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Fig.1. The 𝐾𝐾+ recoil-mass spectra in 𝑒𝑒+𝑒𝑒− → 𝐾𝐾+𝐷𝐷𝑐𝑐−𝐷𝐷∗0[1]

𝑒𝑒−

𝑒𝑒+ 𝐾𝐾+

𝐷𝐷𝑐𝑐−

𝐷𝐷∗0

[1] M. Ablikim et al. [BESIII], arXiv:2011.07855.

𝑠𝑠 = 4.681 GeV 

Significance: 5.3𝜎𝜎

𝑀𝑀 = 3982.5−2.6
+1.8 ± 2.1 MeV

Γ = 12.8−4.4
+5.3 ± 3.0 MeV

The observation of 𝑍𝑍𝑐𝑐𝑐𝑐− (3985)
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Fig.2. 𝑍𝑍𝑐𝑐(3900) observed in 𝑒𝑒+𝑒𝑒− → 𝐷𝐷�𝐷𝐷∗𝜋𝜋 [1], 
and 𝑒𝑒+𝑒𝑒− → 𝐽𝐽/𝜓𝜓𝜋𝜋𝜋𝜋 [2].

Fig.3. 𝑍𝑍𝑐𝑐(4020) observed in 𝑒𝑒+𝑒𝑒− → 𝐷𝐷∗�𝐷𝐷∗𝜋𝜋 [3], 
and 𝑒𝑒+𝑒𝑒− → ℎ𝑐𝑐𝜋𝜋𝜋𝜋 [4]

[1] M. Ablikim et al., PRD 92,092006.
[2] M. Ablikim et al., PRL 110,252001.

[3] M. Ablikim et al., PRL 112,132001. 
[4] M. Ablikim et al., PRL 111,242001.

𝑍𝑍𝑐𝑐(3900) and 𝑍𝑍𝑐𝑐(4020)
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Thresholds for productions of 𝑍𝑍𝑐𝑐 and 𝑍𝑍𝑐𝑐𝑐𝑐

𝑒𝑒−

𝑒𝑒+
2
𝑐𝑐

̅𝑐𝑐

𝑌𝑌

𝑍𝑍𝑐𝑐(𝑐𝑐),𝑍𝑍𝑐𝑐(𝑐𝑐)
′

𝜋𝜋(𝐾𝐾)

Thresholds Mass [MeV]

𝐷𝐷𝑐𝑐0(2317)𝐷𝐷𝑐𝑐∗ 4429

𝐷𝐷𝑐𝑐1(2460)𝐷𝐷𝑐𝑐 4428

𝐷𝐷𝑐𝑐1(2536)𝐷𝐷𝑐𝑐 4504

𝐷𝐷𝑐𝑐2(2573)𝐷𝐷𝑐𝑐
∗ 4685

Thresholds Mass [MeV]

𝐷𝐷0(2400)𝐷𝐷∗ 4407

𝐷𝐷1′(2430)�𝐷𝐷 4295

𝐷𝐷1(2420)�𝐷𝐷 4285

𝐷𝐷2(2460)�𝐷𝐷∗ 4467

[1] Qiang Wang, Martin Cleven, Feng-Kun Guo, Christoph Hanhart, Ulf-G. Meissner, Xiao-Gang Wu, and Qiang Zhao, Phys. Rev. D89,034001.

𝑌𝑌 = 𝛼𝛼 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝛽𝛽|𝑐𝑐𝑐𝑐𝑚𝑚𝑒𝑒𝑐𝑐𝑚𝑚𝑚𝑚𝑒𝑒⟩

Thresholds near 𝑌𝑌(4260) Thresholds near 𝑌𝑌(4660)

• The production of 𝐷𝐷1(2420)�𝐷𝐷, 𝐷𝐷2(2460)�𝐷𝐷∗, 𝐷𝐷𝑐𝑐1(2536)𝐷𝐷𝑐𝑐 and 𝐷𝐷𝑐𝑐2(2573)𝐷𝐷𝑐𝑐
∗

thresholds from 3𝑆𝑆1 𝑐𝑐 ̅𝑐𝑐 breaks HQSS. 
• HQSS breaking is significant in |𝑌𝑌⟩[1]



