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Ua(l) symmetry & Ghiral phase transition

The nature of chiral phase transition depends on
how the axial anomaly manifests itself at T~T_
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Signatures of symmetry restorations

¢ Susceptibilities defined as integrated two point correlation functions of

the local operators, e.g. y, = Jd4x(ni(x)ni(0)) HotQCD PRD 86 (2012) 094503
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Status of lattice studies on Axial anomaly
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L. Mazur et al., arXiv:1811.08222

Remains manifested for
m_=110 MeV at T<1.1T,

See similar conclusions from
Ohno et al., PoS Lattice 2012 (2012) 095,
Dick et al., PRD 91(2015) 094504,...
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Seems to disappear at T>220 MeV

See similar conclusions from
Chiu et al., PoS Lattice 2013 (2014) 165,
Tomiya et al.,[JLQCD] PRD 96 (2017) 0345009,...

The fate of Ua(1) still unsettled due to
the lack of continuum and chiral extrapolations



Signatures of symmetry restorations in p

N dmyp [ 8m?p
W) = /0 d)\A2 + m? Xm = Xo = /o d)\()\2 + m?)?

¢ Restoration of SU, (2)xSU(2) symmetry :

= - ion: lim (pw) = Banks and Casher,
« p(0) = 0 as from Banks-casher relatlon.nllgm)0 (wy) = mp(0) Banks and Casher,

+ Partition function is an even function in m; due to the Z(2) subgroup

¢ Effective restoration of Ua(1) symmetry :

<+ A sizable gap in the near-zero modes, i.e. p(1 < 4.) =0 Cohen, nucl-th/980106
< If p is analytic in ml2 U, (1) breaking is absent in up to 6 point

correlation functions of £ and o Aoki, Fukaya and Taniguchi, PRD 86 (2012) 114512



Possible behaviors o

- p making

SU; (2)XSUg(2) restorec

' but not Ux(1)

¢ Dilute instanton gas approximation p ~ m25(/1) will lead to U,(1) breaking

even in the chiral limit

Gross, Yaffe & Pisarski, RMP 81’

€ LQCD: At high T for the physical m; , the T dependence of y, follows dilute

instanton gas approximation prediction

See a recent review, Lombardo & Trunin,
IJMPA 35 (2020) 2030010

Due to p ~ m?8(1)? what happens for m — 07



Microscopic origin 1n p

p=4.30, 7=220MeV, L=32(2.4fm)
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JLQCD, PRD 103 (2021) 074506
¢ No clear gap
¢ As m; gets smaller, the infrared enhancement seems disappeared,

at m; < 0.01 mass dependence can be hardly seen 8



Novel relation: quark mass dervatives of p & Cio

Eigenvalue spectrum for (2+1)-flavor QCD:

p()‘v ml) —

va[U] / DU~ 5Wldet[U] + ms] x (det[P{U] + mu])*pu (M)

Eigenvalue spectrum for a given configuration: pu(A) = » 6(A — ;)
j

Partition function: z[U] = / D[Ue=%cWldet[ DU + my] x (det[PU] + my])?

det[DU| + my] = H("—i)\j + my)(—i\; + my) = exp (/OOO dApy (M) In[\? + m?])

J

> K@_/md)\ Amy Cs
Tm; Jo A2 4 m?

Ca(A, A2) = {pu(N)pu(A2)) — (pr(N)) (pr(A2))



Novel relation: 0" p/0"m; & Cu+1
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Lattice Setup

mg, = o0 N =2
& At T~205 MeV (1.6 To) !
¢ HISQ/tree action g?ﬁer
physical point
¢ Nf =2+1: <—+

This study

™ N_=8,12,16 (a =0.12, 0.08, 0.06 fm) i cross-over

S

& mP" /m, = 20, 27, 40, 80, 160 2N a
(m_ =160, 140, 110, 80, 55 MeV) 4
O 4 < NG/NT < 9 2nd oder
¥ p is obtained from the Chebyshev mu’d; -0 m, 4 — .

filtering technique

NuclearScience
Computing CenteratCCNU
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Ist and 2rd mass dertvatives of p on N_=8 lattices
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¢ m;(dp/om) ~ 0*plom}
¢ Quark mass independent
¢ Peaked structure develops

at 4 — 0 and drops rapidly
towards zero for A/T > 1
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2ndand 3rdmass derivatives of p:
volume and a dependences

T
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Quantities related to p
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Quantities related to st and 2°d mass derivatives of p
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SUL(2)xSUR(2) symmetry restoration

mg (V) / Te e i
B fit range: m, < 140 MeV 2 . .
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Due to the restoration of Z(2)
subgroup of SU| (2)xSUx(2)
symmetry, the partition function is

an even function of m;
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Conttnuum & chiral extrapolations of Xdisc

$ m.piev) ¥J0INt fit: simultaneous fits
' Continuum: co + ¢1 /N2 + co /N2
T =205 MeV Chiral: quadratic in quark mass

Q
P D Y
T

Value at N, - co and m; — 0 :

5.6 £2.3

1 ¢ Sequential fit: first continuum and then

. . . . . chiral extrapolations
0 0.0003  0.0006 ~ 0.0009 —0.0012  0.0015 Continuum: quadratic in 1/N_with N:=12&16

(my/ms)*
Chiral: quadratic in quark mass

Value at N, —» o0 and m; = O :

44+1.9
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Continuum & chiral extrapolations of two U (1) measures

BORIEN \/\,Q’ \,@ m,[MeV] PORIEN \/\9 ,\}Q m, [MeV]
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Axial anomaly remains manifested at T~1.6T,

in the chiral limit at 2-3 sigma level o



Summary & CGonclusions

o We established novel relations between 0"p/0"m; & C,

In Ni=2+1 QCD at T~1.6T,
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Summary & Conclusions

