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“So far we have analyzed less than 6% of the data that the experiment will eventually collect.

Although these first results are telling us that there is an intriguing difference with the Standard

Model, we will learn much more in the next couple of years.” — Chris Polly, Fermilab scientist,

co-spokesperson for the Fermilab muon g — 2 experiment.
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Dirac equation implies:

a(p")y.u(p)
g=2

a(p) (Fl(qz)% + in(qQ)ﬂ'%]q”> u(p)

(Euclidean space time)
> g-2
a=F(qg°=0)

s The quantity a is called the anomalous magnetic moments.

= Its value comes from quantum correction.
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Muon g — 2 Theory Initiative White paper posted 10 June 2020.

132 authors from worldwide theory + experiment community. [Phys. Rept. 887 (2020) 1-166]
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» Two methods: dispersive + data <> lattice QCD

From Aida El-Khadra's theory talk during the Fermilab g — 2 result announcement.



Lattice QCD 5/36

Euclidean
time
Space #
3-dim
Sﬁtt = Dif‘tv,u +amy)q

Wilson gauge action Lattice fermion action

Figure credit: Stephen R. Sharpe.
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» Dispersive method (red points)

is mature and reproducible. HVP f
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= Dispersive method (red points)

is mature and reproducible. HVP from:
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We present a reliable nonperturbative calculation of the QCD correction, at leading order in the
electromagnetic coupling, to the anomalous magnetic moment of the electron, muon, and tau leptons
using two-flavor lattice QCD. We use multiple lattice spacings, multiple volumes, and a broad range of
quark masses to control the continuum, infinite-volume, and chiral limits. We examine the impact of the
commonly ignored disconnected diagrams and introduce a modification to the previously used method
that results in a well-controlled lattice calculation. We obtain 1.513(43) X 107!2, 5.72(16) X 1078, and
2.650(54) X 107° for the leading-order two-flavor QCD correction to the anomalous magnetic moment of
the electron, muon, and tau, respectively, each accurate to better than 3%.

DOI: 10.1103/PhysRevLett.107.081802

Introduction.—The experimental [1] and theoretical [2]
determinations of the anomalous magnetic moment of the
muon a, have both reached an accuracy that is better
than six parts per million. This high precision reveals a
discrepancy of over 3 standard deviations (3¢), which
raises the possibility of physics beyond the standard model.
However, the dominant error in the theory computation is
due to hadronic effects that are currently not calculated but
are instead either separately measured or simply modeled.

Thic Ahemrtirac fha ciormifBrarnca ~Ftha 2 oe affart arnd mval-ao 1+

PACS numbers: 13.40.Em, 12.38.Gc, 14.60.Ef

perturbative expansion in the electromagnetic coupling
a. Contributions from QCD first occur at the order a?
and can be written as [4]

v o0 1
af? = o? [Tag @ mlI@), (1)
where m; is the mass of the lepton, Q is the Euclidean

momentum, and w(Q?/m?) is a known function. The com-
bmatlon HR(QZ) = H(Qz) — H(O) is the renormahzed
N o
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= Need to calculate and cross check all the contributions.
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T. Blum 2003; D. Bernecker, H. Meyer 2011.

) = 33 Y UEDE(O0)aco

x j=0,1,2
oo +o00
ahveLo — (;‘;)2/0 dK2F(KM)AK?) = 3" w(t)C(1)
t=0
QED
and
strong isospin
breaking
aEVP, LO(ud) aZIVP’ LO(S) aZIVP, LO (C) Z{Xii’,CLO 5@5\/1)
650.2(11.6) 53.2(0.3) 14.6(0.1) ~13.7(2.9) 7.2(3.4)

» From muon g — 2 theory initiative white paper (2020). Value in unit of 1071°

» Light quark connected diagram has the largest contribution and largest uncertainty.
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T. Blum 2003; D. Bernecker, H. Meyer 2011.
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= Statistical error is mostly from:

Light quark connected diagram at t > 1.5 fm

More configurations (BMW 20 used ~ 20, 000).

Use low modes averaging to gain full volume average. v/

Bounding method on the long distance tail. v’

Study the 7 system spectrum to calculate C(t) large t.

* Not used in any published work yet!

* On-going efforts with promising initial results.

» Systematic error is mostly from the continuum extrapolation.
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» Main idea is that: one does not have to calculate the long distance part of the correlation

function directly.

