverse Λ polarizaCon in electron positron collisionsSimplest and cleanest process  Λ↑ in e+e−
 
 

⇒ significant transverse polarization 

Measured w.r.t. thrust axis  & back to back hadrons=“bTOb” 

Questions/issues:  
QCD prediction of Physics un-suppressed ?
• TMD factorization two scale problem 
✴TMD factorization formalism for thrust axis measurement

• Twist-3 factorization one hard scale-power suppressed 

Simplest and cleanest process  Λ↑ in e+e−
 
 

⇒ significant transverse polarization 

Measured w.r.t. thrust axis  & back to back hadrons=“bTOb” 

Questions/issues:  
QCD prediction of Physics un-suppressed ?
• TMD factorization two scale problem 
✴TMD factorization formalism for thrust axis measurement

• Twist-3 factorization one hard scale-power suppressed 

e+e- cleanest way to access fragmentaCon funcCons



Transverse Λ polarizaCon at the LEPWant to test Universality Belle BeS BaBar + EIC

• Is it the same PFF function in the bTOb hadron and hadron + thrust 
measurements ???

• What about “T”-odd universality can we test it with all data?

h

bTObthrust 

PΛ⊥

No significant transverse polarizaCon is observed at the LEP

OPAL ‘97



Transverse Λ polarizaCon at the future e+e-  collider ?? 



Transverse Λ polarizaCon at the Belle
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FIG. 1. Transverse polarization amplitudes of inclusive Λ’s
as a function of zΛ and pt in the thrust frame. The top (a)
and bottom (b) plots display the results for Λ and Λ̄, respec-
tively. The sum of statistical and systematic uncertainties
are indicated by the error bars and the shaded areas show the
uncertainties from α.

on MC. The contributions from mis-identified h± are in-
cluded in the results without further correction. The am-
plitudes of the transverse polarization of Λ hyperons as a
function of zΛ and zh calculated in the hadron frame are
shown in Fig. 2. These results can give additional insight
into the quark flavor fragmenting into the Λ. In particu-
lar, in the low zΛ region, the polarization in Λh+X and
Λh−X is significantly different, even showing opposite
sign and a magnitude that increases with higher zh. In
contrast, in the region zΛ > 0.5, the differences between
Λh+X and Λh−X are modest, although deviations can
still be seen.

We investigate the flavor of the (anti-)quark going into
the same hemisphere with the Λ particles using MC. We
find that the flavor tag of the light hadron depends on
zh and zΛ [27]. At low zΛ [28], the contributions of the
various quark flavors for Λ are nearly charge symmetric
in processes Λh+X and Λh−X . In general, the results
suggest that the Λ polarization from s quark fragmenta-
tion is negative because, in ΛK+X at high zΛ, where s
to Λ fragmentation absolutely dominates, the observed
asymmetries are negative. In Λπ−X and ΛK−X at low
zΛ, u to Λ fragmentation dominates, and the observed
positive asymmetries suggest that the u quark fragmen-
tation to Λ is positive. In Λπ−X and ΛK−X at high zΛ,
there is a larger contribution from s compared to low zΛ,
resulting in negative polarizations. For Λπ+X at low zΛ,
ū fragmenting into a Λ dominates, and the observed po-
larizations are negative. At high zΛ, s fragmenting into
Λ is dominant, resulting in negative polarization. The
sign of the Λ polarization fragmenting from d quarks is
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FIG. 2. Transverse polarizations of Λ’s observed in Λπ±X
(a), ΛK±X (b), Λ̄π±X (c) and Λ̄K±X (d), as a function of
zΛ and zh in the hadron frame. The different panels show
the different zΛ regions as labeled on the plots. Error bars
indicate the sum of statistical and systematic uncertainties
added in quadrature. The shaded areas show the uncertainties
from α.

not well determined.
The results presented in Fig. 1 and Fig. 2 show the

transverse polarization for inclusive Λ particles, includ-
ing those directly-produced from qq̄ fragmentations and
those indirectly-produced from decays. Based on MC,
about 30% of Λ candidates come from charm, mainly via
c → Λc, and in light quarks (uds) about 20% of the Λ
candidates come from Σ0 and 10% from Ξ decays. We
note that the strong decays, such as that of Σ∗, are con-
sidered as part of the fragmentation function. The charm
is expected to be different from light quarks because it is
much heavier, thus we need to also separately correct for
the charm contribution. To study direct fragmentation
of light quarks into Λ hyperons, also the contributions
from Σ0 and Ξ decays need to be taken into account.

5

)(GeV/c)Λ(
t

p

Po
la

riz
at

io
n

0.5 1 1.50.1−

0.08−
0.06−

0.04−

0.02−
0

0.02
0.04
0.06
0.08

0.1

<0.3Λ0.2<z

0.5 1 1.50.1
0.08
0.06
0.04
0.02

0
0.02
0.04
0.06
0.08

0.1

<0.4Λ0.3<z

0.5 1 1.50.1
0.08
0.06
0.04
0.02

0
0.02
0.04
0.06
0.08

0.1

<0.5Λ0.4<z

0.5 1 1.50.1
0.08
0.06
0.04
0.02

0
0.02
0.04
0.06
0.08

0.1

<0.9Λ0.5<z
(a)  + XΛ

)(GeV/c)Λ(
t

p

Po
la

riz
at

io
n

0.5 1 1.50.1−

0.08−
0.06−

0.04−

0.02−
0

0.02
0.04
0.06
0.08

0.1

<0.3
Λ

0.2<z

0.5 1 1.50.1
0.08
0.06
0.04
0.02

0
0.02
0.04
0.06
0.08

0.1

<0.4
Λ

0.3<z

0.5 1 1.50.1
0.08
0.06
0.04
0.02

0
0.02
0.04
0.06
0.08

0.1

<0.5
Λ

0.4<z

0.5 1 1.50.1
0.08
0.06
0.04
0.02

0
0.02
0.04
0.06
0.08

0.1

<0.9
Λ

0.5<z
(b)  + XΛ

FIG. 1. Transverse polarization amplitudes of inclusive Λ’s
as a function of zΛ and pt in the thrust frame. The top (a)
and bottom (b) plots display the results for Λ and Λ̄, respec-
tively. The sum of statistical and systematic uncertainties
are indicated by the error bars and the shaded areas show the
uncertainties from α.

on MC. The contributions from mis-identified h± are in-
cluded in the results without further correction. The am-
plitudes of the transverse polarization of Λ hyperons as a
function of zΛ and zh calculated in the hadron frame are
shown in Fig. 2. These results can give additional insight
into the quark flavor fragmenting into the Λ. In particu-
lar, in the low zΛ region, the polarization in Λh+X and
Λh−X is significantly different, even showing opposite
sign and a magnitude that increases with higher zh. In
contrast, in the region zΛ > 0.5, the differences between
Λh+X and Λh−X are modest, although deviations can
still be seen.