𝐷𝐷1(2420)

�𝐷𝐷

𝐷𝐷∗
𝑌𝑌(4260)

𝜋𝜋

𝑍𝑍𝑐𝑐(3900)

Triangle singularity for 𝑍𝑍𝑐𝑐 and 𝑍𝑍𝑐𝑐𝑐𝑐
• The presence of TS in heavy 

meson sector [1].
• TS is essential for 𝑌𝑌 4260 and 

𝑍𝑍𝑐𝑐 3900 [2]

𝑌𝑌(4680)
𝐷𝐷𝑐𝑐1(2536) 𝐾𝐾

𝑍𝑍𝑐𝑐𝑐𝑐(3985)

𝐷𝐷∗

�𝐷𝐷𝑐𝑐

𝑌𝑌(4680)

𝐷𝐷𝑐𝑐2(2573) 𝐾𝐾

𝑍𝑍𝑐𝑐𝑐𝑐(3985)
�𝐷𝐷𝑐𝑐

∗

𝐷𝐷

• It is similar for 𝑍𝑍𝑐𝑐𝑐𝑐. For 𝐷𝐷𝑐𝑐0 2317 𝐷𝐷𝑐𝑐
∗ and 

𝐷𝐷𝑐𝑐1 2460 �𝐷𝐷𝑐𝑐 thresholds, see Ref[3]. Ref[4] 
discussed the effects of the triangle with 𝐷𝐷𝑐𝑐2.

[1] Qian Wang, Christoph Hanhart, and Qiang Zhao, Phys. Lett. B 725,106
[2] Qian Wang, Christoph Hanhart, and Qiang Zhao, Phys. Rev. Lett. 111,132003
[3] Zheng Cao, and Qiang Zhao, Phys. Rev. D 99,014016 
[4] Zhi Yang, Xu Cao, Feng-Kun Guo, Juan Nieves, and Manuel Pavon Valderrama,
arXiv:2011.08725 7
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As an illustration of the pure kinematics of the triangle singularity, the triangle diagrams 
induced by 𝐷𝐷𝑐𝑐1 2536 �D𝑐𝑐 and 𝐷𝐷𝑐𝑐2 2573 �𝐷𝐷𝑐𝑐∗ are calculated in the framework of the heavy 
meson effective theory.

𝐷𝐷𝑐𝑐1(2536) 𝐾𝐾

𝐷𝐷∗0

�𝐷𝐷𝑐𝑐

�𝐷𝐷𝑐𝑐

𝐷𝐷∗0
𝑒𝑒−

𝑒𝑒+
𝐷𝐷𝑐𝑐2(2573) 𝐾𝐾

𝐷𝐷0

�𝐷𝐷𝑐𝑐∗

�𝐷𝐷𝑐𝑐

𝐷𝐷∗0
𝑒𝑒−

𝑒𝑒+
𝑌𝑌 𝑌𝑌

• 𝐷𝐷𝑐𝑐1 2536 �𝐷𝐷𝑐𝑐 and 𝐷𝐷𝑐𝑐2 2573 �𝐷𝐷𝑐𝑐∗ thresholds are produced via D wave 𝑐𝑐 ̅𝑐𝑐, which 

reflects the HQSS breaking. 

• Both the resonance of Y and 𝑍𝑍𝑐𝑐𝑐𝑐 are omitted to illustrate the near-threshold 

kinematic enhancement caused by TS.
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Fig.4. The differential cross sections and the cross section of 𝑒𝑒+𝑒𝑒− → �𝐷𝐷𝑐𝑐𝐷𝐷∗𝐾𝐾, from the triangle diagrams 
without the poles of 𝑌𝑌(4680) and 𝑍𝑍𝑐𝑐𝑐𝑐.  The theoretical values are scaled to compare with the data [1].

[1] M. Ablikim et al. [BESIII], arXiv:2011.07855.

• The triangle singularity leads to near-threshold enhancement in �𝐷𝐷𝑐𝑐𝐷𝐷∗ final state.
• The triangle singularity causes enhancement at 𝐷𝐷𝑐𝑐2 2573 �𝐷𝐷𝑐𝑐∗ threshold.
• The contribution from 𝐷𝐷𝑐𝑐1 2536 �𝐷𝐷𝑐𝑐 threshold is not negligible.
• However, the pole contribution in 𝑌𝑌 and 𝑍𝑍𝑐𝑐𝑐𝑐 cannot be excluded. Both the triangle 

singularity and the pole are essential for our understanding. 



