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Lattice QCD at nonzero temperature & density

2

Differences from T=0 lattice QCD

<latexit sha1_base64="/h8HsS1awO9TgnFTNC6bj53VcqU="></latexit>

T = (aN⌧ )
�1 with smaller temporal extent

anti-periodic boundary conditions in 
the temporal direction

μB T

Quark Gluon Plasma

(QGP)

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a 

Equilibrium & near-equilibrium properties of 
strong-interaction matter in extreme conditions

high T, large baron density, 
strong magnetic field…
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超⾼温或⾼密度：激发强相互作⽤真空、找寻丢失的对称性

μB

“核⼦重如⽜，对撞⽣新态。”
Ink painting masterpiece 1986:

 "Nuclei as Heavy as Bulls, Through Collision Generate New States of Matter" 
by Li Keran, 

reproduced from open source works of T.D.Lee. 

化学势
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18c T.D. Lee / Nuclear Physics A590 (1995) 11c-28c 
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Figure 5(a). Finite-temperature QCD phase transition as a function of m~,d~. 
and ms ~ on a 16 3 X 4 lattice. 
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F i g u r e  5(b) .  For m~ = m d  = 0.025/~,  when ms increases from 0 .25/£  to 0.1/£ 
the first-order phase transition disappears. 

T.-D. Lee, NPA 1995
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Columbia plot, QCD critical point, In-medium hadron properties…

H.-T. Ding, F. Karsch, S. Mukherjee 
Int.J.Mod.Phys. E24 (2015) no.10, 1530007 

eB, μI

π, σ
ρ, a1
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string tension

Michale Creutz 
@BNL

Nonzero T:  First numerical lattice simulations

Spawned  
golden age  

in lattice QCD

PRD 1980, cited by 1112 records 

Michale Creutz 
on the beach

High TLow T
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(Most likely) the first LQCD simulation at nonzero T in China

 8x8
+ 12x12

SU(2)
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南开⼤学： 刘⽟斌

浙江⼤学： 张剑波

华中师⼤：丁亨通，李胜泰

江苏⼤学： 吴良凯

浙江外国语⼤学： 程贞
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Lattice QCD group@CCNU
现课题组成员:   1名教授 +1名⼯程师+  2名博⼠后 + 3名博⼠⽣ + 5名直博⽣(硕⼠阶段) +1名硕⼠

汪晓丹, 华博计划博⼠⽣ 施岐, 华博计划博⼠⽣ 

黄玮平, 华博计划博⼠⽣ 罗冉，直博⽣

丁亨通，教授  
2013-⾄今，华中师⼤

张英杰，直博⽣李⽂汐，直博⽣ 林敏，硕⼠⽣

刘俊宏，博⼠后  ⾼翔，博⼠后 

张丹，直博⽣ 张成，直博⽣

李胜泰, ⼯程师,  
2021-⾄今，华中师⼤ 

核科学计算中⼼软件负责⼈
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原课题组成员：

Previous group members

Akio Tomiya, ܗॊݸ
(2015-2018) 

෭๜य़ᴝय़਍ܗॊ 
ࢵRIKEN-BNLᗦ᩵ݸᒊڊ

ݸॊܗ؉᮱ړ

ᛥၹႆ, ܗॊኞ
(2013-2018) 

ࢵ஛᩵ݸॊླӱܗ
Bielefeldय़਍؉ܗ
ࢵ஛ࣁࣁሿ ,ݸ

Regensburgय़਍؉
ݸॊܗ

๫ᙯး, ܗॊኞ
(2013-2019) 

Ӿᑀ᩵ݸॊླӱܗ
ᴺᬪդᇔቘᎸᑪಅ
 ݸॊܗ؉

Prasad Hegde҅ܗॊݸ 
(2013-2016) 

