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Critical end point in QCD phase diagram 
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THE PHASES OF QCD
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: dynamical critical exponent
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τ = ξz f(kξ)

Critical 
slowing 
down

cf. Hengtong Ding’s talk
Calls for:


• Nonperturbative approach of QCD.

• Errors controllable at finite densities.

• Real-time description of strongly interacting systems.



Recent experimental results at RHIC

The Hot QCD White Paper (2015)

•The non-monotonicity of the kurtosis is observed with 3.1  significance.

•Hint of entering critical region?

σ

J. Adam et al. (STAR), PRL 126 (2021), 092301;

M. Abdallah et al. (STAR), PRC 104 (2021), 024902.
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Skewness and kurtosis of net-proton distributions:

cf. Xiaofeng Luo’s talk
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Introduction 


Perspective from renormalization group


fRG approach to QCD


fRG Results for QCD at finite T and muB


Summary



RG scale

Quark 
mass

Quark mass production in RG

• Understanding quark mass production from the viewpoint of phase transition.


• Counterpart of gap equation in terms of RG flow.

Braun, Gies, JHEP 06 (2006) 024.

∼ αS,k λ(q̄Γq)2

∂tλ̄ = (d − 2)λ̄ − aλ̄2 − bλ̄g2 − cg4 ,

WF, Huang, Pawlowski, Tan, in preparation.

∂t λ̄

λ̄

g = 0

g ≳ 0

g > gc

g = 0, T > 0

Flow of 4-quark coupling

• Effective 4-quark coupling generated:
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Bound states in RG

@t = @̃t

0

@ + +

1

A

• Flow equation of 4-quark interaction:

• Bound states encoded in n-point correlation functions:

Note: playing the 
same role as the 
Bethe-Salpeter 
equation.

WF, Huang, Pawlowski, Tan, in preparation.

Pion 
channel

cf. Lei Chang’s talk



Functional renormalization group
Introduce a IR suppression regulator:

Wk[J ] = ln

Z
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Scale dependent effective action:

C. Wetterich, PLB, 301, 90 (1993)Evolution of the action:
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•Evolution in different hierarchies of scales: connecting QCD with LEFTs.


•No sign problem: accessible to finite density and real time.


• Infinite tower of coupled functional ODEs: truncation necessary.



QCD within the fRG approach

FRG
Rebosonized QCD Effective action:
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matter sectorglue sector



Propagators and anomalous dimensions

⌘q,k(p0, ~p) =
1

4Zq,k(p0, ~p)
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Quark anomalous dimension:
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Meson anomalous dimension:

Flow equation:
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On the side of theories, lattice QCD simulation is a
nonperturbative first-principle approach, which has pro-
vided us with lots of remarkable insights and understand-
ing in recent years, such as the determination of freeze-
our parameters through the confrontation of lattice re-
sults with experiments [? ? ? ], the QCD equation
of state and fluctuations of conserved charges at finite
chemical potentials using Taylor expansions or analyti-
cal continuation [? ? ? ? ], etc. However, because of
the sign problem, lattice calculations are usually limited
to some specific region in the QCD phase diagram, say
µB/T  2, which corresponds to center-of-mass energies
& 12 GeV, and in this regime the existence of a CEP is
disfavored [? ]. Functional continuum field approaches,
e.g., the Dyson-Schwinger equation [? ? ? ? ], and the
functional renormalization group (FRG) [? ? ? ? ? ? ],
etc., which are complementary to the lattice QCD, have
also seen significant progresses on the studies of the non-
perturbative QCD and QCD thermodynamics in recent
years.

The FRG approach is a nonperturbative continuum
field theory [? ], which encodes successively quantum
fluctuations of di↵erent scales with the evolution of the
renormalization group (RG) scale. And thus a full quan-
tum e↵ective action is obtained from a classical one, af-
ter the RG scale evolves from the ultraviolet to infrared
region. For more discussions about the FRG, see, e.g.,
QCD related reviews in [? ? ? ? ? ] and recent devel-

opments in [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?
].

