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Lattice QCD at nonzero temperature & density
Diftferences from T=o0 lattice QCD

QCD Lagrangian

 Q— _[. .
L:: _iF‘“ Fuu+ Z q[z’\/“(a# _ngﬂ) _mq)]q
g=u.d,s.c,b.t

T = (aN,)~ ' with smaller temporal extent

anti-periodic boundary conditions in
the temporal direction

Or'dinar'y Quark Gluon Plasma

nuclear Equilibrium & near-equilibrium properties of
Tt . . . ¢
i strong-interaction matter in extreme conditions

high T, large baron density,

strong magnetic field...

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a 2 /130



i e W WM EE RS KT B RARIRE

NUCLEAR

& T3k = 0 7 Y ber PHYSICS A
?_) ?E}I i}lq 15: _%,j :r ?C i - ‘é ElSEVIER Nuclear Physics A590 (1995) 11c¢-28¢
P .
.
RHIC and QCD: an overview
T D. Lee Two Puzzles Of Modern Physics
Columbia University, Vacuum As a Condensate
RHIC Physics and QCD
Phase Transitions
Present Theoretical Limitations
2B, XA, ,
A New Theoretical Approach
Ink painting masterpiece 1986:
"Nuclei as Heavy as Bulls, Through Collision Generate New States of Matter" Elimination of Spurious Fermion Solutions
by Li Keran, Noncompact Formulation of Lattice QCD

reproduced from open source works of T.D.Lee.
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Columbia plot, QCD critical point, In-medium hadron properties...
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H.-T. Ding, F. Karsch,
Int.d.Mod.Phys. E24 (2015) no.10, 1530007

Very rich physics at high baryon density region.

Critical
Point

Temperature T

Nuclear Superfluid

1. High Temperature : Early Universe
2. High Baryon density : Neutron star etc.

S. Mukherjee

K. Fukushima and C. Sasaki
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Nonzero I First numerical lattice simulations

; string tension i
: exp (- 8% (8-2)) -
i -m(£)
i . 5 Spawned
: ] golden age
b in lattice QCD
: :
e . . 3.0 ' :.
Michale Creutz M - TR
@BNL Low T ment  Michale Creut

on the beach

PRD 1980, cited by 1112 records 5 /30



(Most likely) the first LOQCD

A SHEYWEERZEDHE vol. 13, No. ¢

63
A HIGH ENERGY PHYSICS AND NUCLEAR PHYSICS June, 1989

. - "

F135 HF
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THER= LTS SU(2) FIEEFEY
Wilson B¥H4{E"
$RE ABE BEM

(i R %> T 4D

1# ®

AXFKFAKET W Monte Carlo FEA_HAMZHRETET SUQ) #
AAGE LW nxm Wilson BFHE, FE50IFH Yo URZENERE
BET 2.

THE WILSON LOOP EXPECTATION VALUES IN 2-AND
3-DIMENSIONAL SU(2) LGT

L.t ZuisiNg ZHene WerHoNg  Guo SHuosONG

(Zhongskan University, Guangzhou)

ABSTRACT

An improved Monte Carlo scheme is applied to the computation of the expectation values
of nxm Wilson loops in both 2-and 3-dimensional SU (2) lattice gauge theories. The results
are compared with those simulated by the discrete group Yizo and the exact results in two di-
mensions. | |

*ALEFETURERTFZFANLELSTNERHENFEL SR,
A 1988 4 6 B 11 HiZH),

simulation at nonzero 1 in China

FERRETE G ABRRY, =4 ERY Wilson BIERRFRE. XK ks
FHEFETRXRARY, FHAEMH REAERZEIRD—%, FrER Monte Carlo 4
IR R AR RO (R BN TRFEER), X—ALER PR EN KRB T
SRBE T2,

HR=ZHARBHNE - TREZNEAPRIGRERE QCD KR, =44
EHEREAREE (RSHEE) FQCD WAL, FRHARHFENSHES Tt
fi H w] REER B R R,

R SU(2) B EEESR Metropolis P AT Creutz {£H AY heat bath
7575, Cabibbo 1 Marinari SEEH SU(2) BEM E, #8 Creutz WIGEHE F
SU(N) BrEMY, BT Y. F. Deng Bt THAINSFED, #—F ST MC BHRY
E, ASCEFR Deng WHEXN ZHM=41 SU(2) #MERHFEITT Monte Carlo &
LI AT Wilson BHIMIE S, FMERNBEYEE=92—.

