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The lattice formulation of QCD---Lattice QCD
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The methods for the hadron spectroscoapy in lattice QCD

» Interpolation field operators --- starting point
for a meson (-like) system with given ]”¢ and flavor quantrum
numbers:

0;: q1lq, [q1T1q1lqTq; | [QIHQ][QFZQE ], ......
* Two-point functions --- Observables
C;;(t) = (o‘oi(t)oj+(0)|0>

=¥ (0]0;|n) <n‘0j+|0) e~ Ent

In principle, all the physical states with the same quantum numbers
In) contribute to the two point functions C; () as the eigenstates of the
QCD Hamiltonian with the energy eigenvalue E,;:

« “one-particlestate”: E,=m,
« “two-particlestate”: E, = m?+p?2+méi+p2+AE, p="n




Comparison of the hadron spectra

Euclidean spacetime lattice Minkowski continuum spacetime
One particle states ammmmm)y  Stable particles
Multiple particle states Bound states of hadrons
with discrete relative spatial -
Momentum (scattering
States in a finite volume t Resonances
All the energies are Continuum scattering states
Discretized. , .
Luescher’s Relation: ‘
| | T(p)=——Yrle) _ 1
E, = (mi+p*)'?+(m5+ p*)''*  Resonances ' mfﬂllr'ﬁnf;?_, sorle) =t
Cipl=g* ,l':r"l . cotdip) = %{mé—.ﬁ']
vapL ! Vs “’
tan d(p) = . S (R 11 3
2 Zy (1; (5 )2) P eot{dy(p)) = o T ~|ps|l = - E-"ulﬂsl‘
Bound states< =i~
Olps))—i
ng = En, (ps) + En,(ps) . ps =1i|ps|



Present status of lattice QCD study on hadron spectroscopy
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Il. Impressive lattice results

Ground state hadrons
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2. X(3872)

S. Prelovsek & L. Leskovec, PRL111(2013)192001

(a) I=0 (b) I=0 (c) I=0 (d) I=0 (e) I=1
Operators: S 0:cq, DD* JWw O:cc, DD*  O:cc  O:DD* Jw O: DD JA)p
ﬁlwo_l'\'|5:_|'|‘|'_::_|'|'\'_::_|'\‘\_::_|'|'|_:
0 = elic(0) (only I =0) (2) — i PR - + + ]
OPP" = [Eysu(0) @yie(0) — &y;u(0) @yse(0)] + fr{iu — d} —, F o ) E f + B £ :
OPP= [y57(0) yye(0) — Eyevean(0) Ty 3ec(0)] = F T FEig]  Feg T [ FJWOVOS
+ 1 {u s d) - Frrzz, L & %I e :
opr” — Z [evsuler) uyic(—ex) — eviuler) wyse(—ey)] + + = = T = D)p*(0) =
en=teq,y,: > T ¥ X(3872) exp ¥ T :
= T T T T ]
i {u— d} ] = T I x, (P)expE + ]
07" = ey €33¢(0) [aw0) + 1 dued(0)] = S £ ET + E
Og/diV = ik e e(0) [@yeyn(0) + fr dyeyd(0)] § _if—Tt o T = nlz ]l_:’_QTE = :ul: o :n‘: :ulff_ l T o %i— l l l—f
m 6 8 10 6 8 10 8 10 128 10 12
t t t t
2 Zoo(1;4°) 2 L\,
p-cotd(p) = ———, go=(—1|p
VL 27 . .
] 11 ppe s a? = -1.7+04fm, PP =05+0.1"fm.
pcotd(p) = —ppz + 570 P
ag 2
) X (3872) | mx — 1 (Mg, +3m ;) mx —(mpo+mpos)
cot d(pps) = i. —— lat L 815 + 7 MeV 114+ 7 MeV
exp | 804 + 1 MeV —0.14 + 0.22 MeV




3. Hadron Spectroscopy Collaboration (HSC)——discourse hegemony

» Sophisticated lattice techniques

» distillation method——perambulators
« usually large operator basis for a specific quantum number
« complicated data analysis procedure
« S-matrix——hadron-hadron interactions
resonances

« Exhaustive calculations of light meson spectroscopy
Exhaustive calculations of light baryon spectroscopy

The spectrum pattern are compatible with QM expectations

 Seemingly established a standard for lattice studies
on hadron spectroscopy
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Selected work of HSC—— 1~ * hybrid m; decays
A.J. Woss (HSC Collaboration), arXiv:2009.10034(hep-lat)

* Luescher quantization condition for hadron-hadron scatterings
on finite lattices

det[1+ipt(1+iM)|]=0
« p(E., and M(E_,, L) are known functions.

