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Calls for:

® Nonperturbative approach of QCD.
® Errors controllable at finite densities.
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® Real-time description of strongly interacting systems.
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Recent experimental results at RHIC
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® The non-monotonicity of the kurtosis 1s observed with 3.1¢ significance.
® Hint of entering critical region?

cf. Xiaofeng Luo’s talk
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* Introduction
* Perspective from renormalization group
* fRG approach to QCD

* fRG Results for QCD at finite T and muB

* Summary
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® Understanding quark mass production from the viewpoint of phase transition.

® Counterpart of gap equation in terms of RG flow.



Bound states in RG

® Bound states encoded in n-point correlation functions:
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® Flow equation of 4-quark interaction: ct. Lei Chang’s talk

Note: playing the
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Functional renormalization group

Introduce a IR suppression regulator:

WilJ] = ln/[dgp] exp{ — Slp] — ASk[p] + Jg&}

ASe =5 [ o0 @)@

Scale dependent effective action:

Lilg] = —Wi[J] + J¢ — ASk|¢]

Evolution of the action: C. Wetterich, PLB, 301, 90 (1993)

are] = {ST{aR: (i + R = i@

® Evolution in different hierarchies of scales: connecting QCD with LEFTs.

® No sign problem: accessible to finite density and real time.

® Infinite tower of coupled functional ODEs: truncation necessary.



QCD within the fRG approach

Rebosonized QCD Effective action:
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Propagators and anomalous dimensions

Quark anomalous dimension:
1
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Meson anomalous dimension:
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Vacuum QCD within fRG

Input: fundamental parameters of QCD at a large
momentum scale: A = 20 GeV

2-flavor QCD

© as,k=A
O My o = Mg g=p = My p=p (1) m, = 138 MeV
2+1-flavor QCD
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O My o = Mg g=p = My p=p (1) m, = 138 MeV
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Other fermionic observables
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Sequential decoupling and natural
emergence of low energy effective theories

Exchange couplings Propagator gapping

102: ' oo TR ' L ' L

WEF, Pawlowski, Rennecke, PRD 101 (2020), 054032



Phase diagram and curvature

WE, Pawlowski, Rennecke, PRD 101 (2020), 054032
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Prediction of location of

v CEP from functional QCD
T i
| fRG:
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® Recent studies of QCD phase structure from both fRG and DSE have
shown convergent prediction for the location of CEP.

® Considering relatively larger errors when p/T 2 4, one arrives at a
reasonable estimation : 450 MeV < HBcpp < 650 MeV.
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Braun, WF, Pawlowski, Rennecke, Rosenbliih, Yin, PRD 102 (2020), 056010.

Lattice (HotQCD):
lattice __ 3
Titiee — 13243 MeV,

fRG:
TIRG ~ 142 MeV,

DSE:

TPSE = 142.8 + 0.8 MeV,

TPSE ~ 141 MeV,

Ding et al., PRL 123 (2019), 062002.

Braun, WF, Pawlowski, Rennecke, Rosenbliih,

Yin, PRD 102 (2020), 056010.

Bai, Chang, Chao, Gao, Liu, PRD 104 (2021), 014005.

Gao, Pawlowski, in preparation.
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WF, Pawlowski, Rennecke, Wen, Yin, in preparation

Comparison to lattice:
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Regime of reliability of
current best truncation.



Baryon number fluctuations
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Convergence radius of Taylor expansion?
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expanding the pressure at yz =0
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Fluctuations on the freeze-out curve
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New data of R5; and Regz from RHIC

S~ = s - a6 i 7 < - ™ 7 a6 S5 S - A L oS e L = el - e

New data of net-proton C;, C; at BES-I
will be shown by Ashish P.
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Crossover vs critical scaling

Note: this is a region of

500 1 increasingly sharp crossover, not
a critical scaling in this LEFT
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Prospect for the search of CEP

- a6 S~

180 ,
BB _ g
lattice _
simulations at
low densities _ . o
first-principle
=== FRG: Fu. et al. functional
—.—.= DSE: Fischer et al, : #" approaches, e.g.,
N EERERCEEE DSE: Gao et al. @ | fRG. DSE. etc.
FRG: inhom g O ’ ’
Lattice: WB @ ﬁ{ o
I Lattice: HotQCD 7
B freez : OO
A0 H < ezeout: Alba et al. -
@ / freezeout: Andronic et al.
20 B> freezeout: Becattini et al.
‘ freezeout: Vovchenko et al. ]
t: S t al.
. 1 zeou aguieza/ | |
experimenta 200 400 600 800 1000
measurement
of fluctuations UpB [MGV]
e lattice and functional methods provide predication of Loc__(R,,,,)