SU(2)
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w(l,1)
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Lattice QCD group@CCNU

PR i . 18 80% +14 TR+ 24015 + 32 W LA + SEEFHAG LB BO +1400+:
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Previous group members
E“ﬁjkﬁﬁis \ 1!1”34? bt )52

Prasad Hegde, 181 /5 ’“ — STMGE Tﬁ "

(2013-2016) Akio Tomiya, 15 = . FHEZR, BT kI, tEA
SEALYMMNIULKRFEED R (2015-2018) ﬁ_(_ZSJS ) (2013-2019 (2016-2021
fE1, tuﬁuz%}ﬂii fnEBHE RRPRAFHL T‘.“ ll‘“:'Em; BB fE Rt AR A - EO\|) EEh 0 ASTE
==K (V] ERIZHRIE Hih/EGFERIKEN-BNLEE Blelefeldj(?;ﬁ& ~ S YD IR 5 Py ’Hfjﬁﬂ’\);ﬁRlKEN
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Sun, Oct. 31 Axial Ul anomaly
16:50°17:20 T=i® &R SAMRK, S. Mukherjee, ST}, 3, PRL 126 (2021) 08200
Mon. Nov. 1 Quarkoma and heavy quark dlffusmn n the hot gluomc medlum
. ’ . . L. Altenkort, A. M. Eller, O. Kaczmarek, L. Mazur, G. D. Moore , §F:8i%&, PRD103 (2021) 1, 014511
15:00715:30 TTL_ O. Kaczmarek, A.-L. Lorenz, H. OhnoH Sandmeyer ﬁlﬁlﬁ arXiv: 2108.13693
Mon, Nov. 1 F luctuatlons of Conserved Charges In strong magnetic ﬁelds
15:30-16:00 T=38, =5, Falk, ST83, EPJA 57 (2021) 6, 202,
- TFE, XRE, ?Hﬁ%ﬁ,? %3, in preparation -
Mon, Nov. 1 Chiral properties of QCD 1n strong magnetic fields at '1'=0
16:007106:30 B, R, EAMBK, 7T, skim, PRD 104 (2021) 1
Tue, Nov. 2 Machine learning spectral functions in lattice QCD
16:30-16:50 FRTRR, T =58, XIES, G. Papp, H483R, arXiv: 2110.13521
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https://arxiv.org/abs/2108.13693

Chiral crossover/phase transition temperature Made in
o : N3
at physical point and mq—0 I\Bu

Based on O(4) scaling analyses

Rigorous definition from O(4) universality class

160
170 - 0) l[M lV] | Temperawre [K] T [MeV] (lllhiral crossover
c e ’
| e ! e Too(H) The=156.5(1.5) MeV
160 | : 0(9)( . o 50
| - _
- Z 1
160 | > ; CZE - 10® 145 - Tpo(H) =T° (1 + i Hﬂé)
- ; ? & C§< < 10° 140 |/ Té(H)
155 | (156.5+ 1.5) MeV m | ¢ :
_ 10 135
| 1/N? Chiral phase transition T
150 | | | | T | 130 O +3
v oLr L - T° = 13272 MeV
NN N N\ N\ 125 - ! : ! : ! N C —
b @ \/9 & o — 0 0.01 0.02 0.03 0.04
T
A. Bazavov, HID, P. Hegde et al. [HotQCD], HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],
Phys. Lett. B795 (2019) 15, #5[259/R Phys. Rev. Lett. 123 (2019) 062002, #%5|93,%
1=156.5(1.5) MeV :
56.5(1.5) possible upper bound of Ty