« The target of this study is to determine the t matrix based on
a proper parameterization.

« Worked on 6 lattices with different lattice sizes.

« Starting from the exact SU;(3) flavor symmetry

h
c my=my=my=~mb"’
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T > MM,

The flavor symmetry decomposition of M; M, system

8 X1, 1X 8

Possible composition of the final states of M, M,

1..8 8..8 8,.8 1,..8 £8..8 1.8_.8 1..8
n'n°, w°n’, ww®, w w’ filw® hin® fin

(L/as)” x (T'/ax)

Nvecs chgs Ntsrcs

123 x 96
14° x 128
16° x 128
187 x 128
20° x 128
243 x 128

48
64
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96
128
160

219
397
529
358
501
607

24
16

s
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resonances, and it is common to interpret the real and
imaginary components of the pole position sy in terms of
the mass mpr and width I'r, via \/sg = mpgr & %FR. Near
the pole, the t-matrix takes the form,

CvSJa Cv'S' Jb
Sgo — S

teSga S b ~

2-Im (at \/3)
S
=
I
—=

[
ool a;\/so = 0.4609(12) + EO' 0036(15)
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Ordinary and extraordinary hadrons

R.L. Jaffe’s talk (YKIS-2006, Kyoto), arXiv:hep-ph/0701038.

Ordinary hadrons: O(l/\/ﬁ)

Hadrons that exist in the large N, limit as R /

confined states. b\ *L /
Namely, quark vacumm polarization is + :

switched off. «r

I

They appear in the continuum scattering / '

as resonances
Their width shrink to zero when N, — oo J
Resonance formation takes place by Confined channel, not in the
transition from meson-meson continuum Hilbert space of asymptotic states
(multiquark) to a confined channel that has )
no asymptotic states. Scattering amplitude: O (—C)

Meson decay width: O (i)

Extraordinary hadrons: vanish when N, — o
18



Meson-meson scattering from ChPT with different N,
J.R. Pelaez, Phys. Rev. Lett. 92, 102001 (2004)

2

p(770)

My, /M;

=5
....... _'_,,-"' p(770) NC = 10
S00 600 700 800 900

. 2
|t1/21] K*(892)
Mx./M;
1
...... ~K*(892) S
800 825 850 875 900 925 950 5 10 15 20 25 30

p(770) and K*(892) hehave as expected. Their masses are roughly

independent of N, while their widths go to zero when N, - «
19



Full-QCD lattice study —-(jmmmmmmm Quenched Approximation
20



lll. Hadron spectroscopy relevant of BESIII

I). Glueball

- Quenched LQCD predicts glueball spectrum
Lowest-lying glueballs have masses in the range 1~3GeV

12 +

10

rp Mg

0" m—
2+__ 3 e
2_ —
3++_ 3"'_— 1
2  — 1+_—
p— O —
D++_
++ -+ +-

Y. Chen et al,

0

Mg (GeV)

-
-
.
o

ot

4.1(](4)

5.83(5)(6)
6.25(6)(6]

]
8.79(3)(9)
8.94(6)(9)
9.34{4)(9)
9.77(4){10)
10.25(4)){10)
10.32(7)(10)
1166(7)(12]

10() y
2390(30)(120)
2560(35](12

o LA0)
)(150)
lik)
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30404
36004
36705
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4010{4
42004
42305
47806

200
200

i
0
0
0
b
5
0
0)1230

Phys. Rev. D 73, 014516 (2006)
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Preliminary full-QCD results of glueball spectrum

Mass GeV

N

m, (MeV) myr+ (MeV) mot+ (MeV) mg-+ (MeV)
N, =2 038 1417(30) 2363(39) 2573(55)
650 1498(58) 2384(67) 2585(65)
N, =2+41[22 360 1795(60) 2620(50) -
quenched [13] - 1710(50)(80) 2390(30)(120) 2560(35)(120)
quenched [14] - 1730(50) (30) 2400(25)(120) 2590(40)(130)

