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Finite-volume and finite-temperature effects

in chiral effective field theory
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Introduction



Scattering: an important approach to study hadron resonances

Line shapes for the same resonance can be quite different in different channels.
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In contrast, resonance poles of scattering amplitudes are universal in all the
channels. Different line shaples can be explained by different residues/couplings.

However it is rather challenging to extract scattering observables directly
from Exp.

Lattice QCD provides a unique way for this problem !
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E.g. Pi-eta, KKbar, Pi-eta' scattering
[Dudek,Edwards, Wilson, PRD'16]
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First Lattice calculation on [Dudek, Edwards, Wilson, PRD'16]
coupled-channel pi-eta, KKbar

Eigenenergies in finite box m, =390 MeV
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[He,Feng,Liu,JHEP'O5] [Wilson,Briceno,Dudek,Edwards, Thomas, PRD ‘15]
[Lang,Leskovec,Mohler,Prelovsek, Woloshyn, PRD'14] [Fu,PRD'12]

[Gockeler,Horsley,Lage, Meissner,Rakow,Rusetksy, Schierholz,Zanotti,PRD'12] ......
A widely used approach in the inelastic scattering case:

Luscher function + K matrix

detll +ip-t-(14+iM)| =0

/

K matrix:

Kinematical
factor

polynomial + pole Luscher's finite-volume functions

terms (complex objects)

* Free parameters in K matrix are determined by the finite-volume
spectra. Then one can determine amplitudes in infinite volume.

* K matrix does not automatically respect the QCD symmetries,
such as the chiral symmetry. It could be problematic for chiral
extrapolation.



Chiral approach + Luscher formula:

Step 1: Put chiral perturbation theory (ChPT) in finite volume.

Step 2: The free parameters in ChPT, which are indepdent of
quark masses and volumes, are fitted to the finite-volume energy
levels obtained at (un)physical quark masses.

Step 3: Perform the chiral extrapolation and give the predictions
in infinite volume with physical quark masses, including phase
shifts, inelasticities, resonance poles, etc.

Step 4: Proceed with the standard routine of hadron
phenomenologies by taking the physical amplitudes determined
from Lattice QCD.



Chiral amplitudes in finite box



Finite-volume effects in scattering process

Two types of finite volume dependence of scattering amplitudes:

» Exponentially suppressed type X exp(-m,L) : s, 7, u channels

»> Power suppressed type &< 1/L3 : only s channel

Current lattice calculations usually take big enough volume
L, and therefore one could neglect the exponentially
suppressed terms, indicating that finite-volume effects

only enter through s channel.
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P r'escr'ipfion: Algebraic approximation of N/D (a variant version of K-matrix)

N(s)

) = 15769 W)

* The s-channel unitariy is exact. The crossed-channel dyanmics

is included in a perturbative manner.

* Unitarity condition: ImG(S) = — p(S)

o] £ [

Finite-volume effects enter via G(s)
* N(s): crossed-channel contributions of partial-wave amplitudes

from chiral EFT. Finite-volume effects are suppressed for /N(s).
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Finite-volume effects in s-channel unitarity function 6(s)
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Sharp momentum cutoff to regularize G(s)
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G(s) in a finite box of length L with periodic boundary condition
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Finite-volume correction AG [Doring, Meissner, Oset, Rusetsky, EPJA11]
Al = é B chtoff
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{L3 Z f (2m)3 }2w1(q) wa(q) E? — (wi(q) +w2(q))?
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Finite-volume effects in the moving frames
Lorentz invariance is lost in finite box. One needs to work out the explicit
form of the loops when boosting from one frame to another.
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Finite-volume correction AGMV: | AGMV — oMV _ cutoft

[Doring, Meissner, Oset, Rusetsky, EPJA12]



Mixing of different partial waves in finite volume

The mixing between different partial waves is absent in the
infinite volume:

2w ™
/ do / sin 0dO0Y (0, ) Yyr, 1 (0, d) = dppr Oy
J 0 J0

The mixing appears in finite-volume case, due to the absence of the
general orthogonal conditions of spherical harmonic functions.