Consistent results from Wuppertal-Budapest, | .
PRL125 (2020) 052001 éﬂéfi‘% ; )r,%%ﬂ'::iﬁ?%g 12/30




P suo. Oct 3

S H

Axial Ul anomaly

N=2 PURE
S 2" order 2" order 1St
0@ 3 Z(2) \-order
ohysical point N_
- IN§=
m’[ri Nf=1
2Nd 5rder
Z(2)
— %8
mu,d
TS, TR, E808K, S. Mukherjee, 7EBEF, ok,

PRL 126 (2021) 082001

Made in

SN

¢ At a single T~205 MeV
¢ HISQ/tree action
¢ Ni=2+1:
M Nt=8,12,16 (a=0.12,0.08,0.06 fm)
& m2Ymi = 20, 27, 40, 80, 160
Mr =160,140,110, 80, 55 MeV
M 9>Ng/N; >4

¢ Novel method to compute the quark
mass derivative of Dirac Eigenvalue

spectrum
13/30



lTopological susceptibility at nonzero |

SUB)

200 -

x I - I ¥ +
150 - T

T =296 MeV
100 - ’ .
KX
[}
50 | . ’ | . . . . | : . |
0.0 0.5 1.0 1.5 2.0
T/T

ReEIN, KSR, BRE=E, X, XIE:u, SE:

C

[7

Phys.Lett.B 752(2016)34
F201, k€I, Chin.Phys.C 45 (2021) 7, 073103

)

2+1+1 flavor QCD

200 500 1000

T[MeV]

Nature 539(2016)7627,69-71

2000

Borsanyi et al, {WB collaborationl,
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Lattice QCD 1n strong magnetic fields

~ No sign problem
¢ B pomtmg to the z direction & Gauge link multiplied by a U(1) factor

exp[—iqa®BNyn,| (ny = N —1)
1 (otherwise)

ua:(n:ca Ty TV, nT) = {

Uy (nwa Ty T2, n’l') — exp[ianBnm],

uz(nxanyanzanr) — ut(nwanyanzan’r) = 1.

¢ Quantization of the magnetic field
2Ny qu=2/3e, qd=-1/3¢e, gs=-1/3e

_ om /N
qB o a — 0 _2
Ny N, eB=N N,

CCNU LQCD group has developed GPU/C++ codes for LQCD simulations at eB=/=0
contributors: Akio Tomiya, ZEE 78, TERES), 255126, K5 Made in

EPJ Web Conf. 175 (2018) 07041, PoS LATTICE2018 (2019) 163,
PoS LATTICE2019 (2020) 250, Phys.Rev.D 102 (2020) 5
Eur.Phys.J.A 57 (2021) 6, 202, Phys.Rev.D 104 (2021) 1, Acta Phys.Polon.Supp. 14 (2021) 403
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First LOQGD study on GMOR Mon, Nov. 1

16:00-16:30

relation at eB # 0 and '1=0 p

0.08 [ &
I _

0.06 gy : 4my (Y)u = 2f20 M2 (1 — 60)

B A i —
004 1 Bets8 8 54 . g Amq (p)a = 2f2 M2 (1~ b0)
0.02 | o $ = o ? - ) ’ d d

) EFEIJ.,.; .......... . * & . (ma +ma) (D) + (P0)a) = 22M2 (1 — 67)

002 WEee?t 4 g o012 ATm0.36

-‘E . " i =0 —F— —m— . :
0.04 | mgih A N neutral pion remains as a Goldstone
0.06 l l _i=mgra A boson with eB up to ~3.5 GeV?2

0 0.5 1 1.5 2 2.5 3 3.5

S1E, TR, ESMEK, JERF, 5k, PRD 104 (2021) 1
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Probe to detect the existence of Mon, Nov. 1

magnetic field in Heavy Ion collision '5397%°°
AR

Fluctuations of conserved charges

Heavy-Ion collision

00 O S P o5 » eB/M?2
7 w0 | X2 (eB)/x3(eB =0) :
/ _ S T=140 MeV —&—
Reaction e ol 6% > & & N N 7168 MeV —
e ol ol R =ivdecel
- €
(\PR)\ 4r g
50 - 3
2 -
ol o s

