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DDK 3-body system in Hadron Physics

@ D— Kinteraction

> D*,(2317)(c3), I(JF) =0(0") B. Aubert et.al. (BaBar) PRL 90,242001(2003)
> D— K molecular state F.-K. Guo, EPJ Web Conf. 202,02001(2019)

> D— K strongly attractive interaction in S-wave

@ DDK 3-body system

> D— D, interaction M. Sanchez et al. PRD 98(2018),054001

> DDK (cc3g) 3(07), DDDK 1(0%) bound states L.-S. Geng et al. PRD 100(2019)3,034029

Motivation



DDK 3-body system in Lattice QCD

@ Lattice Quantum ChromoDynamics

Zoco = LWi(ilDy — ma) i — %Gﬁv Gy

guon  quark C(1) = (0(1)6(0)) ~ e &
Unphysical: lattice spacing a, lattice size L Eigen-energy of 3-body system

E(L) is function of lattice size

Motivation
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DDK lattice spectrum

o DDK effective field theory

finte
volume

effect

ab initial

Hammer, JYP and Rusetsky. JHEP 10(2017) -60

@ DDK lattice spectrum and physical quantities ° dm
> DDK 3-body bound state
> D— D:,(2317) scattering length
> DDK 3-body decay Dalitz plot
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DDK 3-body effective field theory



D — K interaction

@ D— K potential L-s. Geng et al. PRD 100(2019)3,034029
~VDK(T‘) = CLei(T/RC)z + Cgei(Tv/R'S)?, R.=1fm, Ry = 0.5fm (1)
@ D— K scattering equation
T(p,q) = V(p.a +/ k)G(k) I(k,q) ()

where V(p,k) /dsmV Ye~ip-k)x (3)

© D— K scattering amplitude
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D — K interaction

© D— K scattering amplitude

0
2000
20
£ e
S 0
= - =
' M E
@ -2000 | -60
o |
-4000 ‘ T = -80
03 -02 -04 00 01 02 03 -03 -02 -04 00 01 02 03
p(GeV) p(GeV)

© D— K scattering phase shift

T(p) = —2“1 m (4)
where pcot§ = 7‘17D}K+ %T’DKpQ, api = 1.683fm, rpx = 0.792fm (5)

@ Analytic continuation below threshold (x = —ip) D’,(2317)
T(x)= 2% | DK | Rt R2ik|. ki = 187.795MeV, Cpyc — 3.881 (6)

U |K—Kpk

DDK 3-body effective field theory



D — D interaction

@ D— D potential L-s. Geng et al. PRD 100(2019)3,034029

2

: A (e
Von(p.k) = Cro. ( ) 7
DD( ) v:;pﬁw ( V) (p — k)2 T m%/ (p,k)2 +/\2 — qg ( )

where Ciso.(0) = —1, Ciso.(p) = 1, Ciso. (@) = +1 and A =1GeV, g5 = 3.4,gp = go = 2.6.

@ D— D scattering amplitude
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D — D interaction

@ D— D scattering amplitude
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© D— D scattering phase shift
81 1
T(p)=——
(p) mp pcotd —ip )
1
where pcotd = —aE)lD + §’I‘DDP2, app = —0.392fm, rpp = 3.236fm (9)
@ Analytic continuation below threshold (x = —ip)
() = - 2% o0 pops R2pk|, kpp=—195.166MeV, Cpp=0.243  (10)
mp | K—Kpp

DDK 3-body effective field theory



Dimer formalism for DDK 3-body system

@ Lagrangian
L =L+ Lo+ L5

where

V2 V2 } .
L= D‘L(u?o + 7)D+ KT(iaQ + 7)K+ TBKGDKTDK"" T})DO-DDTDD
2mD 2mK
Ly =T [DFpi K|+ T [DFpp D] +h.c.
L3 = [TTDKDq [TDKL%)DD}F[TTDDKT} [Tpp#KK]+h.c.
> Non-relativistic kinematics of D-meson and K-menson

> 2-body sub-system(dimer): Tpk, Tpp

P
> operator and LEC: F = fo+ fo V2, 0 = hg + hoV?