In the past several yeas a remarkable progress on the
studies of FRG is the first-principle calculations in the
Yang-Mills theory and QCD, e.g. the quenched [? ] and
unquenched [? ] QCD in the vacuum, the Yang-Mills
gauge theory in the vacuum [? ] and finite tempera-
ture [? ], the unquenched QCD in the vacuum with a
simplified truncation [? ? ]. In this work, we would
like to perform the first-principle QCD calculations at
finite temperature and baryon chemical potential within
the FRG approach. QCD phase transitions including the
chiral phase transition and the color deconfinement phase
transition will be investigated. We will also study the
QCD correlation functions and their dependence on the
external parameters. Moreover, a T �µB phase diagram
will be presented based on our computation.

This paper is organized as follows. In Sec. ?? we in-
troduce the functional renormalisation group approach to
QCD. In Sec. ?? correlation functions including propaga-
tors, the strong couplings, and the dynamical hadroniza-
tion are discussed. In Sec. ?? numerical results and re-
lated discussions are presented, and a summary and out-
look is given in Sec. ??. Details about our calculations,
such as the flow equations for the e↵ective potential and
couplings, anomalous dimensions, the glue potential, nu-
merical setup, and the threshold functions, are presented

Glue sector:

⌘A =⌘QCD
A,vac +�⌘glueA +�⌘qA



Gluon dressing function

Thermal quark loop:
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For the moment we adopt:

⌘A =⌘QCD
A,vac +�⌘glueA +�⌘qA

⌘QCD
A,vac = ⌘QCD

A,vac

���
Nf=2

+ ⌘sA,vac ,

fRG: WF, Pawlowski, Rennecke, PRD 101 (2020), 054032

Lattice : Sternbeck et al., PoS (2012) LATTICE2012, 243Nf = 2
Lattice : Boucaud et al., PRD 98 (2018), 114515Nf = 2 + 1

fRG : Cyrol, Mitter, Pawlowski,Strodthoff, PRD 97 (2018), 054006Nf = 2



Vacuum QCD within fRG

2-flavor QCD

Input: fundamental parameters of QCD at a large 
momentum scale: 20 GeVΛ =

 

              MeV
αs,k=Λ
mu,k=Λ = md,k=Λ = ml,k=Λ(mπ) mπ = 138

2+1-flavor QCD

 

              MeV


                                     MeV

αs,k=Λ
mu,k=Λ = md,k=Λ = ml,k=Λ(mπ) mπ = 138

ms,k=Λ

ml,k=Λ
= 27 mK = 498



Renormalized light quark condensate
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qiT
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WF, Pawlowski, Rennecke, PRD 101 (2020), 054032



Other fermionic observables

Reduced condensate:
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.

Effective four-quark 
coupling:

WF, Pawlowski, Rennecke, PRD 101 (2020), 054032



Sequential decoupling and natural 
emergence of low energy effective theories

Exchange couplings Propagator gapping

WF, Pawlowski, Rennecke, PRD 101 (2020), 054032



Phase diagram and curvature

Tc(µB)

Tc
= 1� 

✓
µB

Tc

◆2

+ �

✓
µB

Tc

◆4

+ · · · ,

FRG curvature of the phase boundary:

 = 0.0149± 0.0021

Lattice result:

Bellwied et al. (WB), PLB 751 (2015) 559. 

Bazavov et al. (HotQCD), PLB 795 (2019) 15. 

CEP:
(TCEP , µBCEP

)Nf=2+1 = (107MeV, 635MeV) ,

(TCEP , µBCEP
)Nf=2 = (117MeV, 630MeV) ,

Nf=2+1 = 0.0142(2)

Nf=2 = 0.0176(1)

 = 0.015± 0.004

WF, Pawlowski, Rennecke, PRD 101 (2020), 054032



QCD phase structure

WF, Pawlowski, Rennecke, PRD 101 (2020), 054032

 MeV(T, μB)CEP = (107, 635)

fRG:

Prediction of location of 
CEP from functional QCD

DSE:

 MeV(T, μB)CEP = (109, 610)
Gao, Pawlowski, PLB 820 (2021) 136584

 MeV(T, μB)CEP = (112, 636)
Gunkel, Fischer, PRD 104 (2021) 5, 054022

•Recent studies of QCD phase structure from both fRG and DSE have 
shown convergent prediction for the location of CEP.