Ny =2: W.Sun et al (CLQCD), Chin. Phys. C 42, 093103 (2018)
[14] C. Morningstar and M. Peardon, Phys. Rev. D 60, 034509, 1999
[13] Y. Chen et al, Phys. Rev. D 73, 014516, 2006

[22] E. Gregory et al., JHEP 10 (2012) 170, arXiv:1208.1858(hep-lat)

| Filled Squares: QQCD

¢
% .29 ?(m | Open circles: full QCD, coarse lattice

- o® N Closed circles: full QCD, fine lattice
u -
¥ X(2370) wibafy(2340)
B o, (0710 7 C.M. Richards et al., [UKQCD Collab.],
Tus EEE 000 | Phys. Rev. D82, 034501 (2010).
0++ O-+ 2++

No meson or two-meson operators have been involved yet%2



* J/yY radiative decays —— best hunting ground for glueballs

v

P

Gluon abundant in J /i decays ‘]/LO T g
vy g
Gluon is flavor singlet —— isospin filter
* J/¥ radiative decay products—— gq meson vs. glb

v

I [ W Jf G
— :’:3_

0(1)

J/U/} UUUUU
uuuuu

_._qq

Suppressed by 0(a?)

 Serve as criteria for the experimental identification of

glueball.
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. I g 1
Lt =7f) = fdﬁqlﬂ?rz MZ2J; +1

2
* § |-Ey-fri,i'_f,r-, | '

Ty Tf Ty

* Radiative decay width:

* Transition amplitudes: a7, . = ei(@r) (8.l o O)liCE, 7))
 Multipole decomposition:

(F@rr )| i Oi(Fi i)y =) ok (pi, pr) Fi (Q°).
&

 Decay width expressed in terms of the form factors

T(i = 7f) o< »_ F2(0).
&

« So the major task is to calculate the matrix elements, which can be
derived from the three-point functions

T-1

Guicg, 3 _l +iq-y = L L+

PO GGt ) = > > e 89 (06t + DjAGt +1)0f, ()
=0 ¥y

v(Q, &)
~

+ U ’ - -
0]/1/; (0' 0) Jem(y' t )’ PR OX(X, f)

> e 24

J/¥(ps € Xpy—a



A). J/psi radiatively decaying to the scalar glueball
(L.Gui, et al. (CLQCD Collaboration), Phys. Rev. Lett. 110, 021601 (2013))

PU/ > V6or) = 5ra
J/P

|E1(0)]°

Interpolated on-shell form factor E1(0) and its continuum limit

3 Me(GeV)  2¥(a)  Ey0,a) (GeV) TD(keV)

2.4 1.360(9) 1.39(2) 0.0787(25) - 3
2.8 1.537(7) 1.11(1) 0.0626(32) - =
oo 1.710(90) [3] - 0.0536(57) 0.35(8) &

The predicted width and the branch ratio

4 |p] S
FJ/Y - yGy+) = ﬁaMZ |E1(0)|2 = 0.35(8)keV é
J/Y k<]

I/T_tot = 0.33(7)/93.2 =

0.14
012

01 |,

0.08
0.06
0.04
0.02

0]

0.16 |
014 |
012 ¢

0.1

0.08 :
0.06 :
0.04 ¢

0.02

51(Q)

E (Q%)=E b
@ E,‘((g)):ggsﬂz% S

] \‘\.

05 0 05 1 15 2 25
Q?(GeV)?

e ot ]
06262 e

-0.5 0 0.5 1 1.5 2 2.5

Q*(GeV)” 75



Experimental results of fo(1500)/£,(1710)???