® cxperiments provide fluctuation observables R, as input



8 x 10°
6 x 106
4 % 108

2 % 106

Inhomogeneous phase?
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Two-point correlation function for mesons

Flow equation for mesonic
wave function renormalization:
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Spectral functions for mesons

Analytic continuation: Spectral function:

1 ImI (2 B(w, p)
7 (Rel'®) R (w, §))? + (IR (w, 5))2

T () = 1im TP (—i(w + ie), ). o(w, ) = —

e—0
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fRG in Keldysh path integral

® Implement the formalism of fRG in the two time branches :

AVNAE J (gzgpcgz%)exp{ i<S[¢]+ASk[qo]+(Jégol-,c + Jégﬂi’q)) }

with - Keldysh rotation:
ASk[e] :1(90- oia) (o i) (e ’ 1
9 1,Cy ¥'1,4q (RZJ)* 0 ©Li.q SO’L',—F = \/—i(gﬁi,c _|_ Spi,q),
\
1 ij ne N N 7T
:§(Spi,ch§790j,q + i o(RY) Sﬁj,c) 7 L Pi,— ﬁ(@z,c sz,q)y

® Then we derive the flow equation in the closed time path:

] . b 0 RY
0TFk[CD]:ESTr[(0TRk)Gk], =i o0 )

- iGR(x,y) = 0% = YO)([p(x), p*(M]),
iGA(x,y) = 00" — xO([*(), p(O]),

- ~K - ~R
mmw=CG“”le”>
" iGEoy) = (. 00,

iG*(x, y) 0

Y.-y. Tan, Y.-r. Chen, WF, arXiv: 2107.06482



30 T T T | |

——  z=2.02284(6)
® Kinetic coefficient: 5] |
2) = ) — & 201 1
= - ; I 15} ]
r ) )
( | P | ) Po 0=0 Do =0 §

3 1.0F i

= z
® Dissipative characteristic frequency: 0.5F .

0.0 L L L ! |
1.4 1.6 1.8 2.0 2.2 2.4 2.6

In([p|)

w(|*|>=r<|*l><—ﬁ2>< =0,|*I>>=—F<|*|>mr<2>< =0,171). . .
p p ¢q¢cp0 p p ¢q¢cp0 p a)(|p|)oc|p|z Z22023

where we have used Y.-y. Tan, Y.-r. Chen, WF, arXiv: 2107.06482
) ) Model A:
R F¢q Pc (—p 0, |P ) = F¢q Pc (p 05 |ﬁ‘) ? real-time classical-statistical lattice simulations

z = 1.92(11), Schweitzer, Schlichting, von Smekal, NPB 960 (2020) 115165.

2 — 2
ST, (—po. 7)) = = ST, (o, |B1).

Model G:

Relativistic O(4) should belong to Model G
0(3): z=13/2, Rajagopal and Wilczek, NPB 399 (1993) 395.
7z ~2.025, O(4):
Duclut, Delamotte, PRE 95 (2017) 1, 012107. real-time classical-statistical lattice simulations

z~72, Schlichting, Smith, L. von Smekal , NPB 950 (2020) 114868.



summary

* Functional renormalization group (fRG) i1s a nonperturbative
continuum field approach, which 1s complementary to other
approaches, e.g., lattice, DSE, etc.

* Recent years have seen significant progresses in studies of QCD
phase structure, static and dynamical properties of QCD matter in
heavy-1on collisions within the fRG approach.
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Dynamlcal hadromzatlon

Introduce a scale-dependent The Wetterlch equatlon is modlfled
meson field: 0¢ ' [P]

(Oedr) =Ar qrq + Br ¢ + Cr és , :%STr(Gk [©] 0, Ry) + T (G¢¢j ) 200: 0 R¢)

Gies, Wetterich , PRD 65, 065001 (2002); 69, 025001 (2004) 02;
Pawlowski, AP 322, 2831 (2007)