We investigate the flavor of the (anti-)quark going into
the same hemisphere with the Λ particles using MC. We
find that the flavor tag of the light hadron depends on
zh and zΛ [27]. At low zΛ [28], the contributions of the
various quark flavors for Λ are nearly charge symmetric
in processes Λh+X and Λh−X . In general, the results
suggest that the Λ polarization from s quark fragmenta-
tion is negative because, in ΛK+X at high zΛ, where s
to Λ fragmentation absolutely dominates, the observed
asymmetries are negative. In Λπ−X and ΛK−X at low
zΛ, u to Λ fragmentation dominates, and the observed
positive asymmetries suggest that the u quark fragmen-
tation to Λ is positive. In Λπ−X and ΛK−X at high zΛ,
there is a larger contribution from s compared to low zΛ,
resulting in negative polarizations. For Λπ+X at low zΛ,
ū fragmenting into a Λ dominates, and the observed po-
larizations are negative. At high zΛ, s fragmenting into
Λ is dominant, resulting in negative polarization. The
sign of the Λ polarization fragmenting from d quarks is
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FIG. 2. Transverse polarizations of Λ’s observed in Λπ±X
(a), ΛK±X (b), Λ̄π±X (c) and Λ̄K±X (d), as a function of
zΛ and zh in the hadron frame. The different panels show
the different zΛ regions as labeled on the plots. Error bars
indicate the sum of statistical and systematic uncertainties
added in quadrature. The shaded areas show the uncertainties
from α.

not well determined.
The results presented in Fig. 1 and Fig. 2 show the

transverse polarization for inclusive Λ particles, includ-
ing those directly-produced from qq̄ fragmentations and
those indirectly-produced from decays. Based on MC,
about 30% of Λ candidates come from charm, mainly via
c → Λc, and in light quarks (uds) about 20% of the Λ
candidates come from Σ0 and 10% from Ξ decays. We
note that the strong decays, such as that of Σ∗, are con-
sidered as part of the fragmentation function. The charm
is expected to be different from light quarks because it is
much heavier, thus we need to also separately correct for
the charm contribution. To study direct fragmentation
of light quarks into Λ hyperons, also the contributions
from Σ0 and Ξ decays need to be taken into account.

e+e− → Λ↑ h X

PHYSICAL REVIEW LETTERS 122, 042001 (2019) 
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• TMD factorization two scale problem 
✴TMD factorization formalism for thrust axis measurement

• Twist-3 factorization one hard scale-power suppressed Is it the same (polarizing) fragmentation function in these two measurements ??? 

Theory framework on transverse Λ polarizaCon

TMD factorization two scale problem 

Collins-Soper-Sterman, Ji-Ma-Yuan, SoA-Collinear EffecCve Theory… … ???



Polarizing fragmentation function

2

sic transverse momenta of the elementary constituents.
The understanding of these spin-transverse momentum
correlations gives rise to interesting phenomenological
di↵erences between TMD FFs and the TMD parton dis-
tribution functions (PDFs).

For instance, the Sivers functions, TMD PDFs analo-
gous to the TMD PFFs, exhibit so-calledmodified univer-
sality – a sign change – between the SIDIS and Drell-Yan
processes [16–18]. While the TMD PFF is T-odd just like
the Sivers function, this TMD does not exhibit modified
universality between SIDIS and e

� + e
+ ! ⇤ + h + X;

rather, the TMD PFF should be universal with respect
to these two processes [19–22]. In fact, Ref. [22] has pre-
cisely suggested studies of both back-to-back ⇤+ h pro-
duction and SIDIS to test the universality of the TMD
PFFs. In this paper, we provide a prediction for the
transverse polarization in SIDIS, which can be used for
the first experimental confirmation of the universality of
the TMD PFFs.

Within the TMD factorization formalism, we perform
an extraction of the TMD PFFs, from the recent ⇤/⇤̄
polarization measurements recorded at BELLE [13]. We
study in detail the implications of the TMD PFFs for
di↵erent quark flavors, and provide predictions for the
⇤/⇤̄ polarization in SIDIS. We organize our work as fol-
lows. In Sec. II we provide the relevant formalism and
detail the calculation of the ⇤ transverse polarization ob-
servable P

⇤
? . In Sec. III we give the parametrization of

our TMD PFFs and discuss the fit procedure, fit results,
and our predictions for SIDIS. We conclude the paper in
Sec. IV.

II. FORMALISM

In this section, we provide the QCD formalism for de-
scribing ⇤ polarization. We consider back-to-back pro-
duction of a ⇤ baryon and a light hadron h in the final
state,

e
�(`) + e

+(`0) ! �
⇤(q) ! h(Ph) + ⇤(P⇤,S?) +X, (1)

where q = ` + `
0 is the momentum of the intermediate

virtual photon with q
2 ⌘ Q

2, and we denote the momen-
tum of the outgoing light hadron and the ⇤ by Ph and
P⇤, respectively. We further define

z⇤ = 2P⇤ · q/Q2
, zh = 2Ph · q/Q2

. (2)

Following [23], we choose a leptonic center-of-mass frame
where the light hadron Ph has no transverse momentum.
The leptons and the light hadron form the so-called lep-
tonic plane. The angle between Ph and (`, `0) is given by
✓, as illustrated in Fig. 1. On the other hand, Ph and P⇤

span the so-called hadronic plane. In this frame, the ⇤
particle has transverse momentum P⇤T , at an azimuthal
angle �⇤ with respect to the leptonic plane. We have

P⇤T = �z⇤q?, (3)

!!

!"!"#
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#

$"
%&
'&

FIG. 1. Kinematics of the leptonic center-of-mass frame for
back-to-back two-hadron production in e�e+ annihilation,
e� + e+ ! h(Ph) + ⇤(P⇤) + X.

where q? is related to the “transverse” component of the
virtual photon momentum, defined as

q
µ
t = q

µ � Ph · q
Ph · P⇤

P
µ
⇤ � P⇤ · q

P⇤ · Ph
P

µ
h , (4)

with q
2
? = �q

µ
t qtµ.