LQCD prediction
F(J/Y - yGy+) = 0.35(8)keV, T'/Tir = 3.8(9) X 1073
P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys., 083C01 (2020)
J/b - vf(1710) » yKK (95732 ) x 107*
J/¥ - vfe(1710) - yn (38+05)x107* Br(J/y - yf0(1710
(3.1+1.0) x 1074

]/ = yfo(1710) - yow
J/b - vfo(1710) > ymm (24157 ) x 107

Using Br(f,(1710)> KK)=0.36 = Br(J/y—yf,(171(
Br(f(1710)> nn)= 0.15 = Br(Jly—yf,(1710))= 2.7x103

In contrast,
J/W = yfy(1500) - ynm (1.01 +£ 0.34) x 10™*

J/ = vfo(1500) » yKJK?  (1.59 +£0.163322) x 107>
Br(fo(1500) - nm) = (34.5 + 2.2)% = Br(j/p - Vfo(1500)

Br(f,(1500) » KK) = (8.5 + 1.0)% 6



Recent BESIII results from PWA
J/Y - yX - ynn BES, PLB642(2006)441

Br(J /W - yf,(1710) - ynm)=(4.01 + 1.0) x 10~*
Br(J /Y = vf,(1500) - yrm)=(1.01 + 0.34) x 10~*

Br(J/y = vfo(1370) = ynm)=————

J/Y = vX - ym BESIII, PRD87(2013)092009

Br(J/y = vfo(1710) - ynn)=(2.35%537) x 10~*
Br(J /¥ = vfo(1500) = ynm)=(1.652927) x 107
Br(J/¥ = vfo(1370) = ynm)=———-

]/ - vX - yKK; BESIII, arXiv:1808.06946 (hep-ex)
Br(J /Y - vfo(1710) - yKK) = (2.002§:03*03%) x 10
Br(J /1 = yfo(1500) - yK,K,) = (1.59%076%028) x 1075
Br(J /¥ — vfo(1370) — yKsK) = (1.0725355:35) x 107

Obviously, in each process,
f0(1710) are produced 10 times more than f,(1500).

27



B). J/psi radiatively decaying to the tensor glueball
(Y.B. Yang ,et al .(CLQCD Collaboration), Phys. Rev. Lett. 111, 091601 (2013))

4
PO/ = v6o) = 5oy

Ip|

Iy

[1E;(0)]% + [M(0)|* + |E5(0)I7]

* The form factors we obtained from the

lattice QCD

B My (GeV) E, (GeV) M, (GeV) E; (GeV)
24 2.360(20) 0.142(07) —0.012(2) 0.012(2)
2.8 2.367(25) 0.125(10) —0.011(4) 0.019(6)
00 2.372(28) 0.114(12) —0.011(5) 0.023(8)

* We also carry out a similar lattice study on
the tensor glueball production rate in J/psi
radiative decay.

T/ - yG,+) = 1.01(22)keV
(/Y = ¥Gy+)/Tror = 1.1(2) X 1072

F(Q%)GeV)

FIQ%)GeV)

0.3 T T T T T - T
E'I
0.25 | M —

0.2 r

0.15 | S S— — — 1
— * I——-{,—-}-__,____\
01
0.05
0 3
-0.05
_0_1 L 1 L L L 1

0.3

) ' ' ' ' 'Eiirl—ln—u
0.25 M{%:

02 r

et

4 05 ©0 05 1 15 2 _25 3
2§

Q% iGeVd)



LQCD prediction

T(J/Y - yG,+) = 1.01(22)keV
LU/ = ¥Gy+)/Tror = 1.1(2) X 1072

J/Y = yX - ynn

BESIII, PRD87(2013)092009

Br(J /¥ - v£,(2340) - ynn)=(5.6075:62+237) x 10~°

J/Y - vX - yKK;

BESIII, arXiv:1808.06946 (hep-ex)

Br(J /Y — vf2(2340) > yK.K,) = (5.5420347355) x 1075

J/Y = vX > yvee

BESIII, PRD93(2016)112011

Br(J /¥ - yf>(2340) - ypp)=(1.91 £ 0.143372) x 10~*

It is desirable to do a systematic analysis of decay modes [/ — yVV

29



3. Pseudoscalar glueball relevant

The production rate of the pseudoscalar glueball in J /1 radiative decays

from LQCD (L.-C. Gui et al., Phys. Rev. D 100, 054511 (2019) )

I(J/y¥ - vG,s) = 0.022(7) keV

Br(J/y - yX(2370))=2.3(8) x 10~* =i Not that large!