= 333 GE D40

X Jj=0,12

= 32 3 LI 00 &

n j=0,1,2

= The summation over n is limited to zero momentum states and states are normalized to
“pn

= At large t, only lowest few states contribute. We only need the matrix elements

(n]J;(0)|0) and the corresponding energy E,,.
» Need to study the spectrum of the w7 system!

= Can reduce the statistical error beyond the gauge noise limit!
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§  4-state reconstruction
. _‘ﬁﬁT/]INARY S L o, PRELIMINARY t
20 30 40 0 5 10 15 20 25 30
t/a t/a

GEVP results to reconstruct long-distance behavior of
local vector correlation function needed to compute connected HVP

Explicit reconstruction good estimate of correlation function at long-distance,
missing excited states at short-distance

More states = better reconstruction, can replace C(t) at shorter distances

RBC-UKQCD by Aaron Meyer and Christoph Lehner

Preliminary
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RBC-UKQCD PRL 121, 022003 (2018)

Window contribution allows a high precision study of the continuum extrapolation.

+oo
HVP LO  _
a, = D w(t)C(y) w(t) = wS(t) + wh(£) + w2(1)
t=0
= Splitting sum into three parts allows crosschecks: 450 Y
400 I C(t) w, 6(t1.5M,0.15m)
_ _ o C(t) W, [1-6(t,0.4fm,0.15fm)]
— short distance < discretization effects 150 |-
— long distance < noisy 7 tail 800 -
e 250 |
— intermediate (Window): sweet spot S
% 200 |
» Can form windows from R(e*e™) dispersive 190
100 |- ‘
analysis too.
50 I
0 L Ll L L L I
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RBC-UKQCD PRL 121, 022003 (2018)

Window contribution allows a high precision study of the continuum extrapolation.
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RBC-UKQCD PRL 121, 022003 (2018)

Window contribution allows a high precision study of the continuum extrapolation.

—+o0

avr e = ; w(t)C(t) w(t) = w(t) + w"(t) + w'P(¢)

(ty.1,,A)=(04,1.0,0.15) fm

= Splitting sum into three parts allows crosschecks:

Aubin et al. 19 ]
— short distance < discretization effects Aubin etal. 19 - finest as —&—
LM 20 o
— long distance < noisy 7T tail BMW 20 o
— intermediate (Window): sweet spot FHM 20 (prelim., stat only) ——
RBC/UKQCD 18 ot
= Can form windows from R(e*e™) dispersive ETMC 20 (prelim.) ——
analysis too.
. W . " . i . . Mainz/CLS 20 (prelim.) —_——
Combine “window"” from lattice with dispersive
170 180 190 200 210

analysis.
aV (ud, conn, iso) * 10"
Plot by D. Giusti n

= Compare “window" among lattice-QCD

calculations
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= Staggered fermion has a special lattice artifacts: taste breaking effects.

= Curves show different treatments of correcting the taste breaking effects.
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= The white paper result for the HVP is a community-vetted method average for the data-driven
approach. It accounts for spreads in sub-contributions between individual results (KNT/DHMZ) that
may not be visible in the agreement of looking at the final results for the HVP. It should be noted

that its error estimate also accounts for the tension between BaBar and KLOE experimental inputs.

= We are now in the fortunate situation that we have a first lattice result with sub-percent precision
(BMW). It is clear that to safely assess systematic uncertainties, most notably the one related to the
choice of the lattice regulator, calculations by other lattice groups with a similar precision will be
essential. The importance of having more than one lattice calculations of the same quantity and

obtained with different lattice discretizations is well understood inside the lattice community.

= On the way to a method average for lattice QCD, it is prudent to also look at individual
sub-contributions and their agreement, similar to what was done for the data driven approach. Here
the tension for the light-quark isospin-symmetric window results between RBC/UKQCD18 and
BMW?20 or between the same papers for the QED disconnected results need to be addressed. This is
possible since these sub-contributions are already available by different collaborations at adequate

precision for such a comparison.

= Finally, it should also not be ignored that for the standard window result, there is a 3.70 tension

between the data-driven approach and the BMW20 paper.
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Muon g — 2 HLbL: overview

» Mainz 2021 is the most recent
lattice result. It uses heavier
pion mass with infinite volume
QED kernel and extrapolate to

the physical pion mass.

= RBC-UKQCD 2019 is the first
lattice result. It uses physical
pion mass in the finite volume
QED, scheme and extrapolate

to the infinite volume.