•Considering relatively larger errors when , one arrives at a 
reasonable estimation : 450 MeV 650 MeV.

μB /T ≳ 4
≲ μBCEP ≲



Critical temperature in the chiral limit

Braun, WF, Pawlowski, Rennecke, Rosenblüh, 
Yin, PRD 102 (2020), 056010.

Lattice (HotQCD):

130 140 150 160 170 180
T [MeV]

1

2

3

4

¬
(l

,s
)

M
(T

,m
º
)/

¬̄
(l

,s
)

M

fQCD:
mº = 140 MeV
mº = 110 MeV
mº = 80 MeV
mº = 55 MeV

HotQCD:
mº = 140 MeV
483 £ 12
mº = 110 MeV
603 £ 12
mº = 80 MeV
723 £ 12
mº = 80 MeV
603 £ 12
mº = 55 MeV
563 £ 8

HotQCD:
mº = 140 MeV
483 £ 12
mº = 110 MeV
603 £ 12
mº = 80 MeV
723 £ 12
mº = 80 MeV
603 £ 12
mº = 55 MeV
563 £ 8

0 25 50 75 100 125 150
mº [MeV]

125

130

135

140

145

150

155

160

165

T
p
c

[M
eV

]

fQCD
T (l,s)

pc (mº)

T (l,s)
60

HotQCD
nø = 8
nø = 12
T lattice

c

Ding et al., PRL 123 (2019), 062002.

fRG:

T (i)
pc (m⇡) ⇡ Tc + c(i) m

p
⇡

p = 2/(��) ⇡ 1.08

DSE:
Bai, Chang, Chao, Gao, Liu, PRD 104 (2021), 014005.

Tlattice
c = 132+3

−6 MeV,

T fRG
c ≈ 142 MeV,

TDSE
c = 142.8 ± 0.8 MeV,

TDSE
c ≈ 141 MeV, Gao, Pawlowski, in preparation.

Braun, WF, Pawlowski, Rennecke, Rosenblüh, Yin, PRD 102 (2020), 056010.



Equation of state at μB ≠ 0

WF, Pawlowski, Rennecke, Wen, Yin, in preparation
<latexit sha1_base64="24uVOTbCEkhJnbN826fQ2eCkulQ="></latexit>

µB 6= 0Comparison to lattice:

Pre
lim
ina
ry

Pre
lim
ina
ry

Pressure: Entropy:

Pre
lim
ina
ry

Pre
lim
ina
ry

• Self-consistent truncations to 
functional relations define 
‘analytic’ functions in :μB

<latexit sha1_base64="edP9GE+xq/HEQVXsLJBguGmWMAk="></latexit>

@thq(x)q̄(x)i(µB)

=Flow[hq(x)q̄(x)i(µB), hq(x)Aµq̄(x)i(µB), ...;µB ] ,

Passing lattice benchmark 
tests at vanishing .μB

Regime of reliability of 
current best truncation.



Baryon number fluctuations

μB = 0in comparison to lattice results and HRG

baryon number fluctuations

�B
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@n

@(µB/T )n
p

T 4
, RB
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�B
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M =V T 3�B
1 , �2 = V T 3�B

2

S =�B
3 /(�

B
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4 /(�
B
2 �

2)

relation to the cumulants

HotQCD: A. Bazavov et al., arXiv: PRD 95 (2017), 054504; PRD 
101 (2020), 074502

WB: S. Borsanyi et al., arXiv: JHEP 10 (2018) 205
fRG: WF, Luo, Pawlowski, Rennecke, Wen, Yin, arXiv:2101.06035



full vs expanded

Convergence radius of Taylor expansion?

expanding the pressure at μB = 0

expanded fluctuations

p(µB)

T 4
=

p(0)

T 4
+

1X
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2i(0)

(2i)!
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2!
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B

LEFT vs LatticeμB ≠ 0

T = 155MeV : [µB/T ]Max ⇡ 1.5 ,

T = 160MeV : [µB/T ]Max ⇡ 1.2

Yang-Lee edge 
singularity?