DDK 3-body effective field theory

(11)

(12)
(13)

(14)



Particle-Dimer Formalism

EFT 2-body Physics 3-body Physics

2—b0dy Operators Dimer Self-Energy {} Dimer-Spectator Particle-Dimer

Potential

Propagation

with 2-body LEC Unitarity

OO O
— -

Dimer Propagation %

3-body Operators \/

with 3-body LEC

Particle-Dimer Scattering Equation

(3-body Force)

Particle-Dimer Scattering Amplitude

N/ =0

DDK 3-body effective field theory
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2-body matching

o (DK)-dimer propagator

D(p)
ok E) = + { \' + { \' ( \‘ + -
(DK) N N N
K K K
1

= — —  withp?=2uF — (1 —m%/M*)p*+i
prcotopr) — gy With pE =2 (1 —mp/M*)p® + ie

© D— K scattering phase shift

> on-shell relative momentum in (DK) sub-system: p2 =2uE—(1—m3/M?)p? +ie

> phase shift above threshold: p. cot8p(p.) = —apk + %’I‘DKP%,(pE >0)

> analytic continuation: tpg(p;E) = KC% + Rpg+ R 2k, (p2 = —x2 < 0)
— KDK

DDK 3-body effective field theory
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2-body matching ©

o (DD)-dimer propagator

K(p)

+ + + o
(DD) ( } ( }

41— M
= M with p? = mpE —
Px ot dpp(ps) — ip« dmy

7pp(p; E)

mg + 2mp X
BT 2% e

@ D— D scattering phase shift

> on-shell relative momentum in (DD) sub-system: p2 =mpE— "EKY2TD 244

4dmyg

> phase shift above threshold: p.cotépp(p.) = —aph,+ %rDDp%, (p2 >0)

> analytic continuation: tpp(p: E)=4(1—mp/M) KCiD +Rpp+R2pk|, (p2=-xk2<0)
—KDD

DDK 3-body effective field theory



Particle-dimer scattering potential

@ K-hopping (DK)D — (DK)D

(DK) D(k)

1
p? + k2 +2(mp/M)pk — 2uE

@ D-hopping (DK)D — (DD)K

(DK) K(K)
;\”[/(27}11{)
p? + Mk?/(2mg) + pk — mpE

D(p) (DD)

@ Contact potential: D' D" K" DDK encoding high-momentum physics

D(p) D(k) D(p)

(DK) (DK) (DK)

DDK 3-body effective field theory



Particle-dimer scattering equation

@ PFarticle-dimer scattering equation

My Mo _
<.ﬂ21 Mo > (p7Q)

Z Zio A Bk (7
<ZQI 0)(p,q)+47r/ (27)3 \ Z21

" <7:1(k) 12(1()) (le {222) (k,q).

2 coupled channels: (DK)D and (DD)K

M : particle-dimer scattering amplitude

v

Z: particle-dimer potential

Zilpa) = ! +Ho

WY T @ 2 (mp/Mpa—2uE | A2
M/(2m

Z12(pya) = /(2m)

p?+Mq?/(2mg) +pq—mpE

T: particle-dimer propagator

DDK 3-body effective field theory

Zé2> (p.k)

(15)

(16)
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DDK 3-body bound state

@ DDK 3-body bound state v-s. Geng et al. PRD 100(2019)3,034029

[ Cs(MeV) T Cp (MeV) [ E3 (MeV) [ E3 (only DK) [ E3 (both DK and DD) |
R.=1fm, Rs = 0.5fm

0 [ 3201 | —450 | —65.8 T —71.2

500 | —4554 | —45.0 | —65.8 [ —70.4

@ DDK 3-body force

W TN
W N

A=4100. MeV; Ho=0.152125 Ho
d
o0 o o/\(MeV)

AR

-100 290 80 E(MeV)

DDK 3-body effective field theory
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© DDK 3-body system in a finite volume

DDK 3-body system in a finite volume



Lattice spectrum

@

@ Lattice QCD and effective field theory ammer, JYP and Rusetsky. JHEP 10(2017)

finte

volume

effect

ab initial

o Lattice spectrum and 3-body force ,
Ho 3
T T

A(MeV) =
000 ‘3000 5000
-5 ww d\ -80 /
_10 4 6 10 12

Jin-Yi Pang (
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Effective field theory in a box

@ Finite Volume Correction (Discrete momentum and Invariant 3-body force)

. i [ d'q f(p.a)f(p.a)
HpiB) =5 / (27)* [go — wp g + i€] [(E— 0k.p — g0) — @D, p—q + €]
i fdg 1 f*(p,q)f (p,q) 18
7 2) 2 1B ; [90 — wp.q+i€] [(E— 0kp— q0) — Op—p—q + i€] (18)