The mixing patterns vary in different irreducible representations
and different moving frames.

detll+ip-t-(14+iM)| =0

[He,Feng,Liu,JHEP'O5] [Wilson,Briceno,Dudek,Edwards, Thomas, PRD ‘15]
[Lang,Leskovec,Mohler,Prelovsek, Woloshyn, PRD'14] [Fu,PRD'12]

[Gockeler,Horsley,Lage, Meissner,Rakow,Rusetksy, Schierholz,Zanotti,PRD'12] ......
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We adapt the following approach to proceed the study of
unitarized ChpT in finite volume.

[Gockeler,Horsley,Lage, Meissner,Rakow,Rusetksy, Schierholz,Zanotti,PRD'12] ......

Finite-volume correction to G function: | AGYY = GMY — G5, 05,0

~MV K —sk
Y =\ > (Alh) Yenl@) 107

It is equavelent to the w,, function, up to exponentially suppressed

terms [Gockeler,Horsley,Lage, et al.,PRD'12]
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Final expression for the G function: 6’% vaﬁggcsmg < & AGMV
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Example: when only S and P waves are included.

A" (0,0,0) : det[l T Ng(S).égg] =0

T, (0,0,00:  det[l + Ny(s).Gool] =0

A001):  det[I + Noq- Mg =0,

Ny 0 Aq é[}ﬂ i\/gél{]
No,1 = ; My = ~ ~ ~
0 M —iv3G10  Goo + 2Gag

(Nﬂ,lléﬂﬂ,l No12Gooz2 No13Goos iv/3Np 11G10.1 \
No21Goo1  No22Gooz No23Goos iv/3Np21G10.1

Noji- M =
No,31Goo,1 No32Goo2  No,33Goo,3 iv3Np 31G10.1

\—t‘\/ﬁf\.ﬁém,l 0 0 Ny (éﬂ{},l + Z@Qn,l) )

[ZHG,Liu,Meissner,Oller,Rusetsky, EPJC'19]

16



Several applications in analyzing the lattice
finite-volume energy levels
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nn, KKbar, n' coupled-channel system and a,(980)

Leading order amplitudes from U(3) ChPT:
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3F2
S

AF2°
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6162 ’
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3F2

Higher-order amplitudes are also explored

Scattering amplitude :

5
(a) (b) (c) (d) (e) ()
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nn, KKbar, n' coupled-channel system and a,(980)

Other inputs to fit the lattice data:

my = 391.3£0.7 MeV , mg = 549.5+0.5 MeV , m, = 587.24+1.1 MeV , m,y = 929.845.7 MeV

Our estimate of the leading order n-n' mixing angle at unphysical masses

0 = (—10.0 -

- 0.1)° (oPtys = —16.2° )

We also need to estimate F, at the unphysical meson masses.
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nn, KKbar, n' coupled-channel system and a,(980)

Leading order Fit (Only LO amplitudes are included in the N(s) function.)

[ZHG,Liu,Meissner,Oller,Rusetsky, PRD'17]
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» Remark: there is only one free parameter in the fits, i.e. the

common subtraction constant !
» The quality of NLO fit is quite similar to the LO case.
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Phase shifts and inelasticities at physical meson masses
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Pole positions and residues of a,(980) at physical meson masses

Resonance RS Mass (MeV) Width/2 (MeV) | Residue|§’,;2 (GeV) Ratios
LO
ap(980) 11 T037E 4416 3.8 1.431093 (KK /zn) 0.05533 (an' [ =n)
NLO
ay(980) v 101977 2447 2.8%5¢ 1.8103 (KK/mn) 0.01%007 (' /)
ap(1450) \Y 1397439 a1y 17583 1.415¢ (KK /nn) 0.9103 (' /7o)
Sl B S — T % ‘ T
. . iy b 10ig = 130° i b 09} | :
Comparison with O = 100° - 08| |
250 | 07| |/
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100 L 03} (5:12 = 1800 __________ \‘\"\
. 02 F 15»12 — 130D it 3 A
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Prediction of the pi-eta scalar form factors

Fl(s) =1+ NY(s)g" (s)] ' R!(s)