30

20

Y (defines ¥y)

107718 (yauss

Central Collisions Peripheral Collisions

14 ) T =18, TR, il 7R, EPJA 57 (2021) 6, 202,
b Ganss = 195> 1077 MeV TZ8, MWRR, FHZx, TEEF, in preparation 17/30

AQCD ~ 10* MeV? ~ 10*" Gauss
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Charm and beauty in hot medium 50015
T

Non-perturbative Vacuum Meson correlation functions HQ diftusion coefhcients
10
220 . | | | |
B /2 free / 27T’ D
200 [Cii (TT)T/ G (TT)xq T R
‘ 180 | Bottomonium, 1.57 Y 81
o 3 24 ;s Y pQCD.(NLO, a = 0.2)
Perturbative Vacuum 60 B i :th3XX 30 2 | I ;’gt?cDéuark, Franci§ etal. '15
140F 0 144 x 36 : . [ s At 21
) HEH 443 X 48 T charm, thi_swork
120 + o Continuum " ¢ - N T bottom, this work
100 + ey & )
80 - o B " _ |
v =P o 2
60 - & - I
40 L | 1 | 71 1 I T/Tc
0.1 0.2 0.3 0.4 0.5 0

.00 125 150 175 200 2925  2.50

Color Screening

L. Altenkort, A. M. Eller, O. Kaczmarek, L. Mazur, G. D. Moore , £7/8;%, PRD103 (2021) 1, 014511
T =8, 0. Kaczmarek, A.-L. Lorenz, H. Ohno,H. Sandmeyer, §7/8%, arXiv: 2108.13693
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https://arxiv.org/abs/2108.13693

Exploratlve study on the inverse problem  Tue, Nov > SFese

sing machine learnin 10:30716150
USHHS S Bt
N B dw XF ;tlng |nconclus.|.\./.e.:‘:}
Cj(’:’ fdl’) = ;Z <JH(070)JH(T, $)>T = /O - K(t,w, T)pf:w. T).
o s

sVAE: Variational autoencoder including an information entropy s- [~ aw (s - s - ota)10g (22

Gt Encoder 1 Q(z|Ggt, pgt) sampling 2 Decoder p(z) = Glo()] Eqllog P(p|z,G)]
. . Pgt a(z)
[rained to obtain the most \

robable spectral function:
p p Encoder 2 }—)[P(Z|G)J

JK L divergenc W

L e J {Loss function}

PrOduCtlon proceSS: Encoder 2 |—4 P(z|G) }—{ sampling 2 H Decoder Zg))

fRHPR, T =8, XAES, G. Papp, F483#, arXiv: 2110.13521
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Challenges in mapping out the QCD phase diagram

: Farly Universe
1 : LHC Experiments

©
—
=
©
—
O
Q
5
'—

Critical Point

Hadron Gas

Nuclear /

Matter Neutron Stars
-

Baryon Chemical Potential

The Phases of QCD

Superconductor

Inp/kPa

22090 | - - - - ~

101.35F - = ===

0611 - — — —._.

273.16 373.15

647.29 T/K

Mon, Now. 1,
14:00714:30

(REREAN

Mon, Now. 1,
14:30715:00
% Wil

¢ What is the structure of the QCD phase diagram at nonzero baryon density?
¢ Does it, like that of water, feature a critical end point at large baryon density?