If the kenetic factor is
subtracted, we have the
effective couplings

L \CI\S

I'(J/Y—~vX) = gagx 5

My

TABLE VI: The gx of flavor-singlet pseudo:lgcalar mesons.

agx =

1
24Ty Br(J/y — fyX)mj}/qp 2

« (m%w —m%)3

|

|

|
Pseudoscalar (X) I gx ,
7 I 0.0108(2)
0 I 0.0259(8) :
1(1405/1475) | 0.0313(41) |
n(1760) | 0.0255(25) |
X (1835) I 0.0123(12) :
1(2225) : 0.0167(17) |
G(0™T) L 0.0144(27) :

The effective couplings are comparable for glueball and mesons.

The U,(1) anomaly may play an important role here.
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Lattice QCD result:  Br(J/y — yX(2370))=2.3(8)x 10~*

J/Y - yX(2370) -» yK*K ™' (179 + 0.23 + 0.65) x 10-5
]/ - yX(2370) - yKIKIn' (1.18 £ 0.32+0.39) x 107°

200 I I I I I I - I I I I I I E
. [ J/hy—yKK Y, Ww—=r'nn, n—yy (a) ] . 500 Jiy—yK'KY, m—yp°, plor' (b)-
“o [« Data — - Chebychev i o [ —— Data — - Chebychev ]
= 150 __ -- PHSP — = - ---- PHSP ]
) p ——Fitmeault Total bkg ; @ 400p —Fitresut | Total bkg .
O] [ B8] Signal X(2370) + O] - B33 signal X(2370) #
5_ 100 Jhy— K K W+ cc. 5 300 Jhy— K* K n+c.c. }
(=3 - -..- 7 sideband ']' ] =5 [ -~ 1’ sideband
8 - @ 200F
g sof- gt 4 @ :
L B —_—mrend] L 100 N
0 . zormms] o i T R e el
2 21 22 23 24 2.5 26 27 2 21 22 23 24 25 26 27
2 2
My (GEV/C?) MK+K-T]. (GeV/c?)
77T 90 T LB B B B BB R B
. E JIy—yKIKE 0, o, noyy (e) 7 — 80 —J"WQYK“KEH n—yp’, pPPon'm (d)
c:‘:?. 25 [ —— Data _— gge':sbgchev E ‘?‘5__2 70 E —— Data —_— g:'e':stgchev
> b A . 1 = T9p ¢
ey 20k Fitresult Total bkg = ey 60E Fitresut Total bkg
o [ B2 Signal X(2370) ] o E B2 Signal X(2370)
o 15[ == 7 sideband o 50 F -~ 1" sideband {-
=3 o S 40E
= » Z] F
Lﬁ 5 C Lﬁ 20 TR R o
= L 1 O | B s e 10 ,_ L =.*.=,._--:-:'.:.T.:.‘
ok SRR, 3 o = bemuwyizbegimyin 0 L rcis s nodpedd —
2 21 22 23 24 25 26 27 2 21 22 23 2. 4 2 5 26 27

. (GeV/c?) (GeV/c?)

KD Kﬂ KD K{]

BESIII, Eur. Phys. J. C 80 (2020) 8, 746. 31



2) Glueball component of 1, and its implication
(R.Q. Zhang et al. , arXiv: 2107.12749 (hep-lat))

n. total width is quite large: T, = 32.0(7) MeV

Lattice QCD predict the mass of the pseudoscalar glueball
to be around 2.4-2.6 GeV

This motivates the possibility of sizable gluonic component
in 7,

If (1405) and n(1475) are the same state, there is no need
for a pseudoscalar glueball round 1.3-1.5 GeV
J.-J. Wu et al., Phys. Rev. Lett. 108, 081803 (2012)

There may be mixing between cc( 'S, ) and the PS glueball

Y.-D. Tsai, H.-n. Li, and Q. Zhao, Phys. Rev. D 85, 034002 (2012)
W. Qin, Q. Zhao, and X.-H. Zhong, Phys. Rev. D 97, 096002 (2018)
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Gauge configurations: Ny = 2 degenerate charm quarks
permit the mixing between cc and glueball

ensemble L3 x T B as(fm) ¢ mJ/w(MeV) Nafg

I 163 x 128 2.8 0.1026 5 2743 ~ 6000
II 16 x 128 2.8 0.1026 5 3068 ~ 6000
* ccoperator: Oz = CysC Glueball operator: O