4.5 T T T T T
LO

|Frq|
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D-pi, D-eta, Ds-Kbar scattering and D*;(2400)

Reproduction of the finite-volume energy levels
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[Moir,Peardon,Ryan,Thomas, Wilson, JHEP'16]
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[ZHG Liu, Meissner,Oller, Rusetsky, EPJC'19]
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D-pi, D-eta, Ds-Kbar scattering and D*,(2400)

Reproduction of the finite-volume energy levels

2016

[Moir,Peardon,Ryan,Thomas, Wilson, JHEP'16]
[Lang,Leskovec,Mohler,Prelovsek,Woloshyn,PRD'14]
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D-pi, D-eta, Ds-Kbar scattering and D*,(2400)
Reproduction of lattice scattering lengths

[L.Liu,Orginos, F.K.Guo,Meissner, PRD'13]
[Lang,Leskovec,Mohler,Prelovsek,Woloshyn,PRD'14]
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D-pi, D-eta, Ds-Kbar scattering and D*,(2400)

Prediction of the D-pi phase shifts and inelasticities at physical masses
[ZHG,Liu,Meissner,Oller,Rusetsky, EPJC'19]

300 -
4 [_‘-_t_ZB} — eI 1 R R R R Bl SR TR B oR AER R oR PR Re R LE e
250 | DN (Fit-2B) =emmes
DK (Fit-2B) *steren c
200 | DR (Fit-1A) e ™ ey 0.8}
DR (Fit-1B) &+ oo ‘.
480 | DR (Fit-2R) =weiss &2

0.6¢

Dit [FiL-2B}: se—
e DY Eit~2R) wemmmm
DK (Fit—-2B) wesseees
02} bPm (Fit-1A)
DR (Fit-1B)

d (Degrees)

] DR (Fit-2R) =iereim
_52{100 2100 2200 2300 2400 2500 2600 300{1 2100 2200 2300 2400 2500 2600
E(MeV) E(MeV)
Poles and residues
Fit RS M /2 (MeV) Iy1| (GeV) lya/ 1l lya/wl
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D-K. Ds-eta scattering and D*;,(2317)
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J/psi-pi. DD* scattering and Z(3900) [ZHE, et al., in preparation]
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Lattice data : [T.Chen, et al., (CLQCD), '19CPC] [Cheung, et al., (HSC), '17JHEP]
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Scalar resonance at finite temeratures
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Importance of the broad scalar sigma resonance:

to improve the description of the hadron yields
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Finite temperature effects in unitarized chiral amplitudes

N(s)
1+ G(s) N(s)

TJ(S) —

» Temperatures can enter via the G(s)

| y délq 1
66) = i | GE ==

/ d%’/dqo 1 1
== 1
(2m)® ) 2m qf — Ef (Po— qo)? — E3

qo = tw, = 12mnd, dgy — 27T

B / d3q ”‘Z*:Do I 1
N (27)3 w2 + E% (Py — iwy,)? — E3

n——00

)

Standard Matsubara techniques to calculate G(s) .

Be careful about the complex extrapolation !
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Fits to Exp observables at zero temperature
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Prediction of the trajectories of sigma resonance when increasing temperatures

400

350

300
= 250
~ 200
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[6ao, ZHG, Pang, PRD'19 ]
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' ' T ]
E ----LO(m") N
|

T (LO+TAD)(m" ™)
T=200MeV v
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» It would be very interesint for our lattice colleagues to
calculate the pi-pi scattering at finite temperatures
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Kappa resonance at finite temperatures
[6ao, ZHG, Pang, PRD'19 ]
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Conclusions

* The chiral approach illustrated in this talk provides an
efficient way to study the finite-volume energy levels.

* It can build a bridge to connect the lattice eigenenergies in
finite box obtained at unphysical masses with the physical
observables, such as phase shifts, inelasticities, at physical meson

masses.

* Itis rather encouraging for the lattice community to calculate
the scattering processes at finite temperatures! So one can trace
the finite-temperature trends of the physical resonances, instead

of the toy ones!

Thanks for your attention!
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