ᗦࢵᕘᕅ૞૞ᒈय़਍Ꭺყ໊ړ
රᙙݷᴬ៪ࢵᤩݸᒊڊॊ҅ܗ
Ꮈᑪܦ——֖ܔଶᑀ਍Ꮈᑪᴺ
(IISc, Banglore҂ᘷԅۅරദ

已毕业硕⼠5名、博⼠3名，出站博⼠后2名

ୟቲ҅ܗॊኞ 
ҁ2016-2021҂ 

෭๜ቘ᩵ݸॊླӱܗ
۸ᎸᑪಅRIKEN-

Kobe؉ݸܗ 

QCD EoS at 
nonzero μB

Strong 
magnetic field Quarkonia Chiral phase 

transition T
Axial U1 
anomaly
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S: Science
“道⽣⼀，⼀⽣⼆，⼆⽣三，三⽣万物。”  — 《道德经》老⼦ 600 BC

N: Nuclear C3: Color 3 -> QCD

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏

2018年成⽴运⾏，2PFlops/s,  5 papers published in PRL (LQCD, 2)

High Performance Computing in High Energy Physics 
Sep. 19-21, 2018



/3011

Axial U1 anomaly

Quarkonia and heavy quark diffusion in the hot gluonic medium

Fluctuations of  conserved charges in strong magnetic fields

Machine learning spectral functions in lattice QCD
ᴯӮᴡ, ӟԿ᭗, ڝᶋฃ, G. Papp, ๷ᕍ්, arXiv: 2110.13521

ӟԿ᭗, ๫ᙯး, ॔ᨕญॢ, S. Mukherjee, ࿵ปԄ, ୟቲ, PRL 126 (2021) 082001

ӟԿ᭗, O. Kaczmarek, A.-L. Lorenz, H. Ohno,H. Sandmeyer, ᛥၹႆ҅arXiv: 2108.13693

ӟԿ᭗, ๫ᙯး, ෞઓ, ࿵ปԄ, EPJA 57 (2021) 6, 202, 
ӟԿ᭗҅גڝਡ҅๫ᙯး҅࿵ปԄ҅in preparation

Mon, Nov. 1
15:00-15:30

Sun, Oct. 31
16:50-17:20

Mon, Nov. 1
15:30-16:00

Tue, Nov. 2
16:30-16:50

Chiral properties of  QCD in strong magnetic fields at T=0
ӟԿ᭗, ๫ᙯး, ॔ᨕญॢ, ࿵ปԄ, ୟቲ, PRD 104 (2021) 1

Mon, Nov. 1
16:00-16:30

L. Altenkort, A. M. Eller, O. Kaczmarek, L. Mazur, G. D. Moore , ᛥၹႆ, PRD103 (2021) 1, 014511 

https://arxiv.org/abs/2108.13693
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Chiral crossover/phase transition temperature  
at physical point and mq→0
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A. Bazavov, HTD, P. Hegde et al. [HotQCD],  
Phys. Lett. B795 (2019) 15, ᤩ୚259ེ

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],  
Phys. Rev. Lett. 123 (2019) 062002҅ᤩ୚93ེ

Chiral crossover transition 
T=156.5(1.5) MeV 

Chiral phase transition T is  a 
possible upper bound of   TCEP

Rigorous definition from O(4) universality class Based  on O(4) scaling analyses

Consistent results from Wuppertal-Budapest, 
PRL125 (2020) 052001 李胜泰，晨光杯⼆等奖

Made in
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Axial U1 anomaly
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 HISQ/tree action
 Nf=2+1:

mπ ≈160,140,110, 80, 55 MeV
 ms   /ml  = 20, 27, 40, 80, 160phy

9≥Ns/Nt ≥4 

 Nt=8,12,16 (a=0.12,0.08,0.06 fm) 

?