We start with the QCD factorization formalism for the
unpolarized di↵erential cross section [6, 22]

d�

dPSd2q?
=�0H(Q)z2⇤z

2
h

X

q

e
2
q

Z
d
2kh?d

2k⇤?d
2�?

⇥ �
(2)(k⇤? + kh? + �? � q?)S(�?)

⇥ D⇤/q(z⇤, p
2
⇤?)Dh/q̄(zh, p

2
h?) , (5)

where dPS = dz⇤ dzh d(cos ✓) and �0 is given by

�0 =
Nc⇡↵

2
em

2Q2

�
1 + cos2 ✓

�
. (6)

Here Dh/q(zh, p
2
h?) and D⇤/q(z⇤, p

2
⇤?) are the unpolar-

ized TMD FFs for h and ⇤, respectively. Meanwhile,
S(�?) is the soft factor, while H(Q) is the hard func-
tion with the leading order expression H

(0)(Q) = 1.
The ki? with i = h,⇤ are the transverse momenta of
the fragmenting quarks in the frame where the hadron
has zero transverse momentum. Similarly, the pi? are
the transverse momenta of the hadrons in the frame
where the fragmenting quarks have zero transverse mo-
mentum. These momenta are related to one another by
pi? = �ziki?.
It is important to realize that one could absorb part

of the soft function
p
S into the definition of the TMD

FFs [12]. In this new formulation, we may rewrite the
above factorization formalism in Eq. (5), so that it is of
the form

d�

dPSd2q?
=�0H(Q)z2⇤z

2
h

X

q

e
2
q

Z
d
2kh?d

2k⇤?

⇥ �
(2)(k⇤? + kh? � q?)

⇥ D⇤/q(z⇤, p
2
⇤?;Q)Dh/q̄(zh, p

2
h?;Q), (7)

which mimics the results of the partonic model. One
should note that we purposely write the explicit depen-
dence of the TMD FFs on Q

2, which can be derived
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where q? is related to the “transverse” component of the
virtual photon momentum, defined as
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h , (4)
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tion with the leading order expression H
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The ki? with i = h,⇤ are the transverse momenta of
the fragmenting quarks in the frame where the hadron
has zero transverse momentum. Similarly, the pi? are
the transverse momenta of the hadrons in the frame
where the fragmenting quarks have zero transverse mo-
mentum. These momenta are related to one another by
pi? = �ziki?.
It is important to realize that one could absorb part

of the soft function
p
S into the definition of the TMD

FFs [12]. In this new formulation, we may rewrite the
above factorization formalism in Eq. (5), so that it is of
the form
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which mimics the results of the partonic model. One
should note that we purposely write the explicit depen-
dence of the TMD FFs on Q

2, which can be derived

d� (S?)

dPSd2q?
= �0

�
F
⇥
D⇤/qDh/q̄

⇤
+ |S?| sin (�S � �⇤)

1

z⇤M⇤
F
h
P̂⇤T · p⇤?D

?
1T,⇤/qDh/q̄

i
+ · · · }

<latexit sha1_base64="+efEYh+cZI03jrH6AfJmGWQgIX4="></latexit>

TMD factorizaCon theorems have been 
established for back-to-back Λ+h

Spin-dependent cross section is factorized as:
also see Hui Li’s talk

see Xue’s talk on Collins funcCons
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FIG. 2. Distributions of MINUIT parameters from 200 replicas. The black lines represent the parameter values which are
determined from the best fit of the actual experimental data. Each histogram is normalized such that the heights of its bars
sum to unity.
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FIG. 3. The fit to the experimental data for ⇡ mesons is shown, with the gray uncertainty band displayed is generated by the
replicas at 68% confidence. The left plots are for the production of ⇤ + ⇡±, while the right plots are for the production of
⇤̄ + ⇡±.

where Q
2 = �q

2 = �(`0 � `)2. The di↵erential cross
section is given by

d�(S?)

dPSd2P⇤T
=�

DIS
0

n
F
⇥
fq/pD⇤/q

⇤
+ |S?| sin(�S � �⇤)

⇥ 1

z⇤M⇤
F
h
P̂⇤T · p⇤?fq/pD

?
1T,⇤/q

io
,

(27)

where for SIDIS we have the phase-space element
dPS = dxB dy dz⇤, the usual unpolarized TMD PDFs
fq/p(xB , k

2
?;Q), and the leading-order scattering cross

section

�
DIS
0 =

2⇡↵2
em

Q2

1 + (1 � y)2

y
. (28)

Collecting the results above, we find that the convolution
for SIDIS is

F
⇥
fq/pD⇤/q

⇤
= H

DIS(Q)
X

q

e
2
q

Z
d
2k?d

2p⇤?

⇥ �
(2)(z⇤k? + p⇤? � P⇤T )

⇥ fq/p(xB , k
2
?;Q)D⇤/q(z⇤, p

2
⇤?;Q), (29)

where H
DIS(Q) is the hard function for SIDIS, with
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FIG. 4. Same as Fig. 3 but for the production of ⇤ + K± (left) and ⇤̄ + K± (right).
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FIG. 5. The polarizing fragmentation functions
z⇤D

?(1)
1T,⇤/q(z⇤, Q), defined in Eq. (22), are plotted as

functions of z⇤ for di↵erent quark flavors, at 68% confidence.

H
DIS(0)(Q) = 1 at leading order. Meanwhile, P⇤T is

the transverse momentum of the final-state ⇤, k? is the
transverse momentum of the quark relative to the initial-
state parent proton and p⇤? is the transverse momentum
of the final-state ⇤ with respect to the fragmenting quark.

For our calculations, we use the parametrizations of ⇤
fragmentation functions in Eqs. (14) and (15) from the
previous section. For the unpolarized TMD PDFs, we
use the parametrization

fq/p(xB , k
2
?;Q) = fq/p(xB , Q)

e
�k2

?/hk2
?i

⇡hk2?i , (30)

with hk2?i = 0.61 GeV2, as extracted in [32]. Using
Eq. (30) and integrating over P⇤T , we find that the ⇤

FIG. 6. Our prediction of the transverse ⇤ polarization
P⇤
?(xB , z⇤) in SIDIS is plotted as a function of z⇤ for typical

values of the kinematic variables Q = 10 GeV and xB = 0.1
at the EIC. The uncertainty band is generated at 68% confi-
dence.

polarization has the analytic form

P
⇤
?(xB , z⇤) =

p
⇡

2z⇤

hM2
Di

M⇤

p
hM2

Di + z
2
⇤hk2?i

⇥

P
q
e
2
qfq/p(xB , Q)D?