Our study suggests:

» At T~1.6T, the microscopic origin of axial anomaly is driven by the weakly
interacting instanton gas motivated p(1 — 0,m; — 0) & m?6(4)

2z Ni=2+1 QCD: 2nd order chiral phase transition belongs to 3-d O(4)
universality class

Outlook:

1 The methodology would be useful for other discretization schemes
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Calculation of eigenvalue spectrum

* Commonly used method: Lanczos algorithm to calculate the individual low-
lying eigenvalues

* Here we utilized the Chebyshev filtering technique combined with a
stochastic estimate of the mode number

T;: Chebyshev polynomial

mode N, Vj: coefficient
number: n S f ZZIQ/VJ' 57[Tj A)£r> p: polynomial order

7_1JI 0 g5: Jackson’s dumping factor
\ 4 YuZhang, Lattice19',arXiv:2001.05217
i 1 I\ —0/2.\ d/2 Giusti and Luscher, arXiv:0812.3638
Spectrum: p()\,O) = — [ / ] + / ] (/\ > /2) A.Patela, arXiv:1204.432
V 0 _ DiNapoli et al.,arXiv: 1308.4275
Itou et al, arXiv:1411.1155

Fodor et al.,arXiv:1605.08091
Cossu et al.,arXiv:1601.00744
22
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Mode number and Complete p
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& Converges to the exact count & Mass dependence can be

hardly observed from p directly

| Utilize the Chebyshev filtering technique combined with |
‘ a stochastic estimate of the mode number !

Giusti and Luscher, JHEP03(2009)013, Patella PRD86(2012)025006, Cossu et al., PTEP 2016(2016)093B06
Fodor et al., arXiv:1605.08091, de Forcrand & Jager, arXiv: 1710.07305, YuZhang, Lattice19’, arXiv:2001.05217 23
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T1me history ot the topological charge
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Chiral condensate

l_ |4 T
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. @ - L .

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
(N7/Ng)?

Zero mode contribution vanishes in the thermodynamical limit
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Volume dependence of two U,(1) measures
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Volume dependences is very small
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Signatures of symmetry restorations in p

N dmyp [ 8m?p
W) = /0 d)\A2 + m? Xm = Xo = /o (D\()\2 + m?)?

¢ Restoration of SU, (2)xSU(2) symmetry :

= - ion: lim (pw) = Banks and Casher,
« p(0) = 0 as from Banks-casher relatlon.nllgm)0 (wy) = mp(0) Banks and Casher,

+ Partition function is an even function in m; due to the Z(2) subgroup

¢ Effective restoration of Ua(1) symmetry :

<+ A sizable gap in the near-zero modes, i.e. p(1 < 4.) =0 Cohen, nucl-th/980106
< If p is analytic in ml2 and 4, U,(1) breaking is absent in up to 6 point

correlation functions of £ and o Aoki, Fukaya and Taniguchi, PRD 86 (2012) 114512
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Possible behaviors of p making
SU,(2)xSUg(2) restored but not U,(1)

¢ Dilute instanton gas approximation p ~ m25(/1) will lead to U,(1) breaking
even in the chiral limit Gross, Yaffe & Pisarski, RMP 81’

¥ LQCD: At high T for the physical m, , the T dependence of y, follows dilute

instanton gas apprOXimatiOn prediCtion See a recent review, Lombardo & Trunin,
IJMPA 35 (2020) 2030010

Due to p ~ m?8(1)? what happens for m — 07
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N)) =

Poisson distribution

(ou(N) (pu (X))

= (L) <§: 5= ) gm —Az>> ) V)
=<%)2 <§;6<A Ae)O(A = Ax) > >Z<Zo (A=) ;o (v —/\1> Pu(N)){pu (X))
EERAI R <Zo/\ ) ><;5<x-xz>>—<pu<A>><pu<X>>

L <§ SOV - Az>> Al w=v)

C20 ) = T (puSO = V) = £ (N} (X))

(1)
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Signatures of symmetry restorations in p

Chiral symmetry restoration: X» — X5 = Xdisc

_ 7 SUL(2) x SUR(2)
X5,con T : 1551 =P 0:G0q Xcon + Xdisc

oo 2
o= [
T 2 2\2
o (A +my) Ua1) IUAu)
T
o0 Xcon TV ———— 1 §Y5q X5,con — X5,disc
lse = / dA Am.0p/ o 27 8UL(2) x SUR(2)
Xdisc = 2 D)
0 )\ —|— ml Toublan and Verbaarschot, NPB603 (2001) 343

HotQCD PRD 86 (2012) 094503
Kanazawa & Yamamoto, JHEP 01 (2016) 141

If eigenvalues are uncorrelated, they obey the Poisson statistics:

CEO()\D cees )\n) = (5()\1 — )\2)5()\71 — >\n—1) <pU()\1)> + O(I/N)
p Po B dmyp Vp - Po 2( )
(8—7774) 2 +ml2 o TN <¢w> |:|I> Xdisc = 4\ Xm — Xé

Non-Poisson correlation among eigenvalues are Kanazawa & Yamamoto.
needed for chiral symmetry restoration if x= — Xs # 0 JHEP 01 (2016) 141
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Non-Poisson correlations

ARe = mi 20" o Omi — (9" p/omi)"]

I
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Repulsive non-Poisson correlation at small A range gives rise to the
p(A4 — 0) peak
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Quark mass dependence of m,~1 (dp/ dm,)
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Quark mass dependence of 0°p/dm}
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