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Heavy quarks in heavy ion collisions 

• Some remain as bound state in the whole evolution 
• Some dissociate in the hot medium and release constituents which 

travel through QGP, thermalize via diffusion  
• Form open charm/bottom mesons during hadronization 
➡ Heavy quarkonia as thermometer of QGP 
➡ Heavy quark diffusion coefficient as crucial input for hydro/transport 

models to describe the experimental data

Heavy quarkonia in heavy ion collisions I 2/21

⌅ bulk of matter created in HICs is expected to quickly reach some intermediate equilibrium
) “strongly coupled QGP”

⌅ But wait... what about heavy quarkonia?
⌅ M � T , only produced in early hard collisions
⌅ remain as bound states / melt into constituents

⌅ travel through QGP, thermalize to some extent via diffusion

⌅ form DD̄ or BB̄ meson pairs, decay into dileptons
) probes for transport properties of QGP

J/ ⌥

cc̄ bb̄

3.1GeV 9.5GeV

cf. T ⇠ O(100) MeV

[Figure: S. Bass, mod. by O. Kaczmarek]

[SA.Bass]

Heavy quarkonia are produced only in the early stage of collisions
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✴ Backus-Gilbert Method 
✴ Maximum Entropy Method 
✴ New Bayesian Method 
✴ Stochastic Approaches 
✴ … 
✴ Fit with theoretically inspired ansatz

M. Asakawa, et al., PPNP. 46(2001) 445-508

H.-T. Ding, et al., PRD97, 094503

B. B. Brandt, et al., PRD93, 054510(2016)

Y. Burnier and A. Rothkopf, PRL 111,18,182003

✴ Deformation of SPF 
   —> dissociation temperature

Hadron spectral functions 
• Carry all information about the in-medium properties of quarkonia 

• Analytic continuation and spectral reconstruction

✴ Transport peak of SPF: 
   —> heavy quark diffusion coefficient
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Lattice setup 

• Large, fine, isotropic lattices in the 
quenched approximation (for large Nt) 

• Five different temperatures  
• Clover improved Wilson fermions 
• Wide kappa (quark mass) range
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Quark mass interp. and continuum extrap.

• Several heavy quark masses (𝜅) at each lattice spacing 
• Inter/extra-polate correlators to physical 𝐽/𝜓, 𝛶 mass
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• Extrapolate the correlators to continuum limit with ansatz:
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Temperature dependence of correlators
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• Extract spectral functions 
from correlators via:

GH(⌧) =

Z
d!

⇡
K(!, ⌧, T )⇢H(!, T )

• transport peak • bound state region • continuum part

• Use a perturbatively inspired 
model spectral function



Perturbative spectral functions

Quarkonia and HQ diffusionHai-Tao Shu 7 / 25

10 15 20 25 30
ω / T

0.00

0.05

0.10

0.15

ρ P / 
ω

2  m
2 ( µ

re
f )

_

T / Tc ~ 1.1

T / Tc ~ 1.3

T / Tc ~ 1.5

T / Tc ~ 2.25

m( µref ) = 5 GeV
_

⇢pertV (!) = Amatch�(!)⇢pNRQCD
V (!)✓(!match � !) + ⇢vacV (!)✓(! � !match)

• pNRQCD calculations applicable around the threshold 
• Ultraviolet asymptotics valid well above the threshold 
• Combine two parts by interpolation:

[M. Laine, JHEP05(2007)028]

[Y. Burnier and M. Laine, EPJC72, 1902(2012)]

[Y. Burnier et al., JHEP11(2017)206]
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• Separate from the (sharp) transport peak:

bottom(PS)

• No transport peak in this channel:
⇢mod
PS (!) = A⇢pertPS (! �B)
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Dissociation temperatures

• Fit model to the difference of adjacent correlators 

• For J/psi no resonance peak is needed to describe the lattice data even at 1.1Tc 
• For Upsilon the resonance peak persists to 1.5Tc

Quarkonia and HQ diffusionHai-Tao Shu 8 / 25

Gdiff
ii (⌧/a) = Gii(⌧/a+ 1)�Gii(⌧/a) ⇡ Gmod

ii (⌧/a)