1T,⇤/q(z⇤, Q)

P
q
e2qfq/p(xB , Q)D⇤/q(z⇤, Q)

. (31)

In Fig. 6, we plot the transverse polarization as a func-
tion of z⇤ at Q = 10 GeV and xB = 0.1, which are con-
sistent with the typical kinematics at the future Electron
Ion Collider (EIC) [46–49]. We have used the CT14lo
collinear PDFs given in [50]. To generate the uncertainty
band, we use the 200 sets of fitted parameters and plot
the band generated from the middle 68%. We predict an

FiVng of PFFs from Λ+h data 

Yang, Lu, Schmidt ’17 
D’Alesio, Murgia, Zaccheddu ’20 
Callos, Kang, Terry ‘20 
Li, Wang, Yang, Lu ’20 
… …

Callos, Kang, Terry ‘20 Callos, Kang, Terry ‘20

Spectator model: see Mao’s talk 
Light-front quanCzaCon: See Chandan, Lan, Xu, Zhao’s talk  
……



Want to test Universality Belle BeS BaBar + EIC

• Is it the same PFF function in the bTOb hadron and hadron + thrust 
measurements ???

• What about “T”-odd universality can we test it with all data?

h

bTObthrust 

PΛ⊥

TMD factorizaCon for Λ(thrust) 

High-energy partons lead to collimated bunches of hadrons

Parton (quark or gluon) fragmentaCon and hadronizaCon

Jets are not the same as partons 
Jets inherit quantum property of partons

Wei, Chen, Song, Liang ’14; Yang, Chen, Liang 
’17,……(Twist-4 FF, Parton model on the jet)



TMD factorizaCon formula on the jet broadening

bN =
X

i2jets

��~p?i
��

d�

dbN
=

X

f=q,q̄,g

Z
dbsN

Z
dd�2p?NJf

�
bN � bsN , p?N

� 1X

m=1

⌦
H

f
m({n}, Q)⌦ Sm

�
{n}, bsN ,�p?N

�↵

<latexit sha1_base64="nnpJs8tNnETNI15TgEDeFU6Pgqc="></latexit>

Rapidity divergence cancellaCon is verified at two-loop order !!!

ConstrucCon of the theory formalism  
• Two scales in the problem 
• Rely on effecCve field theory: SCET + Jet EffecCve Theory (Becher, Neubert, Rothen, DYS ’16 PRL) 

(Becher, Rahn, DYS ’17 JHEP)

DefiniCon of the broadening:

bN ⌧ Q

<latexit sha1_base64="CZuPp4uMMv7jpI7DaGbZ02I4sL0=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrFT0WvOhFWrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//wD08auk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm9mfvuJKs1i+WAmCQ0EHkoWMYKNlR7D/j3qcY4afbfsVbw50Crxc1KGHPW++9UbxCQVVBrCsdZd30tMkGFlGOF0WuqlmiaYjPGQdi2VWFAdZPODp+jMKgMUxcqWNGiu/p7IsNB6IkLbKbAZ6WVvJv7ndVMTXQcZk0lqqCSLRVHKkYnR7Hs0YIoSwyeWYKKYvRWREVaYGJtRyYbgL7+8SloXFb9auWxUy7W7PI4inMApnIMPV1CDW6hDEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7HIj7c=</latexit>



� = jT /Q ⌧ 1
<latexit sha1_base64="QYSTcSXEZy9tT/qhKlhgFaZeLc8="></latexit>

d�

dzhd2~jT
=

X

i=q,q̄,g

Z
d2~b

(2⇡)2
ei
~b·~jT /zh

1X

m=2

1

Nc
Trc

h
H

i
m({n}, Q, µ)⌦ Sm({n}, b, µ, ⌫)

i
Dh/i(zh, b, µ, ⇣/⌫

2)

<latexit sha1_base64="IuQ1YEJ+Tn3ojzUpvl2yGVJUZ1U="></latexit>

FactorizaCon on single hadron unpolarized TMDs

TMD factorizaCon formula:

(Kang, DYS, Zhao ’20 JHEP)

“MulC-Wilson-line structure” Becher, Neubert, Rothen, DYS ’16 PRL,…  
A similar structure is also menConed in Boglione & Simonelli ’20 within the CSS framework

TMDFFs



All-order resummaCon formula:

d�

dzhd2~jT
=�0

X

i=q,q̄

e2i

Z 1

0

b db

2⇡
J0(bjT /zh)e

�Spert(µb⇤,µh)�SNP(b,Q0,Q) 1

z2h
Dh/i(zh, µb⇤)UNG(µb⇤, µh)
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Linear part:

Non-linear part:

where the anomalous dimensions are derived via

� = �Z
�1 d

d lnµ
Z. (3.11)

Besides, both soft and TMD FF are su↵ering from the rapidity divergence, and the corre-

sponding Rapidity-RG equations for them are

d

d ln ⌫
S l ({n}, b, µ, ⌫) = �

S

⌫ (↵s)S l ({n}, b, µ, ⌫) . (3.12)

d

d ln ⌫
Dh/i(z, b, µ, ⌫) = �

D

⌫ (↵s)Dh/i(z, b, µ, ⌫). (3.13)

Similarly, the rapidity anomalous dimension is defined as

�⌫ = �Z
�1 d

d ln ⌫
Z. (3.14)

The expressions for the one-loop global anomalous dimensions have been given in the

previous section. After solving the RG equations, we can obtain an all-order resummation

formula. At the NLL accuracy, it has the form as

d�

dzhd
2~jT

=�0

X

i=q,q̄

e
2
i

Z 1

0

b db

2⇡
J0(bjT /zh)e

�Spert(µb⇤,µh)�SNP(b,Q0,Q)

⇥ 1

z
2
h

Dh/i(zh, µb⇤)UNG(µb⇤, µh) . (3.15)