Parametrization 

1. For 𝐷𝐷�𝐷𝐷∗𝜋𝜋 final state:

Bare S-wave 𝜋𝜋 emission vertex:

𝐷𝐷�𝐷𝐷∗𝜋𝜋𝑆𝑆 �𝐻𝐻 𝑌𝑌 = ℱ𝑆𝑆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

Bare D-wave 𝜋𝜋 emission vertex:

𝐷𝐷�𝐷𝐷∗𝜋𝜋𝐷𝐷 �𝐻𝐻 𝑌𝑌 = ℱ𝐷𝐷𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

2. For 𝐷𝐷∗�𝐷𝐷∗𝜋𝜋 final state:

Bare S-wave 𝜋𝜋 emission vertex:

𝐷𝐷∗�𝐷𝐷∗𝜋𝜋𝑆𝑆 �𝐻𝐻 𝑌𝑌 = ℱ′𝑆𝑆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

Bare D-wave 𝜋𝜋 emission vertex:

𝐷𝐷∗�𝐷𝐷∗𝜋𝜋𝐷𝐷 �𝐻𝐻 𝑌𝑌 = ℱ′
𝐷𝐷
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝜋𝜋(𝐾𝐾)

𝐷𝐷

�𝐷𝐷∗

𝜋𝜋(𝐾𝐾)

𝐷𝐷∗

�𝐷𝐷∗

10

Compact core

𝐷𝐷𝑐𝑐0(2317)𝐷𝐷𝑐𝑐∗

𝐷𝐷𝑐𝑐1(2460)𝐷𝐷𝑐𝑐

𝐷𝐷𝑐𝑐1(2536)𝐷𝐷𝑐𝑐

𝐷𝐷𝑐𝑐2(2573)𝐷𝐷𝑐𝑐
∗

To illustrate the role play by the pole in a simple way, we adopt the following 
parametrization

• Because of  the TS and the resonance of Y, these coupling should have 
included energy dependence, but they are assumed to be constant for now.



The final-state-interaction potentials are given by heavy-light decomposition:

States 𝑯𝑯𝑯𝑯 decompositions 𝐼𝐼 𝐽𝐽𝑃𝑃𝑃𝑃 Components

𝑍𝑍 1
2

01 −
1
2

|10⟩ 1(1+−) 𝐷𝐷�𝐷𝐷∗

𝑍𝑍′ 1
2

01 +
1
2

|10⟩ 1(1+−) 𝐷𝐷∗�𝐷𝐷∗

𝑊𝑊0 1
2 00 +

3
2 |11⟩

1(0++) 𝐷𝐷�𝐷𝐷

𝑊𝑊0
′ 3

2 00 −
1
2 |11⟩

1(0++) 𝐷𝐷∗�𝐷𝐷∗

𝑊𝑊1 11 1(1++) 𝐷𝐷∗�𝐷𝐷∗

𝑊𝑊2 |11⟩ 1(2++) 𝐷𝐷∗�𝐷𝐷∗

𝒜𝒜𝐿𝐿
𝑝𝑝𝑝𝑝𝑝 = 𝒜𝒜𝐿𝐿

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 1 − 𝐺𝐺𝐺𝐺 −1
𝒜𝒜𝐿𝐿

𝑝𝑝𝑝𝑝𝑝 ≡ ℱ𝐿𝐿
𝑝𝑝𝑝𝑝𝑝 ℱ′

𝐿𝐿
𝑝𝑝𝑝𝑝𝑝

𝒜𝒜𝐿𝐿
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ≡ ℱ𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ℱ′

𝐿𝐿
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

The physical vertex is given by LS equation:



�𝐻𝐻𝑍𝑍𝑍𝑍 �𝐻𝐻𝑍𝑍𝑍𝑍′

�𝐻𝐻𝑍𝑍′𝑍𝑍 �𝐻𝐻𝑍𝑍′𝑍𝑍′
=

𝐶𝐶1 + 𝐶𝐶0
2

𝐶𝐶1 − 𝐶𝐶0
2

𝐶𝐶1 − 𝐶𝐶0
2

𝐶𝐶1 + 𝐶𝐶0
2

�𝐻𝐻𝑊𝑊0𝑊𝑊0
�𝐻𝐻𝑊𝑊0𝑊𝑊0

′

�𝐻𝐻𝑊𝑊0
′𝑊𝑊0

�𝐻𝐻𝑊𝑊0
′𝑊𝑊0

′
=

1
4

3𝐶𝐶1 + 𝐶𝐶0 3(𝐶𝐶0 − 𝐶𝐶1)
3(𝐶𝐶0 − 𝐶𝐶1) 3𝐶𝐶0 + 𝐶𝐶1

�𝐻𝐻𝑊𝑊1𝑊𝑊1 = 𝐶𝐶1, �𝐻𝐻𝑊𝑊2𝑊𝑊2 = 𝐶𝐶1

𝑀𝑀𝐷𝐷�𝐷𝐷∗𝜋𝜋 = 𝜖𝜖𝑌𝑌𝑏𝑏𝜖𝜖�𝐷𝐷∗
∗𝑏𝑏 𝐴𝐴𝑆𝑆

𝑝𝑝𝑝𝑝𝑝𝛿𝛿𝑏𝑏𝑏𝑏 + 𝐴𝐴𝐷𝐷
𝑝𝑝𝑝𝑝𝑝 𝑐𝑐𝜋𝜋𝑏𝑏𝑐𝑐𝜋𝜋𝑏𝑏 −

1
3
𝛿𝛿𝑏𝑏𝑏𝑏 �⃗�𝑐𝜋𝜋 2

𝑀𝑀𝐷𝐷∗�𝐷𝐷∗𝜋𝜋 =
𝑖𝑖
2
𝜖𝜖𝑌𝑌𝑏𝑏𝜖𝜖𝑏𝑏𝑐𝑐𝑏𝑏𝜖𝜖𝐷𝐷∗

∗𝑐𝑐 𝜖𝜖�𝐷𝐷∗
∗𝑏𝑏 𝐴𝐴′𝑆𝑆

𝑝𝑝𝑝𝑝𝑝𝛿𝛿𝑏𝑏𝑏𝑏 + 𝐴𝐴′𝐷𝐷
𝑝𝑝𝑝𝑝𝑝 𝑐𝑐𝜋𝜋𝑏𝑏𝑐𝑐𝜋𝜋𝑏𝑏 −

1
3
𝛿𝛿𝑏𝑏𝑏𝑏 �⃗�𝑐𝜋𝜋 2

The physical amplitudes are defined by:

The calculated potentials are:

�
𝑝𝑝𝑜𝑜𝑜𝑜𝑏𝑏𝑏𝑏𝑜𝑜𝑜𝑜𝑏𝑏𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑐𝑐

𝑀𝑀𝐷𝐷�𝐷𝐷∗𝜋𝜋
2 = 2 ℱ𝑆𝑆

𝑝𝑝𝑝𝑝𝑝 2
+ 2𝑅𝑅𝑒𝑒 ℱ𝑆𝑆

𝑝𝑝𝑝𝑝𝑝ℱ𝐷𝐷
𝑝𝑝𝑝𝑝𝑝∗ 1

3
− cos2 𝜃𝜃 𝑐𝑐𝜋𝜋2 + ℱ𝐷𝐷

𝑝𝑝𝑝𝑝𝑝 2 5
9
−

1
3

cos2 𝜃𝜃 𝑐𝑐𝜋𝜋4
12



Scheme I: S-wave 𝜋𝜋 emission only      𝜒𝜒2/𝑑𝑑𝑐𝑐𝑑𝑑 = 1.4
Scheme II: D-wave 𝜋𝜋 emission only 𝜒𝜒2/𝑑𝑑𝑐𝑐𝑑𝑑 = 2.3
Scheme III: S-wave and D-wave         𝜒𝜒2/𝑑𝑑𝑐𝑐𝑑𝑑 = 1.2