Transport contribution
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✴ Difficult to resolve D from the tiny curvature of Gtrans 

✴ Not shown here but similar for bottomonium
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• Solving transport peak using Lorentzian ansatz:
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• Reconstruct the transport contribution:
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Estimate transport peak from midpoint correlators
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• Transport peak plays its most significant role at midpoint 𝝉𝛵=0.5 
• Calculate midpoint correlator by integrating Lorentzian ansatz with varying eta at 

physical charm&bottom quark mass 
• Compare with lattice data and find range for eta from intersections

✴ Analysis of the upper integration limit 
suggests the results for charmonium not 
trustable 

model

lattice

⇢transii (!) = 3�q
T

M

!⌘

!2 + ⌘2



Estimate transport peak from thermal moments (I)
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• Thermal moments defined as Taylor coefficients
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• Calculate the ratios from spectral function
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Estimate transport peak from thermal moments (II)
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• The intersections of different methods 
determine the range of eta



Combine the results and compare with literature
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• The most reliable results from 
different methods:

✴Smaller than results from LQCD at heavy quark mass limit (high order corrections?)
[A. Bouttefeux and M. Laine, JHEP12(2020)150]
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A simpler case: heavy quark mass limit

GJJ(⌧) ! GEE(⌧) = �1
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• Correlators cheap to measure on the lattice 
• Less structure in spectral functions 

       (no transport peak and resonance peak)

[S. Caron-Huot et al., JHEP 0904 (2009) 053]• Large quark mass limit in effective field theory

• Construct a kinetic mass dependent momentum diffusion coefficient

• Carry out large quark mass limit for the operators
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• Color-electric correlators from multi-level and link-integration:  [PRD92(2015)116003]

✤Multi-level 
✤Link-integration
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[Luscher & Weisz, JHEP1102(2011)051]
[Narayanan & Neuberger, JHEP0603(2006)064]

[Luscher & Weisz, JHEP09 (2001)010]
[Forcrand &Roiesnel, PLB151(1985)77]

However, only works in quenched approximation
Need Gradient Flow in full QCD

•Gradient flow as a “diffusion” equation along t :

•Small t expansion:

•Applications:
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Lattice setup

• Large quenched isotropic lattice  
• Five different lattices (and beta) 
• Enough statistics  
• Intensive discrete flow times

� a[fm](a�1
[GeV]) N� N⌧ T/Tc #confs.

6.8736 0.026 (7.496) 64 16 1.50 10000

7.0350 0.022 (9.119) 80 20 1.50 10000

7.1920 0.018 (11.19) 96 24 1.50 10000

7.3940 0.014 (14.21) 120 30 1.50 10000

7.5440 0.012 (17.01) 144 36 1.50 10000

Table 1: Lattice setup used to perform the continuum extrapolation. For the finest lattice, we

used five quark sources for the two kappa values closest to bottomonium and charmonium

Lattice � T/Tc #conf

64
3 ⇥ 16 6.8736 1.5 10000

80
3 ⇥ 20 7.0350 1.5 3000

96
3 ⇥ 24 7.1920 1.5 1000

Table 2: # of confs.

� a[fm](a�1
[GeV]) N� N⌧ T/Tc #confs. #meas.

6.8736 0.026 (7.496) 64
16 1.50 10000 10000

64 0.00 10000 -

7.0350 0.022 (9.119) 80 20 1.50 10000 10000

7.1920 0.018 (11.19) 96

16 2.25 10000 -

24 1.50 10000 3000

28 1.29 10000 -

32 1.13 10000 -

48 0.75 10000 -

7.5440 0.012 (17.01) 144 36 1.50 - -

7.7930 0.009 (22.78) 192 48 1.50 - -

Table 3: Lattice setup used to perform the continuum extrapolation. For the finest lattice, we

used five quark sources for the two kappa values closest to bottomonium and charmonium

2

Data good enough for reliable continuum extrapolation  
and flow time extrapolation !
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Flow effects on the correlators

[S. Caron-Huot & M. Laine & G.D. Moore]