In comparison with the resummed formalism in Eq. (2.30), we have the non-global evolution

function UNG, which is given as

UNG(µb⇤, µh) =

1

Nc

1X

l=2

Trc
h
Hl

��
n
0 

, Q, µh

�
⌦

1X

m�l

Ulm ({n}, µh, µb⇤) ⌦̂Sm ({n}, b, µb⇤)
i
, (3.16)

where UNG is the evolution function for the non-global parts. At the LL accuracy and

the large-Nc limit, one can calculate it using the parton shower algorithms in [51, 73] or

the numerical solution of the BMS equations [53]. For the convenience of our numerical

calculations in the next section, however, we choose the parametrization given in [51]

UNG (µb⇤, µh) = exp


�CACF

⇡
2

3
u
2 1 + (au)2

1 + (bu)c

�
, (3.17)

with a = 0.85CA, b = 0.86CA, c = 1.33, and

u =

Z
µh

µb⇤

dµ

µ

↵s(µ)

2⇡
=

1

�0
ln


↵s (µb⇤)

↵s (µh)

�
, (3.18)

where �0 =
11
3 CA � 4

3TFnf , with TF = 1/2.
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QCD evoluCon between        andQ
<latexit sha1_base64="x5DQCvLlCG3ocFMr/wZDv4wG+3w="></latexit>

Non-perturbaCve collinear FFs                           (DSS2014)Dh/i(zh, µb⇤)
<latexit sha1_base64="4phRzles0/9uZ/IMa15gZRGflVM="></latexit>

jT
<latexit sha1_base64="xkXtgKIFAJhzcuRZOgSnyumMrkk="></latexit>

Non-perturbaCve correcCons: jT ⇠ ⇤QCD
<latexit sha1_base64="wNwQh2g7AruX25/OhDdYFHzqyBE="></latexit>

Sun,Isaacson,Yuan,Yuan ‘14

de Florian, et.al. '15

fibed in standard TMD processes

Dasgupta, Salam ‘01

Resummation by RG evolution

Wilson coefficients fulfill renormalization 
group (RG) equations 

  
1. Compute Hm at a characteristic high 

scale µh ~ Q  

2. Evolve Hm to the scale of low energy 
physics µl ~ Qβ  

Avoids large logarithms αsn lnn(β) of scale 
ratios which can spoil convergence of 
perturbation theory.

R
G

 evolution

d

dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =

Z
t

0
dt

0Hn�1(t
0)Rn�1(t

0)e�(t0�t)Vn (13)

�LL =
1X

n=2

Hn(ts)⌦ Sn(ts) (14)

d

d lnµ
Hm({n}, Q, �, µ) = �

mX

l=2

Hl({n}, Q, µ)�H

lm
({n}, Q, µ) (15)

d

d lnµ
Hm(Q,µ) = �

mX

l=2

Hl(Q,µ)�H

lm
(Q,µ) (16)

2

Q

QβjT
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also see Yibo Yang’s talk on LQCD predicCons



Numerical results
• Our TMD resummaCon formula gives a good 

descripCon of the shape of jT distribuCon as zh < 
0.65 

• As zh > 0.65, one needs to also include threshold 
resummaCon effects

d�

dzhd2~jT
/ 1

⇡�2
jT

exp
�
�j2T /�

2
jT

�

<latexit sha1_base64="jh1tx9iAGHf5Rw+Q+ebMLGuWYHs="></latexit>

Belle ’19



Joint threshold and TMD factorizaCon

• The Gaussian width of the jT distribuCon given by 
the TMD formalism freeze to a certain value.  

• Aher including joint threshold and TMD 
resummaCon effects, the theoreCcal predicCons 
are consistent with the data

d�

dzhd2~jT
=�0

X

i=q,q̄

Z 1

0

b db

2⇡
J0(bjT /zh)

1

z2h

Z 1

zh

dz

z
e�Ŝpert(µb⇤,µh)�ŜNP(b,Q0,Q) e

�2�E⌘

�(2⌘)

1

1� z
Dh/i(zh/z, µh)
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UNG(µb⇤, µh)
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zh ! 1
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jT ⌧ Q
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Joint factorizaCon:                        &

ResummaCon formula:



FactorizaCon on transverse polarized Λ hyperon producCon with the thrust axis
Gamberg, Kang, DYS, Terry, Zhao 2101.XXXXX
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the factorization for the thrust-axis process with unpolar-
ized hadron production has only recently been considered
from theory [29–31] in a generalized TMD framework. In
this case for e

+
e
�

! ⇤(Thrust)X, as shown in Fig. 1
(left), one establishes a trust axis and measures ⇤ trans-
verse momentum j? with respect to the thrust axis n̂.
We extend the TMD factorization formalism to describe
transversely polarized ⇤ production in this case with full
QCD evolution. Establishing such a factorization theo-
rem is an essential tool to carry out a global analysis of
the TMD PFF.

On the other hand, much of the above mentioned data
have been for single inclusive ⇤ production, e+e� ! ⇤X,
where there is a single hard scale – the transverse mo-
mentum p⇤? of the ⇤, measured in the lepton center-of-
mass (CM) frame as shown in Fig. 1 (right). In recent
years QCD collinear factorization at higher twist [32, 33]
predict a non-trivial result for these processes. For fully
inclusive e

+
e
�

! ⇤X the collinear twist-3 factorization
framework predicts [14], that the cross section factor-
izes into a hard scattering contribution and the collinear
twist-3 polarizing fragmentation function, DT (z⇤). A
treatment of a non-trivial transverse polarization for this
process was also given in terms of a TMD framework by
Boer [23], and was also studied earlier for the inclusive
deep inelastic scattering (DIS) process [34].

FIG. 1. Left: Thrust reference frame e+e� ! ⇤(Thrust)+X.
Right: Center-of-mass frame e+e� ! ⇤+X.

It is quite interesting that while these two measure-
ments probe di↵erent distribution functions, they di↵er
only by the definition of the measurement axis. That is, a
measurement of the polarization as a function of j? with
respect to the thrust axis is a useful process for probing
the properties of the TMD PFF D

?
1T with respect to the

thrust axis, while a measurement of the polarization as
a function of p⇤?, the transverse momentum of the ⇤ in
the lepton CM frame, is a useful process for probing the
collinear twist-3 DT function. Therefore the polarization
in the CM frame can in principle be studied from the
existing Belle data by re-analyzing the data for the in-
clusive e

+
e
�

! ⇤(Thrust)X measurement. With regard
to the latter measurement, it is important to note that
an observation of a non-zero e↵ect in the single inclu-
sive process, is a fundamental test of naive time reversal
invariance [24, 34–36] which predicts a non-zero result
for T-odd fragmentation, and a zero result for inclusive

DIS processes [37]. Furthermore, in the recent paper [14]
the factorization of this process has been studied at next
to leading order in perturbative QCD. In this paper, we
use this formalism to make a theoretical prediction at
Belle for this process. In this paper, we provide a clear
distinction between the TMD and twist-3 factorization
theorems for these two measurements and in turn.
Our paper is organized as follows: In Sec. II A,

we provide the theoretical formalism for the e
+
e
�

!