DDK 3-body system in a finite volume
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Dimer in a box

o (DK)-dimer in a box

1

T JE) = 19
pr.L(P:E) P« cot Opr(ps) —4nSpk,1,(p; E) (19)
where p2 =2pE—(1-m?/M?)p? and finite volume correction is
Spr.L(pE) = iZ—Pv/ ?q L (20)
PRLPE= T8 & (27)% ) (a+ (mp/Mp)2 —p2

) 1
2-body input: p. cotSpx(p.) = ~apy+ 5 rpKpE. (7 20)

K—KDpK

2 2
7 -k, (pf=-k°<0)
Cpk+[Rpk + R3xKl(x—Kpk)

Analytic continuation: p.cotdpg(p:) =

DDK 3-body system in a finite volume
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Dimer in a box

o (DD)-dimer in a box

4(1—mp/M)
Tpp,L(P; E) = 21
P:5) pxcot Spp(ps) —4xSpp, 1(P; E) (21)
where p2 — mpE— TEKT2™D 2 and finite volume correction is
dmp
SppoB)=(5Y PV/ *q ! (22)
PR 18 & (27)3 | (a+p/2)2—p?
2-body input: p.cotépp(p.) = ~aph + 3 ropp?, (p2>0)

Analytic continuation: p,cot8pp(p.)= K- K’,’QD 2= _x2<0)
Cpp+[Rpp+ Rj5pkl(k—Kkpp)

-k (p

DDK 3-body system in a finite volume



3-body system in a box

@ Liischer Formula . vischer, NPB 3541991 531

[ p cot 8(E) =Zh0,00(E, L) ]

R Liischer

Formula

@ 3-body problem

3 — 3 scattering process

73 body

M. Hansen et al. , Phys. Rev. D90(2014) 116003 Difficulty

Jin-Yi Pang (. DDK 3-body system in a finite volume



Scattering equation in a box

® Particle-dimer scattering equation in a box

W s
7E N

My Ao 71 Zya and (2, Zis
, . _ an .
(///21,L Mo, > (P,a) <221 0 ) (p,a)+ 3 ; Zor 0 (p,k)

> 3-body force Hy(A) keeps invariant
> loop integral — loop summation

> finite volume dimer 1,

DDK 3-body system in a finite volume



Cubic symmetry in lattice QCD

@ Cubic periodical boundary condition — Octahedral group

> Lattice spectrum in irreps. T = AT, A% B+, Ty, T
> Shell structure of discrete momenta

@ Projection scheme
9(p)=9(gpo) =Y tr (T"(9)9" (o)) (24)

T

g: symmetry transformation on momentum
po: reference momentum on each shell
TT(g): the corresponding transformation matrix in irreps. T

Yy vV Vv

o" (po): matrix component on specific shell in irreps. T

DDK 3-body system in a finite volume



Projected equation
@ Symmetry of equation
My Ao Zy Zha 4m & <Z1 Z12>
, ) — s k
<///21,L //,u)(p,q) <221 0 )(p,q)+L32k‘, Zoy 0 )(PK)
71,1,(k) )(J/LL <%12,L> Xk
X < To.L(k) ) \ Mo, Moy (k,q)

> Joop summation is invariant under symmetry transformation
Yok =tk = Tk =Teky)) = k) = )
> Zop.gk)=Zpk) = Zpk) =g Ry gk’ = 20y k) = Lover [T (02T ()|

@ “‘Angular momentum” conservation

A //flrz) (er Zfz) Am A (er Zfz)
rt) = rnt)+— ) Us 7,8
(4 e = (@ )eomia(d e
(s) M A,
X ( ru(s)> (//{1 k) (50 (25)

DDK 3-body system in a finite volume



Lattice spectrum

e A{ Quantization Condition

—~1 A 7,8 L, T, S
det | 5,6 (TI,L(S) B ) . %ﬂS 1(rs) 12(:8)
=) \zg ) 0
@ From 3-body force to lattice spectrum
Ho | ]
5 k ‘K ‘\ ‘\ ) ‘ \«‘\
002000 ‘3000 do@oo/\(mev) -
-5 o
_10 4 6 8 10 12