20/30



Lattice QCD at nonzero baryon density

Taylor expansion of the QCD pressure:

Allton et al., Phys.Rev. D66 (2002) 074507
Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506

o0 BQS . .
p__1 v i) = S Xuk (BB HQNT (ks
© :
Hadron Gas @ o ¢ Taylor expansion coefficients at p=0 are
® e computable in LQCD
fluctuations of conserved charges:
uciel
B itk 4
| _ BQS _  BQS;m L OITEP(T, )T
HTD, F. Karsch, S. Mukherjee, arXiv:1504.05274 Xijk =Xijik )= g = |
Ougoiingois  'An.Q.s=0

Sign Problem at pp=/=0
Taylor Expansion
Imaginary ps 21/30



Mesonic correlators at non-zero baryon chemical potential

100

- B=5.26
80 - ma=0.025

(d“C/du’)/C
"
(=

= =
o Staggered _
OZ:EZKEZKKTWAM e i N N
-20 _ L . l | s s L | 1 : : | 1 1 1
0 4 8 12 16
x/a

S. Choe,..., x| Ex& et al., [QCD-TARO Collaborationl,
Phys.Rev.D65(2002)0§4501

)/T°

/!
(X

ZG-

1
2

(Gii +

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

10.0 ~ ® 1 =0MeV p = 169 MeV r
2.01 & B 4 =56MeV = 225 MeV 4
573-8 | J u=113Mev A p=281 MeV |
6.0} 1 :
501 ¥ T=156 MeV :

4.0} A . A

: I Wilson I

- P i
A I
12235

2.07 F 8 9

02 03 04 05 0.6 07 0.8
71

G. Aarts,... 2 K et al., [FASTSUM collaborationl,
arXiv: 2001.04415, PoS LATTICE2019(2020)077
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https://arxiv.org/abs/2001.04415

experimentally-not-yet-observed

0.30

0.25

0.20

0.15

Indirect evidence on

strange hadrons

ne

cont. esit.
PDG-HRG

QM-HRG —

N_=6: open symbols
N_=8: filled symbols

EI.._

140 150 160 170 180
T [MeV]

Bielefeld-BNL-CCNU, PRL 113 (2014) 072001

190

V. Koch, A. Majumder, and J. Randrup , PRL95 (2005) 182301

Al
A

.4/\

SLUH

o
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1
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HRG: Hadron Resonance (Gas
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QM: Quark Model
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5+ 12
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B2 ¥

= HIRN S
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QCD Equation of State at small baryon density

Pressure difference Baryon number density

L

S I
- =
o =3
g =
3 m
- c
&

140 160 180 200 220 240 200 | 280 140 | 160 180 200 220 240 260 280
T [MeV] T [MeV]

A. Bazavov, HTD. P. Hegde et al.,[HotQCD], Phys.Rev.D 95 (2017) 5, 054504, cited by 303 records

T4 (2n)!

n=1

P(T,p5) = P(T,0) _ ~ x2,(T) (MB)2" L By 52 2 4
_ n _ T (1 | % | Y )
T X2 (MB35 BB T 360 B(1)HE T

The EoS is well under control at pg/T=<2 or y/snn 212 GeV
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Chiral crossover transition temperature at small

baryon densi

ty

ALICE data point:
Tr=156.5(1.5) MeV

Andronic et al, Nature 561 (7723) (2018) 321

STAR data points:

Adamczyk et al., Phys. Rev. C 96 (4) (2017) 044904

175 : l ' T T T T T T T ] ]
170 T, [MeV] crossover line: O(up)
] constant: € ‘
165 S B
! freeze-out: STAR e
160 ALICE = -
155 )
150 | RIS ol _
140 + -
_ B [MGV]
135 | \ | \ | ! | ! | ! | I | ! |
0 50 100 150 200 250 30 300 400
Bazavov, HTD, P. Hegde et al. [HotQCD], Phys. Lett. B795 (2019) 15, cited by 259 records

Consistent results from Wuppertal-Budapest, PRL125 (2020) 052001
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Chiral crossover transition temperature at small
baryon density

75— ]
170 | T, [MeV] crossover line: O(,uB) _‘

T constant: € = | AT JCE data point:
51 e f t: STAR

- reecze-ou HH
160 | [ ALICE = - Tr=156.5(1.5) MeV

re 561 (7723) (2018) 321

":‘:‘:’:‘:‘:’:’:’:‘:‘:’:‘0 00767676 %6
0767070767676 76 20 76 7% 0 70 % 0 0 %
155 07070 76767676 7676 56 20 7. 74 % % % % %