⇤ (Thrust)X process. In Sec. II B, we provide the the-
oretical formalism for the e

+
e
�

! ⇤X process. In
Sec. IIIA, we provide the details of our phenomenolog-
ical analysis for the thrust TMD formalism and make a
comparison of our formalism against the measurements
performed by Belle and OPAL. In Sec. III B, we provide
a theoretical prediction at Belle kinematics. We conclude
our paper in Sec. IV.

II. QCD FACTORIZATION

In this section, we provide the theoretical framework
of our analysis. In Sec. II A, we extend the theoretical
formalism presented in [29] to describe transverse polar-
ization in e

+
e
�

! ⇤ (Thrust)X as shown in the left
side of Fig. 1, where j? is the ⇤ transverse momentum
with respect to the thrust axis n̂. In Sec. II B, we pro-
vide the formalism for transverse ⇤ polarization in the
twist-3 collinear formalism under center-of-mass frame
as illustrated in the right side of Fig. 1, where p⇤? is the
transverse momentum of the ⇤ baryon relative to the
momentum of incoming electron.

A. ⇤ Polarization in the Thrust Frame

n̂

ϕ j
j⊥

S⊥

e
+

e
−

x

y

z
PΛ

FIG. 2. Transverse ⇤ polarization in the thrust frame. The
blue semi-circle represents the plane which is perpendicular
to the thrust axis n̂.

In this section, we consider the transverse polarization
for the process

e
�(l) + e

+(l0) ! �
⇤(q) ! ⇤

�
z⇤, j?,S?

�
+X . (1)

In this expression, q
µ = l

µ + l
0µ with Q ⌘

p
q2, and

z⇤ = 2P⇤ · q/Q
2 is the parton fraction variable for the

fragmentation function while the center-of-mass energy

5

In this expression, we have introduced the full spin-
dependent b-space TMD FF which is defined as

D̂⇤/q

�
z⇤, b,S?, Q

�
=

1

z
2
⇤

Z
d
2
p?e

�ib·p?/z⇤ (19)

⇥ D̂⇤/q

�
z⇤,p?,S?, Q

�
.

We have also introduced the b-space first Bessel moment-
TMD PFF [43] which is defined as

D
?(1)
1T,⇤/q (z⇤, b, Q) = �

2z2⇤
M

2
⇤

@

@b2
D

?
1T,⇤/q (z⇤, b, Q) (20)

= �
2

M
2
⇤

z
2
⇤

2b

@

@b

Z
d
2
p?
z
2
⇤

e
�ib·p?/z⇤D

?
1T,⇤/q (z⇤, p?, Q)

Analogous to the collinear matching of the TMD FF in
Eq. 13, the TMD PFF can be matched to a collinear

distribution, D?(1)
1T,⇤/q (z⇤, µb⇤) at NLL

D
?(1)
1T,⇤/q (z⇤, b, Q) =D

?(1)
1T,⇤/q (z⇤, µb⇤) (21)

⇥ e
�Spert(µb⇤ ,Q)�S?

NP(b,z⇤,Q0
0,Q)

,

which reduces to the ”transverse momentum” mo-
ments [21, 54] in the small b limit [43] have introduced
the first moment of the TMDPFF

lim
b!0

D
?(1)
1T,⇤/q (z⇤, b, Q) (22)

=
2

M
2
⇤

z
2
⇤

2b

Z
d
2
p?
z
2
⇤

p?
z⇤

bp?
2z⇤

D
?
1T,⇤/q (z⇤, p?, Q)

=

Z
d
2
p?

p
2
?

z
2
⇤2M

2
⇤

D
?
1T,⇤/q (z⇤, p?, Q)

⌘ D
?(1)
1T,⇤/q (z⇤, Q) ,

This provides a check the normalization.
Furthermore, the non-perturbative evolution factor for

the TMD PFF is denoted S
?
NP(b, z⇤, Q

0
0, Q). This non-

perturbative factor is not the same as the unpolarized
factor. We note that in order to make this di↵erence
clear, we have included a ‘?’ in the superscript for the
non-perturbative factor. In this expression, we also de-
note the initial scale of the TMD PFF Q

0
0, which is not

necessarily the same as the initial scale of the unpolarized
TMD FF. The form of these functions will be addressed
in IIIA. On the contrary, the perturbative evolution fac-
tor, Spert(µb⇤ , Q) is the same as the unpolarized case.

In order to arrive at an expression for the spin-
dependent di↵erential cross section, we now replace the
unpolarized TMD FF in Eq. 12 with the spin-dependent
TMD FF.

d�
�
S?

�

dz⇤d
2j?

= �0

X

q

e
2
q

Z 1

0

d
2
b

(2⇡)2
e
ib·j?/z⇤ (23)

⇥ D̂⇤/q

�
z⇤, b,S?, Q

�
UNG(µb⇤ , Q)

We can see from Eq. 18 that the first term is independent
of the transverse spin vector S�

? while the second term is
an odd function of S�

?. We can therefore isolate the un-
polarized cross section by adding two full spin-dependent
cross sections which have opposite spin configurations
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z
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D⇤/q(z⇤, µb⇤) e
�SNP(b,z⇤,Q0,Q)�Spert(µb⇤ ,Q)

⇥ UNG(µb⇤ , Q) .

In order to isolate the contribution of the TMD PFF,
we subtract two full spin-dependent cross sections which
have opposite spin configurations.
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2
⇤

D
?(1)
1T,⇤/q (z⇤, µb⇤) e

�S?
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⇥ UNG(µb⇤ , Q) .

To arrive at this expression, we have integrated over
the b azimuthal angle. From this expression, we see that
the size of the spin-dependent cross section depends on
the sin(�s � �j) modulation. In this modulation, the
angles �s and �j are the azimuthal angles of S? and
j?, respectively. In Fig. 2, we provide a figure which
demonstrates the definition of these angles relative to
the other kinematics. In the experimentally measured
polarization, it is conventional to take �s = ⇡/2 and
�j = 0 so that only the magnitude of the modulation
is measured. For the purposes of this paper, we will
always take these angles to be defined in this way. With
this definition of the angles, the experimentally measured
quantity is therefore given by the expression

P
⇤
?(z⇤, j?) =

d��

dz⇤d
2j?