Florchinger, Wetterich, PLB 680, 371 (2009) A O | D
- /<at¢k,7;> ( 5¢[¢ | + 500 |
WE, Pawlowski, Rennecke, PRD 101 (2020), 054032

; s 7 (4)
R R O - € 2 174
: = - - —
Demanding

The four-fermion couplings:

Ag

The hadronization function reads

i (4)
A = —E FlOW(qq)(qq)/4 . + (gluons <> mesons)
+(

permutations of the regulator 1nsert10ns

4-fermion interaction encoded
in Yukawa coupling: —_—




Flow of 4-quark coupling—gluon versus
|

40 ! o T ! A ! L H
—_ A
& 35 1
> 30| - g
< =8
— 25} . Tz |
N o
=< 0} . = -
& S e
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WEF, Pawlowski, Rennecke, PRD 101 (2020), 054032



QCD strong couplings
among quarks and gluons

2.5 —
— ] — 0, Oéqu

- = T=150, agu,
----- T=1300, aga,

2.0 |

— T'=0, azas
— —  T=150, asy,

1-5 B T—= 300, QAsAs

@ . é Q
o}

0.5F

(permutations of the regulator insertions)

OO - ..--l-""‘ ety L . L
10t 102 103 104

k[MeV]

WE, Pawlowski, Rennecke, PRD 101 (2020), 054032



=& - Andronic et al.

@ STAR

O freezeout: Andronic et al.
freezeout: STAR Fit |
-------------- freezeout: STAR Fit Il
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60 [ ! | ] ! N
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three freeze-out curves

1. freeze-out: Andronic et al.

Andronic, Braun-Munzinger, Redlich, Nature 561
(2018) 7723, 321

2. freeze-out: STAR Fit |

L. Adamezyk et al. (STAR), PRC 96 (2017), 044904

3. freeze-out: STAR Fit 11

neglecting first two at low uz and
the last one

150

Determination of the freeze-out curve

=& - Andronic et al.
@ STAR
O freezeout: Andronic et al.
freezeout: STAR Fit |
-------------- freezeout: STAR Fit Il
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a
HBor = 110988 /snn |
- T

" 7 1+ exp (2.60 — In(/5nn)/0.45)

all data points

® freeze-out curve should not rise with pg
® convexity of the freeze-out curve



Fluctuations on the freeze-out curve

UB [MeV] © L AV B © © L AV B ©
S S H S & 6 e . g ST T e % g ST T e Ay
14 ¥ (CH GV ~ ~ N © v L — T T T T T T L — T T T T T
' ' ! ' ' ' ' — - ' 25k B fRG-LEFT freezeout: Andronic et al. | 25k fRG-LEFT freezeout: STAR Fit Il ||
fRG-LEFT freez‘i"“t’ STAR Fit Il @  fRG-LEFT freezeout: STAR Fit | J¢  STAR data (0-5%)
1.2 Y  STAR data (0-5%) s Y&  STAR data (0-5%)
2.0 |- 1 2.0 |- 1
1.0 7] ™ ™ x
N
=¥
ok ok ok 1 . ol N T ]
. S o T #*
RA o6 * A < Ao
A ® I 05| .
0.4 * - '
** 0.0 | g 0.0 | g
0.2 -
* -0.5 ML I I I I LI ! I -0.5 I I I I I I LI ! I
0.0 : : : : : : — : - B fRG-LEFT freezeout: Andronic et al. |3 fRG-LEFT freezeout: STAR Fit Il I
A v Y9 © A O) " o Q B _ . ; . A0Y
A ~ W o N ~y way S 10t b @ fRG-LEFT .fre.ezeout. STAR Fit | 10t b 3  STAR preliminary (0-40%)
A © © %  STAR preliminary (0-40%)
vV SNN [GGV]
&% 100 + % . &% 100 % .
. Of-—-A - B R Y T S -
M V-———I'"_' Qe
100 | © 100 L ]
1B [MeV] Q: 10 I Q: 10
© » N Lo @ © *I' {'
¥ ST F § e Ay
1.4 T T T T T T T 10t b ] 210! - .
* B fRG-LEFT freezeout: Andronic et al. u . u .
1.2 @  fRG-LEFT freezeout: STAR Fit | - = 3 - =
F  STAR data (0-5%) 104 ————————+—— : 150 [t ————+—— :
1.0 . m 103 } B fRG-LEFT freezeout: Andronic et al. ||_| fRG-LEFT freezeout: STAR Fit Il I
@  fRG-LEFT freezeout: STAR Fit | 100 | i
) 102 | .
Q: 0.8 l 1
1L
5 # o o !
Q& 06 l — 00 0
m ' 100 =
- 0 fp=-==7—-~ i 0 -
0.4 ** . Cgés _100 = %cg | _
0.2 ] _101 | -50 T .
-102 |- 1 i
00— : 3 :
-10° — |
N g g : o y K S
Ny Y e Fe &
_104 Il Il Il Il Il Il Ll Il —150 l
V'san [GeV] AL o o N 9 vy s S
NS R FE v v