Mainz 2021 /e
RBC-UKQCD 2019 L i
WP 2020 P
J2017 } i !

N/NJ 2009 } L ] |

PdRYV 2009 f L
[ T I T T I 1
25 50 75 100 125 150 175

Hibl 11
a, X 10

WP 2020 result uses dispersive relations and data. It is the sum of the contributions from

different cuts and poles. High energy contributions are the major source of uncertainties.

average gives: a,'°" =9.77(1.16) x 1077,

These three results have different systematics and agree well with each other. Uncorrelated

Hadronic light-by-light contribution cannot be the source of the muon g — 2 puzzle.
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Contribution PdRV(09) [471] N/IN(09) [472, 573] J(17) [27] Our estimate
7%, n, 1 -poles 114(13) 99(16)  95.45(12.40) 93.8(4.0)
7, K-loops/boxes —19(19) -19(13) -20(5) -16.4(2)
S-wave 7 rescattering =7(7) -7(2) —5.98(1.20) =8(1)
subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)
scalars - - -
tensors — - 1.1(1) } -1
axial vectors 15(10) 22(5) 7.55(2.71) 6(6)
u,d, s-loops / short-distance — 21(3) 20(4) 15(10)
c-loop 2.3 - 2.3(2) 3(1)
total 105(26) 116(39) 100.4(28.2) 92(19)

Table 15: Comparison of two frequently used compilations for HLbL in units of 107! from 2009 and a recent update with our estimate. Legend:

PdRV = Prades, de Rafael, Vainshtein (“Glasgow consensus”); N/JN = Nyfteler / Jegerlehner, Nyffeler; J = Jegerlehner.

= Values in the table is in unit of 107!,

= Uncertainty of the analytically approach mostly come from the

short distance part.

q=p —pv
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Q2f

00 900 Pb000

= There are additional different permutations of photons not shown.

» The second row diagrams are suppressed by flavor SU(3) symmetry (and small charge

factors, 1/N., etc). The contributions are numerically very small.
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= Two point sources at x, y:

randomly sample x and y.

= Importance sampling:

focus on small |x — y/|.

= Complete sampling for |[x — y| < 5a

upto discrete symmetry.

Tsrc ! o o Tsnk
Yy,o 2K T,p

iL_/s’(o) 6 Z ZZ (Xop Xref) X Us’( )/ﬁc(a;xv)/vzvxop)us(a)

r=x—y Z Xop

1 N .
- Z i(iop — Xeef) X J(Xop) = Muon is plane wave, X.f = (x + y)/2.
Xop

= Sum over time component for Xop.

Reorder summation
= Only sum over r = x — y.

Ix —y[ < min(ly — 2|, [x — 2])

T. Blum et al 2016. (PRD 93, 1, 014503)
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e We test our setup by computing muon leptonic light by light contribution to muon g —2.

50

analytic X
a=0 ——-
mya = 0.1000 +—m—
mya = 0.1333
mya = 0.1500
mya = 0.2000 —o—

Zop, V
Yy,0 T, p

0 002 0.04 0.06 0.08 0.1 0.12 0.14
1/(m,L)*

c ¢l _
Fy(a,L)=F, (1 - (m,,lL)Q + (m,,1L)4> (1—coa?+cha?) — Fo=46.6(2) x 10719 (19)

e Pure QED computation. Muon leptonic light by light contribution to muon g — 2.
Phys.Rev. D93 (2016) 1, 014503. arXiv:1510.07100.
e Analytic results: 0.371 x (/)% =46.5 x 10~ 1°.

e O(1/L?) finite volume effect, because the photons are emitted from a conserved loop.
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Phys. Rev. D 93, 074505
(2016)

48l 48% x 96, 5.5fm box  64l: 643 x 128, 5.5fm box

24D: 243 x 64, 4.8fm box  32D: 323 x 64, 6.4fm box 48D: 483 x 64, 9.6fm box

32Dfine: 323 x 64, 4.8fm box
All at physical pion mass. T. Blum et al 2020. (PRL 124, 13, 132002)
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au(L, a aD)

a, x 1010

ba ol > D/.D 2, D/D 4
= aﬂ(l—m—q(a GeV) —cr(a GeV) + ¢ (a GeV))