�
d�

dz⇤d
2j?

. (27)

B. ⇤ Polarization in the CM Frame

In this section, we consider the transverse polarization
for the process

e
�(l) + e

+(l0) ! �
⇤(q) ! ⇤

�
z⇤,p⇤?,S?

�
+X . (28)

In this expression, p⇤? is the transverse momentum of
the ⇤ baryon with respect to the lepton pair while z⇤ and
S? are defined in the same way as the previous section.
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FIG. 5. P⇤
?(z⇤, j?) in e+ e� ! ⇤X for the Belle data [20]. From left column to right column, the theoretical curve is integrated

from 0.2 < z⇤ < 0.3, 0.3 < z⇤ < 0.4, 0.4 < z⇤ < 0.5, 0.5 < z⇤ < 0.6. The data in red is for ⇤ production while the data
in blue is for ⇤̄ production. The experimental data is plotted with the total experimental uncertainty as a vertical error bar
while the experimental uncertainty on j? is in the horizontal error bar. The gray band is the theoretical uncertainty which was
generated from the replicas for the TMD PFF.

In Fig. 4, we plot the polarization as a function of j?.
We note that our convention for the direction of the vec-
tor S? is opposite of the direction that was used in the
OPAL measurement. To account for this di↵erent con-
vention, we have multiplied the experimental data by a
minus sign. We also note that the experimental data at
OPAL is integrated over the region 0.027  z⇤  1. (Re-
minder of changing the range) However, the TMD PFF
from [26] was extracted in the region 0.2  z⇤  0.5.
Therefore in order to generate our theoretical curve, we
only integrate over the region 0.2  z⇤  0.5. In our the-
oretical, we have also included the theoretical error from
the fit performed in [26]. To generate this theoretical un-
certainty, we have generated a theoretical prediction for
each of the 201 replicas in [26]. At each data point, we
have a set of 201 predictions and we keep the middle 68%
of this set by cutting the bottom and top 16 percentile.
The band is then generated from the maximum to the
minimum of this cut set. This uncertainty is plotted as
a gray band in our prediction. We see in this figure, that
despite the relatively large experimental errors, our the-
oretical curve is very consistent with the central values
of OPAL data. Furthermore, the shape of our theoretical
prediction also matches the values which were measured
at OPAL.

Due to the small experimental errors at Belle, the Belle
collaboration was able to provide significant signal for
transverse ⇤ polarization. In Fig. 5, we plot our TMD
prediction against the Belle data. The columns from left
to right of this figure indicated the binned values for the
z⇤ that we used in our numerical calculations. To gen-
erate our theoretical curve, we integrate over the adver-
tised z⇤ values. It is important to note that the right-
most bin in the experimental data was 0.5  z⇤  0.9.
While the TMD PFF in [26] was extracted in the re-
gion 0.2  z⇤  0.5, we also provide our prediction
for the final bin. In order to avoid complications as-
sociated with threshold resummation at z⇤ > 0.6, we

only integrate from 0.5 to 0.6. In this plot, the blue
data is for ⇤ production while the red data is for ⇤̄ pro-
duction. The horizontal error bars indicate the bin size
in j? while the vertical error bars are the total experi-
mental error. We note that the TMD PFF in our phe-
nomenology is invariant under charge conjugation, ex-
plicitly D

?
1T,⇤/q(z, b,Q) = D

?
1T,⇤̄/q̄

(z, b,Q). Therefore,

after performing the sum over the quark flavors, the the-
oretical prediction for ⇤ and ⇤̄ is then the same. We note
that in order to only examine experimental data that is
in the TMD region, we neglect experimental data points
which have j?/z⇤ > 0.2Q. We see in Fig. 5 that in the re-
gion of small z⇤, the magnitude of the experimental data
is small. This behavior can be described by examining
Fig. 5 in [26]. At small z⇤ the magnitude of the u, d, and
sea TMD PFFs are large and the sign of the u TMD PFF
is opposite of the d and sea TMD PFFs. Therefore in this
region there are large cancellations that are occurring be-
tween the di↵erent flavors. However, at z⇤ > 0.4, the d

and s TMD PFFs dominate. Since the d and s quark
TMD PFFs have the same sign, the magnitude of the
theoretical curve is larger in that region. We see in the
region 0.4  z⇤  0.5 that both the magnitude and shape
of our our theoretical curve agrees very strongly with the
experimental data. Furthermore, while the TMD PFF
was only extracted in the region 0.2  z⇤  0.5, we find
that the parameterization still describes the experimental
data very strongly at z⇤ > 0.5.

B. Twist-3 Phenomenology

In this section, we provide our prediction for the twist-
3 transverse polarization at Belle. The denominator for
the twist-3 polarization is given by Eq. 32. In order to
generate a numerical prediction for unpolarized ⇤ pro-
duction, we only need to fix the collinear FF. For this
purpose, we once again use the AKK collinear FFs in
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In Fig. 4, we plot the polarization as a function of j?.
We note that our convention for the direction of the vec-
tor S? is opposite of the direction that was used in the
OPAL measurement. To account for this di↵erent con-
vention, we have multiplied the experimental data by a
minus sign. We also note that the experimental data at
OPAL is integrated over the region 0.027  z⇤  1. (Re-
minder of changing the range) However, the TMD PFF
from [26] was extracted in the region 0.2  z⇤  0.5.
Therefore in order to generate our theoretical curve, we
only integrate over the region 0.2  z⇤  0.5. In our the-
oretical, we have also included the theoretical error from
the fit performed in [26]. To generate this theoretical un-
certainty, we have generated a theoretical prediction for
each of the 201 replicas in [26]. At each data point, we
have a set of 201 predictions and we keep the middle 68%
of this set by cutting the bottom and top 16 percentile.
The band is then generated from the maximum to the
minimum of this cut set. This uncertainty is plotted as
a gray band in our prediction. We see in this figure, that
despite the relatively large experimental errors, our the-
oretical curve is very consistent with the central values
of OPAL data. Furthermore, the shape of our theoretical
prediction also matches the values which were measured
at OPAL.