WF, Luo, Pawlowski, Rennecke, Wen, Yin,
arXiv:2101.06035

J. Adam et al. (STAR), PRL 126 (2021), 092301
M. Abdallah ef al. (STAR), arXiv:2101.12413

T. Nonaka (STAR), NP4 1005 (2021) 121882; A. Pandav (STAR), arXiv: NP4
1005 (2021) 121936



Fluctuations at finite chemical potential
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- to 3+1-flavour scale-matching in QCD and LEFTs
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Data from: WEF, Pawlowski, Rennecke, PRD 101
(2020), 054032

linear scale-matching
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B = Cup UB

> ¢, =1.247(12),
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curvature of the phase boundary

TC(MB)
T

1/2
= 1.110(66)

W Np=(2+1)
Coun = C
HmB T K
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Yukawa Coupling

Two different Yukawa coupling:

ha =h(po) = TV2L @],

(qTq)7
ho =h(po) + ph(po) = T{oa,, [P0l

The flow equation:

- 1 - = ] (2)
_ =2
Oih = (577¢7k + Mg .k h — m_ A+ gRe FIOW(qToq) )
6'5 | | | | | ' L | ' L | ' L |
..... —_— up=0 14— 7—0
6.0 |- '—_ - = pup=400MeV T = = T'=150MeV
. == jp=500MeV 12 -] - = 7=200MeV
- U AT pp=600Mev || || T=300MeV
5.0 =
o
last .
P
4.0 | -
3.5} i
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WE, J.M. Pawlowski, F. Rennecke, arXiv:1909.02991




Quark, Meson Mass and Polyakov loop
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Quark and Meson Wave Function
Renormalization
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l (1
XN(T, mz) /%)

Chiral susceptibility for different
pion masses

8 My 10 1 N reduced susceptibility:
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60 MeV 100 MeV ~ — 140 MeV =5 ’l \ | -
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Light quark condensate: Reduced condensate:
d3q
~ _mY _
Ag, = —mg, T E :/ (277)3tr Gg.q:(q) - ! 0 2
= A= o ) - (m—g) ALT)) .
° R K l,S
Susceptibility: ’
(4) (T) _ 9, A; (T) Braun, WF, Pawlowski, Rennecke, Rosenbliih,
X omd \ m? ) Yin, PRD 102 (2020), 056010.



Schwinger-Keldysh path integral

\/ \/ \/ """ \/ \/ \/ |¢(t0)>

® Schroédinger equation: < S
t [ Ot to ‘

. U(t, 1y) = e~ H0=1)

i0,ly(®) = Hly(®) — |p@®) = Ut 1)ly)),
® von Neumann equation: NV - VY p(to) VvV o~ \/H_\,/ >

t U Ul Ot ¢
® Keldysh partition function: \/ \/ +comtour \/\/
p(ty ){ } p(to)
Z= trp(t)’ tf =400 /\ /\ - contour /\ /\ ty = —00

® two-point closed time-path Green's function:

- - Gr(z,y) = —i(T(¢(z)8' (),
G(z,y) = —itr{T,(6(2)¢' (1)p)} G(z,y) = <G++ G+_) L
| — —+ G__ Gi(z,y) = —i(¢"(y)9(x))
= — Tp X 3
( (Qb( )@ (y))> _ (Gr G G_(x,y) = —z(¢(x)¢T(y)>a
Schwinger, J. Math. Phys. 2, 407 (1961); ~\G- Gp)’ G (,y) = —i(F($2)6')))
P, Yy) = —1 i Yy

Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964);
Chou, Su, Hao, Yu, Phys. Rept. 118, 1 (1985).




Spectral functions
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