Fluctuations on the freeze-out curve

J. Adam et al. (STAR), PRL 126 (2021), 092301;

M. Abdallah et al. (STAR), arXiv:2105.14698.

WF, Luo, Pawlowski, Rennecke, Wen, Yin, 
arXiv:2101.06035.



New data of R51 and R62 from RHIC

from ShinIchi Esumi’s talk at CPOD2021 on behalf of the STAR 
Collaboration



Z(2)-fRG

M(t, h = 0) ⇠ (�t)�

Z(2)-conformal bootstrap

<latexit sha1_base64="egSlacQRK+NU2kIN4Zgl78h3Kko="></latexit>

M(t = 0, h) ⇠ h1/�

3d-O(4)

Chen, Wen, WF, PRD 104 (2021) 054009.

The critical region 
is very small 

( )!ΔT, Δmπ ≪ 1 MeV

Crossover vs critical scaling
 on the phase diagramRB

42
Note: this is a region of 
increasingly sharp crossover, not 
a critical scaling in this LEFT

For the moment, most of calculations in 
effective theories indicate that the region 
of critical scaling is extremely small.

Schaefer, Wambach, PRD 75 (2007) 085015;

Braun, Klein, PRD 77 (2008) 096008;

Braun, Klein, Piasecki, EPJC 71 (2011) 1576.



Prospect for the search of CEP

first-principle 
functional 
approaches, e.g., 
fRG, DSE, etc.

lattice 
simulations at 
low densities 

experimental 
measurement 
of fluctuations

• lattice and functional methods provide predication of 


• experiments provide fluctuation observables  as input
Loc

CEP
(Rnm)

Rnm



Inhomogeneous phase?

�(2)
��(p) =Z�(p

2) p2 +m2
� ,

Two point function 
for the meson:

WF, Pawlowski, Rennecke, PRD 101 (2020), 054032



Two-point correlation function for mesons

WF, Pawlowski, Pisarski, Rennecke, 
Wen, Yin, in preparation.

@tZ⇡,k(p) = @̃t
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Flow equation for mesonic 
wave function renormalization:

Z for pion

Z for sigma

Energy of sigma:

Pre
lim
ina
ry

Pre
lim
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ry

Pre
lim
ina
ry



Spectral functions for mesons

WF, Pawlowski, Pisarski, Rennecke, Wen, Yin, in preparation.

Analytic continuation:
<latexit sha1_base64="iIb6pLY68u6eLO2qN3BNzUDLWj4="></latexit>

�(2),R
k (!) = lim

✏!0
�(2),E
k (�i(! + i✏), ~p).

<latexit sha1_base64="YRC8tgfE/25Id/A83UszoYVKkYg="></latexit>

⇢(!, ~p) = � 1

⇡

Im�(2),R(!, ~p)

(Re�(2),R(!, ~p))2 + (Im�(2),R(!, ~p))2
.