 At a single T~205 MeV

 Novel method to compute the quark 
mass derivative of Dirac Eigenvalue 
spectrumӟԿ᭗, ๫ᙯး, ॔ᨕญॢ, S. Mukherjee, ࿵ปԄ, ୟቲ, 

PRL 126 (2021) 082001

Made inSun, Oct. 31
16:50-17:20

张瑜
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Topological susceptibility at nonzero T

14

SU(3)

ᆢطը҅ୟ҅ူڻᴯា҅ڝ૝҅ڝሳ්҅Ḙୌଘ҅
Phys.Lett.B 752(2016)34

ᑕᨭ҅ୟ҅ူڻChin.Phys.C 45 (2021) 7, 073103

2+1+1 flavor QCD

Borsanyi et al, [WB collaboration],
Nature 539(2016)7627,69-71



/3015

Lattice QCD in strong magnetic fields
No sign problem 

 Quantization of the magnetic field
qu=2/3e, qd=-1/3e, qs=-1/3e

CCNU LQCD group has developed GPU/C++ codes for LQCD simulations at eB=/=0
 contributors: Akio Tomiya, 李胜泰, 汪晓丹, 李韶荣, 张瑜

EPJ Web Conf. 175 (2018) 07041, PoS LATTICE2018 (2019) 163 , 
PoS LATTICE2019 (2020) 250, Phys.Rev.D 102 (2020) 5

Eur.Phys.J.A 57 (2021) 6, 202, Phys.Rev.D 104 (2021) 1, Acta Phys.Polon.Supp. 14 (2021) 403

Made in

 B pointing to the z direction & Gauge link multiplied by a U(1) factor
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First LQCD study on GMOR 
relation at  and T=0eB ≠ 0

neutral pion remains as a Goldstone 
boson with eB up to ~3.5 GeV2-0.06
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ӟԿ᭗, ๫ᙯး, ॔ᨕญॢ, ࿵ปԄ, ୟቲ, PRD 104 (2021) 1

Mon, Nov. 1
16:00-16:30
๫ᙯး
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Probe to detect the existence of  
magnetic field  in Heavy Ion collision

17

Heavy-Ion collision

1017-18 Gauss

<latexit sha1_base64="CUQbrCneSE5KKzYbYNcazh05Psw="></latexit>

1 Gauss = 1.95⇥ 10�14 MeV2

<latexit sha1_base64="CVm2ZervJG/9GFXPBlJsx1w0eMo="></latexit>

⇤2
QCD ⇠ 104 MeV2 ⇠ 1017 Gauss

Fluctuations of conserved charges 

Central Collisions Peripheral Collisions

ਡגڝ

Mon, Nov. 1
15:30-16:00

ӟԿ᭗, ๫ᙯး, ෞઓ, ࿵ปԄ, EPJA 57 (2021) 6, 202, 
ӟԿ᭗҅גڝਡ҅๫ᙯး҅࿵ปԄ҅in preparation
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Charm and beauty in hot medium

18

Mon, Nov. 1
15:00-15:30

舒海涛

Meson correlation functions HQ diffusion coefficients

ӟԿ᭗, O. Kaczmarek, A.-L. Lorenz, H. Ohno,H. Sandmeyer, ᛥၹႆ҅arXiv: 2108.13693
L. Altenkort, A. M. Eller, O. Kaczmarek, L. Mazur, G. D. Moore , ᛥၹႆ, PRD103 (2021) 1, 014511 

https://arxiv.org/abs/2108.13693
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Explorative study on the inverse problem 
using machine learning

19

Tue, Nov. 2
16:30-16:50

陈世阳

O(103)
Continuous

fitting inconclusive�2

Discretized
O(10)

sVAE: Variational autoencoder including an information entropy

Trained to obtain the most 
probable spectral function:

Production process:

ᴯӮᴡ, ӟԿ᭗, ڝᶋฃ, G. Papp, ๷ᕍ්, arXiv: 2110.13521
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 What is the structure of the QCD phase diagram at nonzero baryon density? 
 Does it, like that of water, feature a critical end point at large baryon density? 