* Mixing model

= mgeg X
H_(x ch‘)

X))\ _ (cos 0 —sin 0) |G)
In:.y)  \sin@ cos@ /\|cc)
* Under some assumptions, one has

Cec(t) ~ —Zsin B (e” ™t — e™™ic) + -

X

sin@ =~
Mmee — Mg 13



* Very precise data 0.001,
* Well described by the function —0.01-
form = \

Q%D —0.02+

—0.03
Cec(t) = —Zsin b (e7™xt — e™Muc) + ...

-0 T T
0

5) 1t0/at 15
ensemble T My, (MeV) mg, (MeV) :_ - _91_ S 3?1 (_M;\F)-
s 2691(2) 2317(51) | 7.7(1.1)°  48(7)
I Y~ 2685(1) 2317(43) | 6.8(8)° 43(6)
avg. 2686(1) 2317(46) | 7.1(9)° 46(7)
s 2987(9) 2308(63) 1 4.9(6)° 59(8)
IT . 3013(3) 2385(10) 1 4.2(3)° 46(6)
avg. 3010(4) 2363(47) | 4.3(4)° 49(7)




Effects of the mixing on the total width of i,

« Assuming X(2370) is predominantly a glueball, I'y ~ 100 MeV

4 Mx(2370) = 2341.6 £ 65(8138.1]) + 57(Sy5t) MeV

Mx (a370) = 2376.3 £ 8.7(stat.) T35 (syst.) MeV

J/Y - ¥yX(2370) - yKKn': "
Fx(2370) =83 &= 17(bt&t )+ (Bybt ) MeV,

 The mixing angle and the mass shift of PS charmonium

X
sin 6 = ~ 0.080(10)
mnc — My

2

X
dmg=m, —mg = ~ +3.9(9) MeV

mnc — My
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 The decays of 1. and X(2370) into light hadrons:
can be viewed as decaying into two gluons first and then hadronizing

1 1

~ o - 2
L, ~T(n. - 99) 3zmm, |IM(cc - gg)l

1 1
Iy ~T(X—->gg9) = mm—xwf(x - gg)|*

« This also applies to PS charmonium, such that (I'y = 100 MeV)

IM(X > gg) <erX )1/2 Expt. known
m, I

|M(cc > gg)|

Netcc /
2 1/2 1/2
L. . MX - g9) _ my Ty I,
~ |cos 0O + sin 0 — ~1+2sin0
FCZ' |M(CC - gg)l mncrnc FC(_:

« Thus, even though we cannot calculate the width directly, we have

L, /Tee = 1.27(4), 5T

L.~ +7.2(8) MeV
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4. Preliminary results at the physical point

(see Feiyu Chen’ talk)

N; =2 + 1 dynamical confiugrations generated by RBC/UKQCD
Collaboration.

Accessed through the agreement between yQCD Collaboration
(PI: Prof. K.-F. Liu of Univ. Kentucky)

TABLE 1. Parameters of 481 and 641 ensemble.

______________________________

LPxT a (fm)  {m. (MeV)  La (fm) " Neont
48° x 96 0.1141(2) ; ~ 139 ~5.5 1 364
64> x 128 0.0836(2) | ~ 139 ~53 1 300

______________________________

Physical m,, my, large volume, but small size of ensembles——

“physical point”
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« Gauge invariant gluonic operators
for glueballs —— build up in terms A a4 1/

of Wilson loops A

s

Pl 06
« AA-operators for glueballs %

OLOT) = D Y S i (A + Ay )

Irlr?c’

S: the total spin of two gauge field;
(LM): the orbital quantum number between two gauge fields;
N,.: the multiplicity of 7 with |7#| = r

- AA-operators are not gauge invariant mmmsss)> Coulomb gauge!

38



* Bethe-Salpeter wave functions from the 0,44 — O, correlation functions

Optimized glueball operators: <0 é") (t)og‘) (0)> ~ e Mat 4 ...