No smgularlty at MB < 300 MeV

150 | T
145 =0, " — (4 —+—  STAR data points:

140 | g MeV] L7 Adamczyk et al., Phys. Rev. C 96 (4) (2017) 044904
135

0 50 100 150 200 250 300 350 400
Bazavov, HTD, P. Hegde et al. [HotQCD], Phys. Lett. B795 (2019) 15, cited by 259 records

Consistent results from Wuppertal-Budapest, PRL125 (2020) 052001
25/30



S

0.8

0.6

0.4

0.2

0

Bazavov, Bollweg, HTD et al., [HotQCD], Phys.Rev.D 101 (2020) 7, 074502, cited by 53 records

LQCD meets experiment

LQCD data are obtained at Tp(up) in NNLO

1/2

w 1GeV]: 200 62.4 54.4 39 27
I I I I I
RB (T dashed lines:
_ nm pC) joint fit to |
STAR data for
LO, T=150 MeV RE:, RE,
_ |||~ - - ) h
NNLO, R%( pc) — ) E.?
RB (" ) N <y
B 42\ ' pc
STAR 2020: R?, @
_ Ry T :
STAR Ipreliminallry: openI symbolsI | R'??(Tpc) .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

8 R General trend of kurtosis R, &
.~ skewness R5; ratios are consistent

High statistics data at 54.4 GeV
- are in good agreement
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LQCD meets experiment

gl,/Nz [GeV]: 200 62.4 54.4 39 27
NLO, RE, (Tp,) Re2:
1+ Rgg(Tpc) - \/SNNZZOO & 544 Gev
STAR preliminary: RE, £ deviation from QCD

2?7 New Physics:
2t - Proton v.s. Baryon,
3 S RBMydd Non-equilibrium...
"0 01 02 03 04 05 06 07 08

Bazavov, Bollweg, HTD et al., [HotQCD], Phys.Rev.D 101 (2020) 7, 074502, cited by 53 records
26/30



Outlook: Mapping out the QCD phase diagram

RHIC Beam Energy Scan, Phase |l (BES-II)

2019-2021: at least 10 times more statistics for each v/snn

Lattice QCD: higher accuracy for the 8th & 10th or even higher order Taylor expansion coefficients

in particular for T< 135 MeV

: v | | | | | T | | | | | L I | |
02200 ; s — 62.4 Gev ! Au + Au Collisions at RHIC
: 0-5% centrality
250 | 4l lyl <0.5,0.4 <p;<2(GeVic)
S Quark-Gluon Plasma "o
(D M @ net-proton
S 200 " |
= +— 3| A anti-proton .
Q qC) [0 proton
-
3 CED _ W BES-Il error for net-p
© = expected error in BES-II UrQMD for net-p
o) =2l i
= 100 oy
|9 I
50 | Color 1 --- - - - - v Q_
Nuclear Superconductor Dt] A
o — T, | FEE | F]
0 200 400 600 800 1000 1200 1400 1600 o L —
Baryon Doping — ug (MeV) > 5 10 100 200

Colliding Energy \/SNN (GeV) 27/30



CEP search

(for Nt=8 and T=125 MeV, 2PFlops*year)

0.20

0.10

llllllllllllllllllllllll

) T,c=156.5(1.5) MeV
XB Spline : N, =8 ==
QM-HRG —
PDG-HRG —

N, =8 5
12 &

nnnnnnnnnnnnnnnnnnnnnnnn

vvvvvvvvvvvvvvvvvvvvvvv

: x8 Tpc=156.§(1.5) MeV
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Upto 10th order coefticients known soon!

Next step In 5 years Zetascale
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Ongoing/Future heavy 1on collision experiments

%j B Jniverse The Phases of QCD

g 1 LHC Experiments @ RHIC@BNL

g BES 11: 20192021, FX'I: 2021-
sPHENIX

¢ ALICE/LHCb/CMS/ATLAS@LHC

L BN § CEE@Lanzhou, FAIR@GSI,
NICA@JINR, J-PARC...
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Quark-Gluon Plasma
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