Fitted Results

Scheme I
Scheme II
Scheme III

Scheme I
Scheme II
Scheme III

Scheme I
Scheme II
Scheme III

Fig.5. Angular distribution of 𝜋𝜋(𝐾𝐾) in 𝑒𝑒+𝑒𝑒− → 𝜋𝜋+𝐷𝐷∗−𝐷𝐷0, 𝑒𝑒+𝑒𝑒− → 𝜋𝜋−𝐷𝐷∗+�𝐷𝐷∗0 and 𝑒𝑒+𝑒𝑒− → 𝐾𝐾+𝐷𝐷𝑐𝑐−𝐷𝐷∗0 processes 
at the first peak position, i.e. the mass region of 𝑍𝑍𝑐𝑐,𝑍𝑍𝑐𝑐′ and 𝑍𝑍𝑐𝑐𝑐𝑐− , respectively. The data is taken from Ref[1].

[1] M. Ablikim et al. [BESIII] PRD 92, 092006
13

• Both S and D wave are required.
• 𝜋𝜋 distribution is a sensitive to the interference between the S and D wave.



Tab.1. The poles on the physical sheets and 
those close to the physical ones. Those 
indicated by “— —” are either far away 
from the corresponding threshold (more than 
100MeV) or on a sheet far away from the 
physical one.

[1] M. Ablikim et al. [BESIII], PRD 92, 092006. 
[2] M. Ablikim et al. [BESIII], PRL 112, 132001. 
[3] M. Ablikim et al. [BESIII], arXiv:2011.07855

Scheme I Scheme II Scheme III

3873.11𝑉𝑉 3875.76𝑉𝑉 3800.58𝐵𝐵

— — — — — —

3976.68𝑉𝑉 3979.39𝑉𝑉 3916.19𝐵𝐵

— — — — — —

3734.17𝐵𝐵 3702.63𝐵𝐵 3687.42𝐵𝐵

— — 4022.07 ± 6.58𝑖𝑖 — —

3869.09𝐵𝐵 — — — —

4011.14𝐵𝐵 — — — —

States
Poles

𝑍𝑍𝑐𝑐
𝑍𝑍𝑐𝑐′

𝑍𝑍𝑐𝑐s
𝑍𝑍𝑐𝑐𝑐𝑐′

𝑊𝑊𝑐𝑐0

𝑊𝑊𝑐𝑐0
′

𝑊𝑊𝑐𝑐1

𝑊𝑊𝑐𝑐2

Fig.6. D0D∗−, D∗+�D∗0 and �DsD∗0 invariant mass spectrum with fitted results. The data are obtained from Ref[1,2,3]. 
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• Bound state poles of 𝑍𝑍𝑐𝑐 and 𝑍𝑍𝑐𝑐𝑐𝑐
• The constraints of 𝑍𝑍𝑐𝑐′ from the data is 

very weak.
• The pole location of 𝑊𝑊𝑐𝑐0 is found



Fig.7. The predicted missing 𝐾𝐾+ distribution of 𝑒𝑒+𝑒𝑒− → 𝐾𝐾+𝐷𝐷𝑐𝑐∗−𝐷𝐷∗0 process at 𝑠𝑠 = 4.68GeV. 
The blue dashed, green dot-dashed and red curves are for Schemes I,II and III, respectively. 
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Summery

 Both 𝑍𝑍𝑐𝑐(3900) and 𝑍𝑍𝑐𝑐𝑐𝑐(3985) are likely to be genuine states in the fitting, 

which are enhanced by triangle singularity. A coherent analysis including the 

triangle singularity is still needed to decode the riddle of 𝑌𝑌 and 𝑍𝑍 states.

 The angular distribution of 𝜋𝜋 in 𝑍𝑍𝑐𝑐′𝜋𝜋 and 𝑍𝑍𝑐𝑐𝑐𝑐′ 𝐾𝐾 channel is sensitive to the 

interference between S and D wave.

 The 𝐷𝐷𝑐𝑐∗−𝐷𝐷∗0 spectrum is predicted using the fitted parameters.

 𝑒𝑒+𝑒𝑒− spectrum near 4.68 GeV can provide more information for the 

properties of Y(4660), which in turn can help us understand the production of 

𝑍𝑍𝑐𝑐 and 𝑍𝑍𝑐𝑐𝑐𝑐 states. 
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Thank you
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