044 — O correlation functions:
<0AA(t)0(Gn) (0)> X (QIOAA(r)In) <n |0§;n)| Q> e Mnl ~ (I)n(r)e_mnt + ...

O++

2++

AT* ATt
12 Y 48ilevel 1 1.25 1 Y 4B jevel1
T 48l level 2 48) level 2
1.0 t ®6dllevel 1 1.00 64! level 1
1+ 64llevel 2 641 evel 2
0.81 6.75

0.4 0.25
0.2 0.00
0.0 0.25
-0.2 0.50
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.B
E* .
Y 48ilevel 1 Y 48 |1
1.0 Y 48l level 2 1.0 48 level 2
t 64llevell t 64l jevell
t 64llevel 2 t 64 12
0.8 o8
0.6 0.8
0.4+ 0.4
0.2 Lo
0.0 0.0
6.2 !
0.2 T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.0 0.1 0.2 0.3 0.4 0.5 0.6

FIG. 2. Normalized BS wave functions of ground and first
excited states on 48] and 641 lattice.

2++
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- Effective mass plateaus

c(t)
Cc(t+1)

AFT AT

* Mes(t) =1In — const. if C(t) is exponential

T
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
E++ T++
3.5 ¥ 3.5
] A {

3.0 A + 3.0 1 - 4 o
3 $ Y L] v
9 Y \
3 2.5 2.5
(i
£
@
=
g 20 < 2.0
=
[IT}

1.5 1.5

1.0 ‘ ‘ 1.0 |

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
t/fm

0 AiH_ E—|—+ T2++ Al—-l-
481 1.82 + 0.09 2.6 0.2 2.7+ 0.02 2.84+ 0.2
641 1.96 £+ 0.08 2.7+0.1 2.71+0.2 2.84+0.2




lI). XYZ particles on the lattice

1. Zc States

(CLQCD Collabl, PRD89(2014)094506, PRD92(2015)054507, CPC43(2019)103103

Zc(3900) :

first observed as a structure in J/yYm™* invariant mass

spectrum, its “mass” is close to the DD* threshold

Zc(4025) :
spectrum,

10—

- 10k

q cot(Bo(q))
=

02 00 02 04 06 08 10 12
¢

TABLE VI. The values for gy and ry in physical units obtained
from the numbers for the correlated fit in Table I'V.

= 0.003 = 0.006 4 = 0.008
ag[fm] —0.67(1) —2.1(1) —051(T)
rolfm] —0.78(3) —0.27(T) 0.82(27)

geot(dolq))

first observed as a structure in h, * invariant mass
|ts “mass” is close to the D*D* threshold.

1 = 0.003
10- ]

o

- )

e

1
L4,

—
[ =]

0 02 04 06 08 1 12 14
Q'E

pw=0003 | p=0006 | p=0008

ag[fm]| —0.761037 | —0.8675 33 | —0.5070-42

ro[fm]|—0.002210-18| _0,14+0-15 | 041230

In the JAP=1"+ channel, the scattering lengths are negative, indicating a weak
repulsive interaction between D(D*) and D*bar. These results does not support
a bound state in this channel. However, since the pion mass is still much higher
than the physical pion mass, we cannot rule out the possible appearance of a
bound state. A more systematic lattice study is demanding.




2. Y(4260) relevant study from quenched lattice QCD

%““:' 7 sz, fgE
£ e o, =
= ]S b S 605481 ¢ sueeees Solution |
Ezu -::E} 4F % i i
f 2 ;
5E 4 42 1.4 ::(fr'r If‘qr;fﬁew c,)’ 38 4 4P2M (ii:—.]j{?} {Gli-’ .r'c?}s 52
CLEO-III,PRD74,
BaBar,PRL95,142001(05) 091104(R)(2006) Belle,PRL99,182004(07)
+ —
1. Observed in the initial state radiation process ee = VIJ{R)S
X->J/Yrn'n
2. The resonance parameter (PDG2012) J/ - 1l
My = 4263(8)MeV

Iy = 95(14)MeV

3. The leptonic decay width

[(Y(4260) - ete )[(Y(4260) - | /Yymtn™)/Tpor = 5.8eV
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Latest charmonium spectrum from lattice QCD

1500}

1000}
=
o
g
EIr:‘
=

500} I
O \ - - F ]
2—+ 2 3 4—+ 4 u'i—f' 1 +- l‘l"i' 2++ 31'— 3++ 4++ -l b “'i— 21'—
JPC

243, M_ ~ 400 MeV JHEP 07 (2012) 126



A. Leptonic decay width of vector hybrid charmonium

Y. Chen, W. Chiu et al., Chin. Phys. C40, 081002 (2016)

The leptonic decay constant of the exotic state can be
calculated directly in lattice QCD.