Spectral function:

 μB = 0   MeVμB = 500
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fRG in Keldysh path integral

Zk[Jc, Jq] = ∫ (𝒟φc𝒟φq)exp{i(S[φ]+ΔSk[φ]+(Ji
qφi,c + Ji

cφi,q))},

• Implement the formalism of fRG in the two time branches :

<latexit sha1_base64="f+quVistIN2g3E89N9kvcgcqFBM="></latexit>
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with
<latexit sha1_base64="29GtgNq773fFd3rcFy6z4325FHE="></latexit>8
<

:

'i,+ = 1p
2
('i,c + 'i,q),

'i,� = 1p
2
('i,c � 'i,q),

Keldysh rotation:

• Then we derive the flow equation in the closed time path:

Y.-y. Tan, Y.-r. Chen, WF, arXiv: 2107.06482

∂τΓk[Φ] =
i
2

STr[(∂τR*k )Gk] , Rab
k ≡ (

0 Rij
k

(Rij
k )* 0 ),

iG(x, y) = (iGK(x, y) iGR(x, y)
iGA(x, y) 0 ),

iGR(x, y) = θ(x0 − y0)⟨[ϕ(x), ϕ*(y)]⟩,
iGA(x, y) = θ(y0 − x0)⟨[ϕ*(y), ϕ(x)]⟩,
iGK(x, y) = ⟨{ϕ(x), ϕ*(y)}⟩,



Dynamical critical exponent 

Y.-y. Tan, Y.-r. Chen, WF, arXiv: 2107.06482

1
Γ( | ⃗p | )

= − i
∂Γ(2)

ϕqϕc
(p0, | ⃗p | )

∂p0 p0=0

=
∂ℑ Γ(2)

ϕqϕc
(p0, | ⃗p | )

∂p0 p0=0

,

• Kinetic coefficient:

ω( | ⃗p | ) = Γ( | ⃗p | )(−Γ(2)
ϕqϕc

(p0 = 0, | ⃗p | )) = − Γ( | ⃗p | )ℜ Γ(2)
ϕqϕc

(p0 = 0, | ⃗p | ) .

<latexit sha1_base64="ShOBFEn5C90xL/w3IOviBvkUGdY="></latexit>

<�(2)
�q�c

(�p0, |~p|) =<�(2)
�q�c

(p0, |~p|) ,

=�(2)
�q�c

(�p0, |~p|) =�=�(2)
�q�c

(p0, |~p|) .

• Dissipative characteristic frequency:

ω( | ⃗p | ) ∝ | ⃗p |z

where we have used

Model A:
real-time classical-statistical lattice simulations 

z = 1.92(11) , Schweitzer, Schlichting, von Smekal, NPB 960 (2020) 115165.

Model G:
Relativistic O(4) should belong to Model G
z = 3/2 , Rajagopal and Wilczek, NPB 399 (1993) 395.
O(4):
real-time classical-statistical lattice simulations 
z ∼ 2 , Schlichting, Smith, L. von Smekal , NPB 950 (2020) 114868.

O(3):
z ≃ 2.025 ,
Duclut, Delamotte, PRE 95 (2017) 1, 012107.

z ≃ 2.023



Summary

★ Functional renormalization group (fRG) is a nonperturbative 
continuum field approach, which is complementary to other 
approaches, e.g., lattice, DSE, etc.


★ Recent years have seen significant progresses in studies of QCD 
phase structure, static and dynamical properties of QCD matter in 
heavy-ion collisions within the fRG approach. 

祝中国格点QCD蓬勃发展、蒸蒸日上!
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Gluon propagator at finite T and muB

WF, Pawlowski, Rennecke, PRD 101 (2020), 054032



Dynamical hadronization 

QCD phase structure at finite temperature and density

Wei-jie Fu,1, 2, ⇤ Jan M. Pawlowski,2, 3, † and Fabian Rennecke4, ‡

1
School of Physics, Dalian University of Technology, Dalian, 116024, P.R. China

2
Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16, 69120 Heidelberg, Germany

3
ExtreMe Matter Institute EMMI, GSI, Planckstr. 1, 64291 Darmstadt, Germany

4
Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA

We discuss the QCD phase structure at finite temperature and chemical potential within the
functional renormalisation group approach. Results are presented for Nf = 2 and Nf = 2 + 1
flavours. These results are compared with lattice results for low densities and with other functional
results for the whole density regime. The curvature of the phase boundary for small chemical
potential,  = 0.0159±0.0020, is consistent with recent lattice results. For Nf = 2+1 a critical end
point is found at (TCEP , µBCEP

) = (117± 5MeV, 645± 40MeV). This density regime is beyond the
validity regime of the current approximation, and we discuss the necessary systematic enhancements.