Color-electric correlation functions under gradient flow Hai-Tao Shu

before the correlation function is strongly affected by the flow. In the following discussions we
will use the definition of the rescaled dimensionless flow radius rFT =

p
8tFT and flow time

tFT
2. Putting the above conditions together we obtain

1
Nt

. rFT . tT

3
. (1.6)

The main idea of the flow technique is to smear the fields along an additional dimension tF .
The high-precision data for the correlator that is obtained at positive flow time has to be extrapolated
to the continuum limit first and has to be extrapolated to zero flow time afterwards in order to go
back to the original 4D spacetime. The flow time condition from above has to be respected for the
tF ! 0 extrapolation. In the next section we present the details of our calculations on the lattice.

2. Lattice Setup

b a[fm](a�1[GeV]) Ns Nt T/Tc #confs.

6.8736 0.026 (7.496) 64 16 1.5 10000
7.0350 0.022 (9.119) 80 20 1.5 10000
7.1920 0.018 (11.19) 96 24 1.5 10000
7.3940 0.014 (14.21) 120 30 1.5 10000

Table 1: b values, lattice spacings, lattice sizes and number of configurations measured in this work.

We summarize the lattice setup of this work in table 1. The lattice spacing a is determined by
Sommer parameter r0 [12], where we use a parameterization from [12] with updated coefficients
from [13]. For each lattice we flow to 10 discrete flow times in the range of rFT 2 [0,0.1] using an
adaptive step-size Runge-Kutta algorithm. We then measure the correlator on 10,000 configurations
for each lattice. With such large statistics we found that on the finest lattice, the relative statistical
error of the correlation function at the middle point at flow radius rFT = 0.05 reaches ⇠1.5%. The
statistical errors are even smaller for smaller tT or larger flow time. This allows us to perform
reasonably accurate extrapolations.

3. Results

We normalize the measurements of the lattice correlator with [9]

Gnorm(tT ) = p2
T

4


cos2(ptT )

sin4(ptT )
+

1
3sin2(ptT )

�
, (3.1)

which helps to visualize the details of the correlator. Additionally, we correct the correlation dis-
tances tT by employing tree-level improvement according to [12, 14].

Figure 1 (left) shows the correlator at various fixed flow radii rFT as a function of distance
tT . Here one can see that the larger the distance, the longer it takes for the flow to produce a
reasonable signal. However, for the smallest distances the correlator quickly drifts towards zero,
which suggests that the relevant fluctuations in which the actual physics lie in are destroyed imme-
diately by the flow. For all tT the statistical errors are improved a lot, for instance from rFT = 0

2

1443 ⇥ 36
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• Gradient flow reduces the error 
• Destroys the signal at small distances
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• GEE at 𝜏𝑇 smaller than LO flow time limit are affected 
• GEE at 𝜏𝑇 larger than LO flow time limit are used in extrapolation



Correlators under gradient flow (1)
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• Linear behavior can be seen in appropriate flow time range



Correlators under gradient flow (2)
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• Less distances available for larger flow time 
• Gradient flow removes the lattice effects



Continuum extrapolation
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• Reliable and precise continuum can be achieved with ansatz: 



Flow time extrapolation
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• Linear flow time behavior can be seen in continuum-extrapolated correlators 
• An overall shift between correlators from GF method and ML method 
• Non-pert. renormalization (GF) v.s. pert. renormalization (ML)



Spectral function reconstruction
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• Chi-square fitting with theoretically motivated models 
• Interpolation between different regimes is needed



HQ momentum diffusion coefficient
[A. Francis et al. PRD92 (2015)116003]
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Conclusion
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• First principle calculations of charmonium and bottomonium correlation functions 
at physical masses 

• Well described by perturbatively inspired models 

• No resonance peak needed to describe charmonium down to 1.1Tc  while 
resonance peak needed for bottomonium up to 1.5Tc 

• Consistent estimates on heavy quark diffusion coefficient 

• High order mass correction to infinite heavy quark diffusion 

• Extend to full QCD using large and fine 2+1-flavor HISQ lattices 