Challenges in mapping out the QCD phase diagram

Mon,  Nov. 1, 
14:00-14:30

付伟杰

Mon,  Nov. 1, 
14:30-15:00

罗晓峰
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Lattice QCD at nonzero baryon density

21

p

T 4
=

1

V T 3
lnZ(T, V, µ̂u, µ̂d, µ̂s) =

1X
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ijk
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Taylor expansion of the QCD pressure:
Allton et al., Phys.Rev. D66 (2002) 074507

Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506 

 Taylor expansion coefficients at μ=0 are 
computable in LQCD

fluctuations of conserved charges:

LQCD

HTD, F. Karsch, S. Mukherjee,  arXiv:1504.05274 �BQS
ijk ⌘ �BQS

ijk (T ) =
1

V T 3

@i+j+kP (T, µ)/T 4
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j
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S

���
µ̂B,Q,S=0

<latexit sha1_base64="GGyiMAq10HKdOywV1I/iXT4I/R0="></latexit>

Sign Problem at μB=/=0 
Taylor Expansion

Imaginary μB 
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Mesonic correlators at non-zero baryon chemical potential

S. Choe,…,刘⽟斌 et al., [QCD-TARO Collaboration], 
Phys.Rev.D65(2002)054501

T=156 MeV

G. Aarts,..,吴良凯 et al., [FASTSUM collaboration], 
arXiv: 2001.04415, PoS LATTICE2019(2020)077

Staggered
Wilson

https://arxiv.org/abs/2001.04415
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Indirect evidence on 
experimentally-not-yet-observed 

strange hadrons
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QCD Equation of  State at small baryon density

24
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A. Bazavov, HTD. P. Hegde et al.,[HotQCD], Phys.Rev.D 95 (2017) 5, 054504, cited by 303 records 

 The EoS is well under control at μB/T≲2 or √sNN ≳12 GeV
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Chiral crossover transition temperature at small 
baryon density

25

Bazavov, HTD, P. Hegde et al. [HotQCD],  Phys. Lett. B795 (2019) 15, cited by 259 records

Tf = 156.5(1.5) MeV 
Andronic et al, Nature 561 (7723) (2018) 321

ALICE data point:

STAR data points:
Adamczyk et al., Phys. Rev. C 96 (4) (2017) 044904 

Consistent results from Wuppertal-Budapest, PRL125 (2020) 052001 
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Chiral crossover transition temperature at small 
baryon density

25

Bazavov, HTD, P. Hegde et al. [HotQCD],  Phys. Lett. B795 (2019) 15, cited by 259 records

Tf = 156.5(1.5) MeV 
Andronic et al, Nature 561 (7723) (2018) 321

ALICE data point:

STAR data points:
Adamczyk et al., Phys. Rev. C 96 (4) (2017) 044904 

Consistent results from Wuppertal-Budapest, PRL125 (2020) 052001 

No singularity at μB < 300 MeV



/3026

LQCD meets experiment

LQCD data are obtained at Tpc(μB) in NNLO

 General trend of kurtosis  & 
skewness  ratios are consistent

R42
R31

High statistics data at 54.4 GeV 
are in good agreement
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dashed lines:
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STAR 2020: Rp
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42

Bazavov, Bollweg, HTD et al.,  [HotQCD], Phys.Rev.D 101 (2020) 7, 074502, cited by 53 records
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LQCD meets experiment

 R62: 
√sNN=200 & 54.4 GeV:  

deviation from QCD

???: New Physics: 
Proton v.s. Baryon, 
Non-equilibrium…

Bazavov, Bollweg, HTD et al.,  [HotQCD], Phys.Rev.D 101 (2020) 7, 074502, cited by 53 records
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Outlook: Mapping out the QCD phase diagram
RHIC Beam Energy Scan,  Phase II (BES-II)

2019-2021: at least 10 times more statistics for each √sNN 

Lattice QCD: higher accuracy for the 8th & 10th or even higher order Taylor expansion coefficients

LQCD & experiment

expected error in BES-II

in particular for T< 135 MeV
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2035

1

1000

Ex
sc

al
e

Zetascale

PizDaint 

Summit

ॡდᐟশ

based on A. Ukawa, 2013 HPC summer school

LQCD: Upto 10th order coefficients known soon! 
Next step in 5 years

CEP search
 (for Nt=8 and T=125 MeV, 2PFlops*year)
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Ongoing/Future heavy ion collision experiments
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 RHIC@BNL:
BES II: 2019-2021, FXT: 2021-

 CEE@Lanzhou, FAIR@GSI, 
NICA@JINR, J-PARC…

sPHENIX

 ALICE/LHCb/CMS/ATLAS@LHC
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