PACS numbers: 11.30.Rd, 11.10.Wx, 05.10.Cc, 12.38.Mh

I. INTRODUCTION

QCD phase structure is a highly active scientific re-
search topic in recent years. A plethora of relevant impor-
tant results has been obtained from both experimental
measurements and theoretical studies, see, e.g., reviews
in [? ? ? ? ? ? ? ? ] and references therein. How-
ever, our knowledge concerning the QCD phase diagram
at high baryon chemical potential remains rare and elu-
sive, and in particular, the key questions whether there
is a critical end point (CEP) in the phase diagram, and
if it exits where it is, are still open to be answered. For-

tunately, lots of e↵orts are currently being performed in
order to unravel the mysterious veil. Experimentally, the
Beam Energy Scan (BES) Program at Relativistic Heavy-
Ion Collider (RHIC) has presented significant measure-
ments [? ? ? ? ], and BES phase II is under way
for the moment; searching for CEP and studies of QCD
phase structure are also planned at other facilities all
over the world with di↵erent collision energies and lumi-
nosities, such as the FAIR/CBM in Germany [? ] , the
NICA/MPD in Russia [? ], the J-PARC-HI in Japan [?
], and the HIAF in China [? ].
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� � + +

+ (gluons $ mesons)

+ (permutations of the regulator insertions)
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Introduce a scale-dependent 
meson field:

h@t�̂ki =Ȧk q̄⌧q + Ḃk �+ Ċk ê� ,

The Wetterich equation is modified:

The four-fermion couplings:

@t�̄q � 2 (1 + ⌘q) �̄q � h̄ ˙̄A =
1

4
Flow

(4)
(q̄q)(q̄q) ,

Demanding

�̄q ⌘ 0 , 8k .

˙̄A = � 1

h̄
Flow

(4)
(q̄q)(q̄q)/4 .

The hadronization function reads

Gies, Wetterich , PRD 65, 065001 (2002); 69, 025001 (2004)

Pawlowski, AP 322, 2831 (2007) 

Flörchinger, Wetterich, PLB 680, 371 (2009)

4-fermion interaction encoded 
in Yukawa coupling:
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Flow of 4-quark coupling—gluon versus 
meson

WF, Pawlowski, Rennecke, PRD 101 (2020), 054032



QCD strong couplings 

among quarks and gluons

2

@t = � � �

@t = � � + +

+ (permutations of the regulator insertions)

On the side of theories, lattice QCD simulation is a
nonperturbative first-principle approach, which has pro-
vided us with lots of remarkable insights and understand-
ing in recent years, such as the determination of freeze-
our parameters through the confrontation of lattice re-
sults with experiments [? ? ? ], the QCD equation
of state and fluctuations of conserved charges at finite
chemical potentials using Taylor expansions or analyti-
cal continuation [? ? ? ? ], etc. However, because of
the sign problem, lattice calculations are usually limited
to some specific region in the QCD phase diagram, say
µB/T  2, which corresponds to center-of-mass energies
& 12 GeV, and in this regime the existence of a CEP is
disfavored [? ]. Functional continuum field approaches,
e.g., the Dyson-Schwinger equation [? ? ? ? ], and the
functional renormalization group (FRG) [? ? ? ? ? ? ],
etc., which are complementary to the lattice QCD, have
also seen significant progresses on the studies of the non-
perturbative QCD and QCD thermodynamics in recent
years.