Due to the small experimental errors at Belle, the Belle
collaboration was able to provide significant signal for
transverse ⇤ polarization. In Fig. 5, we plot our TMD
prediction against the Belle data. The columns from left
to right of this figure indicated the binned values for the
z⇤ that we used in our numerical calculations. To gen-
erate our theoretical curve, we integrate over the adver-
tised z⇤ values. It is important to note that the right-
most bin in the experimental data was 0.5  z⇤  0.9.
While the TMD PFF in [26] was extracted in the re-
gion 0.2  z⇤  0.5, we also provide our prediction
for the final bin. In order to avoid complications as-
sociated with threshold resummation at z⇤ > 0.6, we

only integrate from 0.5 to 0.6. In this plot, the blue
data is for ⇤ production while the red data is for ⇤̄ pro-
duction. The horizontal error bars indicate the bin size
in j? while the vertical error bars are the total experi-
mental error. We note that the TMD PFF in our phe-
nomenology is invariant under charge conjugation, ex-
plicitly D

?
1T,⇤/q(z, b,Q) = D

?
1T,⇤̄/q̄

(z, b,Q). Therefore,

after performing the sum over the quark flavors, the the-
oretical prediction for ⇤ and ⇤̄ is then the same. We note
that in order to only examine experimental data that is
in the TMD region, we neglect experimental data points
which have j?/z⇤ > 0.2Q. We see in Fig. 5 that in the re-
gion of small z⇤, the magnitude of the experimental data
is small. This behavior can be described by examining
Fig. 5 in [26]. At small z⇤ the magnitude of the u, d, and
sea TMD PFFs are large and the sign of the u TMD PFF
is opposite of the d and sea TMD PFFs. Therefore in this
region there are large cancellations that are occurring be-
tween the di↵erent flavors. However, at z⇤ > 0.4, the d

and s TMD PFFs dominate. Since the d and s quark
TMD PFFs have the same sign, the magnitude of the
theoretical curve is larger in that region. We see in the
region 0.4  z⇤  0.5 that both the magnitude and shape
of our our theoretical curve agrees very strongly with the
experimental data. Furthermore, while the TMD PFF
was only extracted in the region 0.2  z⇤  0.5, we find
that the parameterization still describes the experimental
data very strongly at z⇤ > 0.5.

B. Twist-3 Phenomenology

In this section, we provide our prediction for the twist-
3 transverse polarization at Belle. The denominator for
the twist-3 polarization is given by Eq. 32. In order to
generate a numerical prediction for unpolarized ⇤ pro-
duction, we only need to fix the collinear FF. For this
purpose, we once again use the AKK collinear FFs in
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FIG. 1. Transverse polarization amplitudes of inclusive Λ’s
as a function of zΛ and pt in the thrust frame. The top (a)
and bottom (b) plots display the results for Λ and Λ̄, respec-
tively. The sum of statistical and systematic uncertainties
are indicated by the error bars and the shaded areas show the
uncertainties from α.

on MC. The contributions from mis-identified h± are in-
cluded in the results without further correction. The am-
plitudes of the transverse polarization of Λ hyperons as a
function of zΛ and zh calculated in the hadron frame are
shown in Fig. 2. These results can give additional insight
into the quark flavor fragmenting into the Λ. In particu-
lar, in the low zΛ region, the polarization in Λh+X and
Λh−X is significantly different, even showing opposite
sign and a magnitude that increases with higher zh. In
contrast, in the region zΛ > 0.5, the differences between
Λh+X and Λh−X are modest, although deviations can
still be seen.

We investigate the flavor of the (anti-)quark going into
the same hemisphere with the Λ particles using MC. We
find that the flavor tag of the light hadron depends on
zh and zΛ [27]. At low zΛ [28], the contributions of the
various quark flavors for Λ are nearly charge symmetric
in processes Λh+X and Λh−X . In general, the results
suggest that the Λ polarization from s quark fragmenta-
tion is negative because, in ΛK+X at high zΛ, where s
to Λ fragmentation absolutely dominates, the observed
asymmetries are negative. In Λπ−X and ΛK−X at low
zΛ, u to Λ fragmentation dominates, and the observed
positive asymmetries suggest that the u quark fragmen-
tation to Λ is positive. In Λπ−X and ΛK−X at high zΛ,
there is a larger contribution from s compared to low zΛ,
resulting in negative polarizations. For Λπ+X at low zΛ,
ū fragmenting into a Λ dominates, and the observed po-
larizations are negative. At high zΛ, s fragmenting into
Λ is dominant, resulting in negative polarization. The
sign of the Λ polarization fragmenting from d quarks is
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FIG. 2. Transverse polarizations of Λ’s observed in Λπ±X
(a), ΛK±X (b), Λ̄π±X (c) and Λ̄K±X (d), as a function of
zΛ and zh in the hadron frame. The different panels show
the different zΛ regions as labeled on the plots. Error bars
indicate the sum of statistical and systematic uncertainties
added in quadrature. The shaded areas show the uncertainties
from α.

not well determined.
The results presented in Fig. 1 and Fig. 2 show the

transverse polarization for inclusive Λ particles, includ-
ing those directly-produced from qq̄ fragmentations and
those indirectly-produced from decays. Based on MC,
about 30% of Λ candidates come from charm, mainly via
c → Λc, and in light quarks (uds) about 20% of the Λ
candidates come from Σ0 and 10% from Ξ decays. We
note that the strong decays, such as that of Σ∗, are con-
sidered as part of the fragmentation function. The charm
is expected to be different from light quarks because it is
much heavier, thus we need to also separately correct for
the charm contribution. To study direct fragmentation
of light quarks into Λ hyperons, also the contributions
from Σ0 and Ξ decays need to be taken into account.
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Flavor separaCon and the jet electric charge

PYTHIA

Definition:



Gamberg, Kang, DYS, Terry, Zhao in progress



Summary and Outlook
• We develop the theory framework to study transverse polarizaCon effects for Λ(thrust) 

producCon in e+e- collisions 

• EFT approach, model independent 

• TMD factorizaCon formula, rapidity divergence is cancelled at two loop 

• Include QCD evoluCon (both linear and non-linear) from Q to jT ≳ ΛQCD 

• Our predicCons are consistent with Belle data   

• Verify the universality of polarizing fragmentaCon funcCon  

• We propose to use jet charge to separate different flavors of PFFs at the Belle 

• Jets and jet substructures can be calculated in pQCD, which offer new opportunity to 
understand hadron structures
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