481 +——i 0 48] F—o—i
641 641

24D 24D

32D 32D
- 48D - 32Dfine F—&—
= 32Dfine F&— & 24D-32D
; | 24D-32D-48D ; 481-641 F—m—
N A81-641 —=— °_
< inf & cont —e—i <

inf & cont +—e—i

‘ (conn)
0 0.05 0.1 0.15 0.2

(discon)
0.05 0.1 0.15 0.2
1/(my,L)?
12 T 48] +—o—1
641
24D
32D
32Dfine F—4&—
24D-32D
481-641 +——=—
inf & cont +—e—i

‘ (tot)
0 0.05 0.1

T. Blum et al 2020. (PRL 124, 13, 132002)
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con discon tot
ay 24.16(2.30) -16.45(2.13) 7.87(3.06)
sys hybrid O(a?)  0.20(0.45) 0 0.20(0.45)
sys O(1/L3) 2.34(0.41) 1.72(0.32)  0.83(0.56)
sys O(a*) 0.88(0.31) 0.71(0.28)  0.95(0.92)
sys O(a”log(a?)) 0.23(0.08) 0.25(0.09)  0.02(0.11)
sys O(a%/L) 4.43(1.38) 3.49(1.37)  1.08(1.57)
sys strange con 0.30 0 0.30
sys sub-discon 0 0.50 0.50
sys all 5.11(1.32) 3.99(1.29) 1.77(1.13)

» Systematic errors are estimated by alter the formula of the extrapolation.

= Same method is used for estimating the systematic error of individual and total

contribution.

= Systematic error has some cancellation between the connected and disconnected diagrams.

T. Blum et al 2020. (PRL 124, 13, 132002)
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A654 A653
0.25 - u *
1 C101  HI05 U102 U103 H101
0.20 I A A /]
a” D450 B450
= 0.15 4 * *
O
= D200 N200 N203 N202 H200
= (| [ | * [ B |
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N300
*
0.05 -
0-00 xl 1 I ] I ] 1
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E.H. Chao et al 2021. (EPJC 81 7, 651)
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= Pion masses are heavier than physical value and Chiral extrapolation is used.

= For the connected and disconnected dlagrams contributions |nd|V|duaIIy

au(m?,myL,a®) = Ae 2 L Ba? +C S(m2) + D+ Em? (21)
1
Pole :: -
Log :: logm? (22)

Log2 :: log” (m )
m2Log :: m? log (mfr) .

= For the total contribution:
ay(m?,m.L,a*) = a,(0,00,0)(1 + Am? + Be ™ %/? + Ca?), (23)

— Note: more stringent Chiral fitting form for the total contribution due to weaker pion

mass dependence for the total contribution.

= Long distance (separation of the two vertices locations) contribution obtained by fitting an
ansatz: f(|y|) = |y|*Ae B

Results only weakly depend on the form of the ansatz.

E.H. Chao et al 2021. (EPJC 81 7, 651)
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E.H. Ch3o et al 2021. (EPJC 81 7, 651)
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» Systematic uncertainty of the continuum extrapolation

a7 <02Gev” |

mL>4

m” <0.165 GeV”

All Data -
) ) ) ® Linearina
2% <02Gev’ ° K .
® Linearina
mL>4 ] | ° | -~ Stat.
— Stat. + Syst.
m,” <0165 GV’ — ¢ °
All Data — t L

T T T T T T T
70 80 90 100 110 120 130 140 150
(Conn + 2+2)-1 11

N x 10

Root-mean-squared deviation (9.2 x 1071) is estimated to be the uncertainty.

» Systematic uncertainty from Chiral extrapolation:

a, (m2,m,L,a*) = a,,(0,00,0)(1 + Am?2 + Be m=l/2 4 Ca?), (23)

With Am2 — A, log(m2/GeV?), half difference (6.0 x 107) is used as the estimate of
_ E.H. Chao et al 2021. (EPJC 81 7, 651)
the uncertainty.
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= The errors of lattice QCD calculations comes from:

1. finite statistics — statistical error
2. non-zero lattice spacing — discretization error
3. finite lattice size — finite volume error

4. non-physical pion mass — Chiral extrapolation

Many lattice calculations are now performed with physical pion mass, eliminating this
source of the systematic errors.

» Lattice QCD calculation is playing important role in determining the hadronic contribution
to muon g — 2 and many other physical observables.

= More accurate lattice results are expected when Fermilab releases their final result.



Thank You!
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