The FRG approach is a nonperturbative continuum
field theory [? ], which encodes successively quantum
fluctuations of di↵erent scales with the evolution of the
renormalization group (RG) scale. And thus a full quan-
tum e↵ective action is obtained from a classical one, af-
ter the RG scale evolves from the ultraviolet to infrared
region. For more discussions about the FRG, see, e.g.,
QCD related reviews in [? ? ? ? ? ] and recent devel-

opments in [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?
].
In the past several yeas a remarkable progress on the

studies of FRG is the first-principle calculations in the
Yang-Mills theory and QCD, e.g. the quenched [? ] and
unquenched [? ] QCD in the vacuum, the Yang-Mills
gauge theory in the vacuum [? ] and finite tempera-
ture [? ], the unquenched QCD in the vacuum with a
simplified truncation [? ? ]. In this work, we would
like to perform the first-principle QCD calculations at
finite temperature and baryon chemical potential within
the FRG approach. QCD phase transitions including the
chiral phase transition and the color deconfinement phase
transition will be investigated. We will also study the
QCD correlation functions and their dependence on the
external parameters. Moreover, a T �µB phase diagram
will be presented based on our computation.
This paper is organized as follows. In Sec. ?? we in-

troduce the functional renormalisation group approach to
QCD. In Sec. ?? correlation functions including propaga-
tors, the strong couplings, and the dynamical hadroniza-
tion are discussed. In Sec. ?? numerical results and re-
lated discussions are presented, and a summary and out-
look is given in Sec. ??. Details about our calculations,
such as the flow equations for the e↵ective potential and
couplings, anomalous dimensions, the glue potential, nu-
merical setup, and the threshold functions, are presented
in appendices.
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Determination of the freeze-out curve

Andronic, Braun-Munzinger, Redlich, Nature 561 
(2018) 7723, 321

three freeze-out curves

1. freeze-out: Andronic et al. µBCF
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2. freeze-out: STAR Fit I

L. Adamczyk et al. (STAR), PRC 96 (2017), 044904 all data points

3. freeze-out: STAR Fit II
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the last one
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• convexity of the freeze-out curve
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Fluctuations on the freeze-out curve

J. Adam et al. (STAR), PRL 126 (2021), 092301 T. Nonaka (STAR), NPA 1005 (2021) 121882; A. Pandav (STAR), arXiv: NPA 
1005 (2021) 121936
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arXiv:2101.06035
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Fluctuations at finite chemical potential
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2- to 2+1-flavour scale-matching in QCD and LEFTs

QCD

T (Nf=2) = cT T (Nf=2+1)

µ
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B = cµB µ
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Data from: WF, Pawlowski, Rennecke, PRD 101 
(2020), 054032
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Yukawa Coupling 
Two different Yukawa coupling:

h⇡ =h(⇢0) = �(3)
(q̄~⌧q)~⇡[�0] ,

h� =h(⇢0) + ⇢h0(⇢0) = �(3)
(q̄⌧0q)�[�0] .

The flow equation:
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Quark, Meson Mass and Polyakov loop
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Quark and Meson Wave Function 
Renormalization
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Chiral susceptibility for different 
pion masses
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Susceptibility:
Braun, WF, Pawlowski, Rennecke, Rosenblüh, 
Yin, PRD 102 (2020), 056010.



Schwinger-Keldysh path integral

• Schrödinger equation:

i∂t|ψ(t)⟩ = H|ψ(t)⟩ ⟶ |ψ(t)⟩ = U(t, t0)|ψ(t0)⟩,
U(t, t0) = e−iH(t−t0)

∂tρ(t) = − i[H, ρ(t)] ⟶ ρ(t) = U(t, t0)ρ(t0)U†(t, t0),

• von Neumann equation:

Z = tr ρ(t),

• Keldysh partition function:
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• two-point closed time-path Green's function:

Schwinger, J. Math. Phys. 2, 407 (1961);

Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964);

Chou, Su, Hao, Yu, Phys. Rept. 118, 1 (1985).



Spectral functions 

GR(p0, | ⃗p | ) = − ∫
∞

−∞

dp′￼0

2π
ρ(p′￼0, | ⃗p | )

p′￼0 − (p0 + iϵ)
, ρ(p0, | ⃗p | ) =
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