The decay constant of a vector meson is defined as

(0lqy,qlV(®, 7)) = myfye,(®,7)

can be derived by calculating the two point function

- 1 = —-M;
Z(OIQyuq(x, )0 (0)]0) = z > (01 qyuqlVi, TV, [0 |0)e =Mt
X Lr '

: _ 167 f?
Using the formula T(Vezg—ete™) = Z_T,JEQED M_‘;
One can predict (X = ete ) < 406V,

This result is confirmed (G. Ray and C. McNeile, arXiv:2110.14101(hep-lat))
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B. “Color-Halo” picture for hybrid charmonium

Y. Ma et al., Chin. Phys. C 45, 093111 (2021)

=l

\ 4

B (7)

“Halo charmonium’’:

A relatively localized kernal of color octet
ccbhar surrounded by a gluonic cloud.

The glounic cloud can be easily
hadronized into light hadrons
by emitting or absorbing a soft gluon.

Hybrids decay into a conventional
charmoium by emitting light hadrons.

@ (r)/®n(0)

1.04

0.8 4

0.6

0.4 4

0.2 4

0.0

—&— grd(2.4)
= 1st(2.4)

—&— grd(2.8)
9 1st(2.8)

—F— 2nd(2.4) —@— 2nd(2.8)

0.0 Oﬁffm 0.6 10

#node m(177)  m(07Y) m(177)  m@27)
(GeV) (GeV) (GeV) (GeV)
3100(5)  3.010(4) :
3703(82)  3.672(76)
L59169) 45163 43092)  4419(3)
54600(31)  5.30328)  5.693(12) 5.779(12)
8226(09) 8.286(100) T.661(3L) 7.708(29)




Discussion in the “halo-charmonium” picture

J/wr" 7~ mode:
relative S-wave between J/y and 7" 7~

y mode:
relative S-wave between Y. and

3
= 14,

|

% 93

@&ro®

3

h.t 7~ mode: relative P-wave between h.and 7 7"

no refugal barrier

no refugal barrier
h.m*t~ mode: h,(S=0), no spin flipping,

The cc in the halo charmonium is spin singlet (S=0),
J/Yrtn~ mode: ]/ (S=1), spin flipping, m, suppressed,

XcoWw mode: x. (S=1), spin flipping, m, suppressed,

but suppressed by the refugal barrier .

In this picture, it is understandable that the above three modes have

similar cross section at /s ~ 4.22 GeV
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IV. Challenges and Opportunities

 Light hadron spectroscopy is still challenging

for the full-QCD lattice study.

P ERIRRETE T

= BT 4RI KT GPU Pl
bR “4E5—5” (HSummit B)

ERAETELBESANEH

e ZYINBESIII:

=

/

L. B EAEBREA.
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Prospects

A large N; = 2 gauge ensemble (N.,,,s ~ 7000) at m, ~ 350
MeV (by Ming Gong)
Perambulators of light quarks have been generated
(by Wei Sun)

Partial width J/y — yn, yn,(1~ ") under going
(hopefully by the end of 2021)

We are generating gauge ensembles with N = 1 dynamical
strange quarks (by Ming Gong)

Scalar glueball-ss meson mixing (2022)

Partial width J/y — yss(0™"),yss(27*) (2022)
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IV. Summary

* Glueball spectrum has been investigated both from quenched lattice

QCD and full-QCD lattice study. There are not large unquenched
effects observed. Apart from the spectrum, lattice QCD can also
provide useful theoretical information to the production properties

of glueballs.

« XYZ particles are also hot topics in lattice QCD study,
but the results are preliminary.

« There are still many difficulties for lattice QCD to study exotic hadrons,
from both the theoretical tools and numerical calculations.
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Thanks!
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