DDK 3-body system in a finite volume
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Lattice spectrum

o Spectrum structure

> DDK-threshold: 2mp + myx — OMeV
> DD, (2317)-threshold: mp+ mp+ — —44.5MeV

> DDK-bound state: —71.2MeV

@ Free lines
> 3-body (DDK) free lines
1 (2an;\? 1 (2wny\? 1 (27(n;+ny)
E372mD< L )+2mD< L )+2mK< L

2
2n 1
:<T) b7 [n%+n§+2(mD/M)n1-n2}

> 2-body (DD%,(2317)) free lines

27n mZD 270\ 2
i) =0 = E1+2_’W+2u(17m)(T)

Jin-Yi Pang DDK 3-body lattice spectrum

y
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Energy shift

@ DDK 3-body bound state (2-body scattering length a ; 3-body binding momentum «)

> DDK 3-body picture: xa> 1= AE~ (kL)~3/2 exp(—#xL) 70
U.-G. MeiBner, PRL 114(9) (2015),091602 g -80
z

> DD¥,(2317) 2-body picture: k2 - a2 < x?
= AE~ (xL)"" exp(—#y/x2 — a=2 L) M. Liischer, NPB 354(1991) 531

> linear combination of 2 pictures

@ DD,(2317) 2-body scattering state

> check the scatting length between D — D (2317)

> multiple spectra between two free lines

@ DDK 3-body scattering state

> avoided level crossing

> perturbative calculation JYP, J.-J Wu et. al. PRD 99(2019),074513 _4p

92 93 mL 94 ‘ ‘
AE~ 90 (1 92 In 4 6 8 10 12
L ( Tt 3 )

DDK 3-body lattice spectrum
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Summary

finte
volume

effect

ab initial

@ Build 3-body EFT for DDK 3-body system (based on L.-S. Geng et al. PRD 100(2019)3,034029)

@ Construct DDK 3-body quantization condition in AT

(based on Hammer, JYP and Rusetsky. JHEP 10(2017))

@ Calculate A lattice spectrum for DDK 3-body system

Jin-Yi Pang () Summary and Outlook



Outlook

@ Consider 3-body force in O(p?)

@ Resolve the energy shift

@ Calculate lattice spectrum in irreps. A7, E*, -

\
OOQOO

E(MeV)

A(MeV)

|
3}
—
(=3
o
[=3
(=3
(=3
=3
s S - S

-10

Summary and Outlook
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Thank you for your attention!



Appendix: Shell Structure and Cubic Irreps. Expansion ©

@ Shell Structure sheli is a set of momenta with the same |p|, which can be obtained from reference momentum

Po, P=9P0:; g€ Op. The momenta unrelated by the Oy, but having |p| = \p/ |, belong to the different shells.

@ Cubic Irreps. Expansion

fp) =flgpo(s) = L D) T (g). (26)

Qle

Yipm= Y}
N

P

Y flgpo(s)). (27)
g9

’ N
different shells  orientations inside shell s



Appendix: Energy Shifts of Bound States

la
cut
2i
pole at W
Vs

3 )
ap=sn [ Griso'i@) T et rao(a - (28)

\J

@ Energy Shifts of Bound States

> Regular Wave Function ¢ ~ const.
> cut and Pole of 7(q; E) = L

—a 1/ 3 q2-mE—ie



Appendix: Energy Shifts

The energy of the scattering states vanishes in the infinite volume limit. We quote their
finite volume energy E in terms of the quantity k2 = L?mE/(2r)?.

The energy shift of the ground state (which resides in the AI“ irrep) is:
2 _ 90 g, 92 g3, mL g4
== |1l+=+5+Sh—+%5+ - 29
K L(+L+L2+L3n2ﬂ+L3+ ) (29)
with
3,
gO _ﬂ' )
g1 =2.837297480 a,
g2 =9.725330808 a?,

2v3 8\ 4
938713(7[—3)11 )

g1= (5.159159617+67r (g) . (fg)) . (30)



Appendix: Energy Shifts

The energy shift of the 1st excited state in the AIL irrep is

2 ho ha  hs, mL hy
1= (1T B 1
K L<+L+L2+L3 R (31)

with
10
hO _?aﬂ
hy =0.279070 a,

hy = (8 494802 + 7% (2)) a2,

2 2
hg = 7><87t(\/§—8> a3,
T 3

5
27 VAREE
- (—172.001650+83.745841 <E> - xsn (2>> a3, (32)

Qa
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